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Abstract- The objective of this paper is to formulate an algebraic criteria to analyze stability of time delay systems that arise in 
engineering systems. Here the stability can be analyzed with the help of complex polynomials. In the proposed  scheme which 
is  termed as Sign Pair Criterion II (SPC II ), Routh-like table is developed and the elements in the first column are utilized to 
get the stability results. Here the real and imaginary parts of the given complex polynomial are separated to form the first two 
rows of Routh –like table. The Routh multiplication rule is applied to find all the remaining elements of the table. This criterion 
ise very convenient and simple compared to other available algebraic procedures for stability analysis.  
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I. INTRODUCTION 
 
Any system which is useful to human kind should 
possess the basic property known as stability. The 
stability of any system indicates its ability to find a 
condition of static equilibrium after it has been 
disturbed. Any time-delay component existing in the 
system may degrade the performance of the system 
thus weakening the stability property. 
 
Many important types of engineering system, viz , 
thermal process, space control systems, machine tool 
chattering as well as physical and biological systems 
involve time-delays and hence governed by 
differential equations. Sometimes, time-delay may 
also be referred as transportation lag. In this paper, as 
an example for delay differential system, a water level 
control system is dealt for stability analysis with the 
usage of the proposed stability criterion  SPC-II . 
 
To analyse the stability of complex polynomials the 
generalized Routh-Hurwitz method was investigated 
in. Frank and Agashe developed a new Routh like 
algorithm to determine the number of RHP roots in the 
complex case. Benidir and Picinbono proposed an 
extended Routh table which considers singular cases 
of vanishing leading array element. By adding 
intermediate rows in the Routh array, Shyan and Jason 
developed a tabular column ,which is also a 
complicated one. Adel has done the stability analysis 
of complex polynomials using the J-fraction 
expansion, Hurwitz Matrix determinant and also 
generalized Routh’s Array. Hwang & Tripathi 
suggested an algebraic method using complex 
conjugates to convert complex coefficient equations to 
real coefficient equations in the literature which is a 
complicated one for computation. 
 
The stability problem of time–delays in various 
engineering system has been analysed by Olgac & 

Sipahi. A new method utilizing the method of steps 
and numerical inversion of Laplace transforms for the 
stability analysis of delay differential systems is 
proposed by Kalmar-Nagy. Stability analysis of 
uncertain systems with multiple time-varying delays is 
done by Sun et al. The non rational time delay function 
e  can be represented as a rational function using 
Pade approximation as explained in Richard & Robert 
for analysis and design purposes.  
 
In the proposed scheme, the ‘Modified Routh’s table’ 
is formed after separating the real and imaginary parts 
of the characteristic equation by substituting s=’jω’. 
Applying Routh–Hurwitz criterion, the number of the 
roots of the characteristic equation  having positive 
real part can be revealed. The proof for SPC II is given 
in.  
 
II. PROPOSED SCHEME (SIGN PAIR 

CRITERION II) 
 
A. Fundamentals of Sign Pair Criterion II (SPC II) 
In this paper, an algebraic scheme is proposed for the 
analysis of stability of a water level control system. 
With the substitution of s = jω  , the real and imaginary 
parts of the characteristic equations , are extracted 
separately and their coefficients are entered suitably in 
the first-two rows of Routh-like table to observe the 
system stability.   The formulated stability criterion is 
termed as ‘Sign Pair Criterion-II’ (SPC-II).  In this 
procedure, it can be noted that the Routh-like table 
contains only real elements.  
Let 
C(s) =  s + (a + j b )s + (a + j b )s +⋯  

+ (a + j b ) =  0 
Substituting of s = jω ,  
 

C(jω) = (jω) +  (a +  j b )(jω)  
+  (a  +  j b )(jω) + 

                    . . . +(a + jb ) = 0 
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       =   R(ω) +  jI(ω)  =  0  
 
Where 
 
R(ω)  =  (A ω + A  ω + A  ω +⋯  + A  )  
 
I(ω)  =  (B ω + B  ω +  B  ω +⋯+ B  )                  
 
Using the coefficients of above polynomials, the 
second form of Routh-like table can be formulated as  
 

 
 

B. Algorithm for the proposed approach 
1. If the first element in the first row is negative, 
multiply the full row elements by -1. 
2. If the first element in the second row is zero, 
interchange first and second rows and multiply all 
elements in the second row by −1.1 
3. Follow the Common Routh’s multiplication rule to 
get the complete table with ‘2n+1’ rows. 
4. If any element of the first column starting from 
third, comes zero, it is replaced by a small value +0.01. 
5. If all the elements in a row become zero, then the 
auxiliary polynomial is formed using the previous row 
elements and differentiated once; the coefficients of 
this modified polynomial are entered instead of zeros 
and the table is completed by applying the Routh 
multiplication rule.  
6. Get ‘n’ sign pairs using the first column elements 
starting from second row. 
The sign pairs are developed as 
P = (B , c )  
P = (d , e ),P  = (f , g ) …  .P . . 
 
