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Abstract—Motivated by the recent works [J. Math. Chem. 50 (2012) 881, Chem. Phys. 421 (2013) 84, Mol. Phys. 112 (2014) 
127], we attempt to study the thermodynamics properties of dimers ( 2O , 2I , 2N and 2H ) by using pseudoharmonic 
potential as a model of simulation. The recently proposed Qiang-Dong proper quantization rule have been employed in our 
calculations. The results also include rotational-vibrational energy spectrum of the dimers. The validity and accuracy of the 
method employed have been tested with previous techniques via numerical computation for 2O  and 2N  molecules. For the 
sake of completeness of solution, we obtain the corresponding eigenfunction using the recently proposed formula method. 
 
Index Terms— Dimers, Schrödinger Equation, Qiang-Dong Proper Quantization Rule, Formula Method.  
 
I. INTRODUCTION 
 
In literature, solutions of the Schrödinger equation for 
different potentials have been searched extensively 
[1-20]. One of these potentials is the pseudoharmonic 
potential [21-23] that has played an important role in 
the history of the molecular and quantum chemistry. 
This potential, which is more realistic than the 
harmonic oscillator also maintains some of the 
advantages, such as the availability of explicit 
solutions and equally spaced energy levels. This 
potential may be used for the energy spectrum of 
linear and non-linear systems [24- 25]. Due to its 
applications in molecular and quantum chemistry for 
discussion of molecular vibrations, numerous studies 
have been reported recently [21-23]. 
In the present work, our aim is to study the the 
thermodynamics properties of dimers using this 
potential as a model in simulating the atomic 
interaction in the dimers. To do this, firstly, we need to 
obtain the nonrelativistic energy spectrum via the 
Qiang-Dong proper quantization rule. More details 
about this quantization rule can be found in [26, 27]. It 
is well known that the one-dimensional Schrödinger 
equation: 

 
can be written as  

 
where the prime denotes the derivative with respect to 
the variable x,   denotes the reduced mass of the two 
interacting particles, ( )k x  is the momentum and 

( )V x  is a piecewise continuous real potential 
function of x. The Schrödinger equation is equivalent 
to the Riccati equation  

 

 
where ( ) = ( ) / ( )x x x    is the logarithmic 
derivative of the wave function ( )x . As said by 
Yang in a talk on monopole: “For the Sturm-Liouville 
problem, the fundamental trick is the definition of a 
phase angle which is monotonic with respect to the 
energy.”[28]. For the Schrödinger equation, the phase 
angle is the logarithmic derivative ( )x . From 
equation (3), the ( )x  decreases monotonically with 
respect to x between two turning points, where 

> ( )E V x . Specifically, as x increases across a node 
of wave function ( )x , ( )x  decreases to  , 
jumps to   and then decreases again. 
In 2005, Ma and Xu [29, 30] by carefully studying 
one-dimensional Schrödinger equation generalized 
this exact quantization rule to the 3D radial 
Schrödinger equation with spherically symmetric 
potential by simply making the replacements x r  
and ( ) ( )effV x V r :  

  
where Ar  and Br  are two turning points determined 

by = ( )effE V r . The = 1N n   is the number of 

the nodes of ( )r  in the region = ( )n effE V r  and is 
larger by one than the number n  of the nodes of wave 
function ( )r . The first term N  is the 
contribution from the nodes of the logarithmic 
derivative of wave function, and the second is called 
the quantum correction. Ma and Xu [29, 30] found that 
for all well-known exactly solvable quantum systems, 
this quantum correction is independent of the number 
of nodes of wave function. Accordingly, it is enough 
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to consider the ground state in calculating the quantum 
correction 

The integrals in equations (4) and (5), particularly the 
calculation of quantum correction term are very 
difficult and tedious for some physical potentials. To 
overcome this, Serrano et al [26] have proposed 
Qiang-Dong proper quantization rule as follows:  

 
where they have taking N=1, i.e., n=0. Thus, the 
complicated quantum correction becomes  

 (7) 
By substituting equation (7) into equation (4), the 
following integrals can be found  

 
Equation (8) is refer to as the Qiang-Dong proper 
quantization rules. The two integrals involved in the 
proper quantization rule have the same mathematical 
form. Accordingly, when applying it to calculate the 
energy levels, we can calculate its first integral with 
respect to )(rk  and then replace energy levels nE  in 

the result by the ground state energy 0E  to obtain the 
second integral. This will greatly simplify the 
complicated integral calculations that occurred 
previously . 
Serano et al. have applied this quantization rule to 
study some solvable quantum systems such as the 
one-dimensional harmonic oscillator, the Morse 
potential and its generalization, the Hulthen potential, 
the Scarf II potential, asymmetric trigonometric 
Rosen-Morse potential, the Pöschl-Teller type 
potentials, the Rosen-Morse potential, the Eckart 
potential, the harmonic oscillator in three dimensions, 
the hydrogen atom and the Manning-Rosen potential 
in D dimensions [26]. Energy spectrum for a modified 
Rosen-Morse potential and its thermodynamic 
properties have also been presented recently via this 
quantization rule [27]. Also, recently, the 
Spectroscopic study of some diatomic molecules was 
reported using the quantization rule [31]. We adopt 
this approach as our calculation tool in the present 
work. 
 