According to the this scheme SPC II, it is ascertained 
that each element of all the pairs has to maintain the 
same sign for the roots of characteristic equation  to lie 
on the left hand side of s-plane for stability. The proof 
of the criterion is given in [12]. 

III. MODEL OF TIME DELAY 
 
Time delay is very often encountered in various 
technical systems,  such as electric, pneumatic and 
hydraulic networks, chemical processes, long 
transmission lines, robotics, thermal process, 
distillation process, space control systems, machine 
tool chattering etc. The existence of pure time lag, 
regardless if it is present in the control or/and state, 
may cause undesirable system transient response or 
even instability.  
 
A time delay  in a feedback system introduces an 
additional phase lag and results in a less stable system. 
Therefore as pure time delays are unavoidable in many 
systems. It is often necessary to reduce the loop gain in 
order to obtain a stable response. But the cost of 
stability is the resulting increase in the steady state 
error of the system as the loop gain is reduced. A 
simple pure time-delay system is shown in Figure 1. 
 

 
Figure 1 Time-delay element with τ (seconds) 

 
Due to this delay, the input will be delayed and the 
output is 

y(t) = x(t − τ), t >  τ 
Applying Laplace transformation to the above 

equation       y(s) =  e  x(s) 
Thus, the transfer function for the system shown in 
Figure 1 is  

   
Where    

 
e = e = cosωT + j sinωT 

This results an equation with complex coefficients.  
 
IV. STABILITY ANALYSIS OF A WATER 

LEVEL CONTROL SYSTEM 
 
Many control system have a time delay within the 
closed loop of the system that affects the stability of 
the system. A time delay is the time interval between 
the start of an event at one point in a system and its 
resulting action at another point in the system. A pure 
time delay without attenuation is represented by the 
transfer function  

G (s) = e    
 

Where T is the delay time. The delay factor  e  does 
not introduce any additional poles or zeros to the 
system transfer function. The factor adds a phase shift 
to the frequency response without altering the 
magnitude curve. This type of time delay occurs in 
systems that have a movement of a material that 
requires finite time to pass from an input or control 
point to an output or measured point. 
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Figure 2. A liquid level control system 

 
A liquid level control system is shown in the figure (2) 
from Richard & Robert. The time delay between the 
valve adjustment and the fluid output is  
 

T =
d
v sec 

 
Therefore if the flow rate is  5 m /s.  The 
cross-sectional area of the pipe is 1 m  and the 
distance equal to 5m. Then the time delay will be 
1seconds (T=1 s). The block diagram representation of 
the level control system is shown in the figure (3) from 
Richard & Robert [1]. 

 
Figure 3. Block diagram of liquid level control system 

 
From the block diagram the transfer function for the 
forward path of the block diagram is given by 
 
             G(s) = G (s)G (s)e  

                       =
10

s + 1 (
3.15

30s + 1) e  

                       =
31.5 e

30s + 31s + 1   

The transfer function for the feedback path is the 
transfer function of the float which is acting as the 
sensor. It is given by 

H(s) = G (s) =
1

s
9 + s/3 + 1

 

The characteristic equation for the system is given by 
 

C(s) = 1 + G(s)H(s) = 0 

C(s) = 3.33 s + 13.44 s  + 40.44s + 31.33 s + 1
+ 31.5e = 0 

Where   
 e = e = cosωT + j sinωT 
For a choice of time delay T= 1sec and  ω =
0.8 rad/sec, 

e = e . = cos 45.85 + j sin 45.85 
 
By substituting this value, the characteristic equation 
is formed as  

C(s) = 3.33 s + 13.44 s  + 40.44s + 31.33 s
+ 22.9− j22.6 = 0 

       =  s + 4.04 s  + 12.14s + 9.4 s + 6.88−
j6.78 = 0 
T 
o apply the proposed sign pair criterion- SPC-II, with a 
substitution of s= jω, 

C(jω) =  (ω − 12.14 ω + 6.88 ) + j(−4.04 ω  
+ 9.4 ω− 6.78) = 0 

The Routh like table for the stability analysis using 
SPC-II is given below. 

 
From the first column of the above table, it is observed 
that, the fourth pair P = (−11.2, +2.4)  does not 
satisfy SPC-II , since the sign is different for the two 
elements in the pair. Hence the given liquid level 
control system is not sable and this is same as the 
result given by Richard & Robert. 
  
CONCLUSION  
 
In this paper, the stability investigation of a water level 
control system as an example of differential-delay 
system, has been performed with the help of the 
proposed Sig pair criterion II (SPC-II). MATLAB 
program for the scheme is developed which makes the 
computation very simple and effective compared to 
other existing methods for stability analysis for delay 
systems. 
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