II. BOUND STATE SOLUTION OF 
PSEUDOHARMONIC POTENTIAL AND ITS 
THERMODYNAMICS PROPERTIES  
 
In this section, we apply the Qiang-Dong proper 
quantization rule to obtain the bound state solution of 

pseudoharmonic potential and then apply the results in 
thermodynamic study of dimers. The pseudoharmonic 
potential can be written as [21-23]  

 
 

 
Figure 1:  Shape of pseudoharmonic potential for different 

diatomic molecules. 
 
where 2(1/8)= ee krV  is the dissociation energy 

between two atoms in a solid with k  being the force 
constant and er  being the equilibrium bond length. 
The shape of this potential is shown in figure 1 for 
different molecules. The Schrödinger equation is 
given by  

 
where the   and )(rV  represent the reduced mass 
and interaction potential respectively. By taking 

)()()()(=),,( 1  mnmn YrRrYrur 


 and considering potential equation (9), we obtain the 
following radial Schrödinger equation:  

 
By introducing a new variable of the form 2= r  
with )(0,r  and )(0, , then solving 

neff EV = , the two turning points A  and B  can 
be found as  

 
                                                 (12)                    
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 with  

 (13) 
 and the following properties  

 
Also, we can write the momentum )(k  between the 
two turning points a as  

 
The non-linear Riccati equation for the ground state 
can be written as  

 
 with a posible solution  

 
Substituting )(0   into equation (16), we can find 
the ground state energy eigenvalue as  

 
after solving the non-linear Riccati equation. Let us 
now obtain the integral given be equation (8) as  

 
where we have utilized the following integrals:  

 
By replacing ,nE  in equation (19) by 0,E , we can 
also calculate the right hand side of integral (8) as  

 
Thus, we can easily obtain the nonrelativistic energy 
eigenvalues equation as follows  

 

Table 1: Model parameters for some diatomic 
molecules in our study 

 
 
Since we have obtained the nonrelativistic energy 
spectrum require to study the thermodynamic 
properties, then we can proceed to obtain the 
vibrational partition function. The component of the 
canonical partition function resulting from the 
vibrational degrees of freedom of a system is called as 
the vibrational partition function. This function can 
also be defined as the sum of the Boltzmann factor 
over all states, irrespective of their energy. 
Mathematically, we have  

 
where k  is the Boltzmann constant 
 1123101.38=  molJKk and T  is the 
temperature. In the clasical limit, for large   and 
small  , the sum can be replaced by an integral such 
that we have  

 
If the partition function is known, it can be used 
directly to yield the thermodynamic properties of the 
system. This follows that the vibrational partition 
function can be related to all other properties of our 
system as follows   
 
A. The vibrational mean energy U  
The vibrational mean energy can be defined as the 
energy associated with the random, disordered motion 
of molecules. This is also known to be the invisible 
microscopic energy on the atomic and molecular scale. 
This function has been found as follows:  
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B. The vibrational specific heat C  
The vibrational specific heat is defined as the 
contribution made by the energy of internal vibration 
of the molecules of a substance to the total specific 
heat of the substance. This function has been found as 
follows:  

 
 
C. The vibrational free energy F  
The Helmholtz free energy was developed by 
Hermann von Helmholtz and is usually denoted by the 
letter F . this thermodynamics potential measures the 
useful work obtainable from a closed thermodynamic 
system at a constant temperature and volume. This 
function has been found as follows:  

 
 
D.  Vibrational entropy S  

The entropy is a measure of the probability of 
a particular result. The entropy has the property that it 
is maximized in an equilibrium state, with respect to 
the variation of hypothetical internal constraints. This 
function has been found as follows:  

 
  
CALCULATION OF THE WAVEFUNCTIONS 
 
The proper quantization rule cannot be used to 
calculate the wavefunctions, therefore, it is advisable 
to use the formula method because of its simplicity. 
This method is not only useful in obtaining the 
wavefunctions, it can also be used to obtain energy 
level of any quantum system [31,32]. In the approach, 
we first transform the radial Schrodinger equation 
with the pseudoharmonic potential into the form given 
by equation (1) of ref. [32] via an appropriate 

coordinate transformation of the form 2s r , which 
maintained the finiteness of the transformed wave 
functions on the boundary conditions to have: 

 
Following the procedure described in Ref. [32], the 
complete radial wavefunctions can be written as: 

 
or more explicitly as 

 
where N  is the normalization factor. 
 
RESULTS AND CONCLUSION 
 
By using the recently proposed Qian-Dong proper 
quantization rule, we have obtained 
rotational-vibrational energy spectrum of some 
diatomic molecules. The potential parameters are 
obtained from Ref. [33]. These parameters are display 
in table 1. In oder to show the accuracy of the method 
utilized in this study, we otain energy spectrum for 

2N  and 2O diatomic molecules in table 2. Our 
reasonable results show the efficiency and simplicity 
of the present calculations. 
The thermodynamic properties of the dimers have also 
been presented in graphical representation as figures 
2-6. It has been found from Fig. 2, that the vibrational 
partition function Z increases monotonically with 
increasing in temperature for all the dimers. In figure 
3, the variations of the mean energy U initially 
decreased to a minimum after which it remains 
constant with increasing    for the dimers except for 

2I which decreases linearly as temperature decreases. 
Fig. 4 shows that the vibrational specific heat of the 
dimers increases rapidly with  for various values of 
  until 0C   . This implies that the dimers are 
sensitive to changes in temperature within some limits. 
In figure 5, the vibrational mean free energy of the 
dimers increases monotonically with increasing   
for various values of  and converges at 0.4   

except for 2H  which appears to show divergence. 
Fig. 6 presents the variations of the vibrational entropy 
with   for various values of  . We observe that it 
increases with temperature without showing an abrupt 
change in its form. In other word, it decreases 
monotonically with increasing  . 
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Some of the advantages of the approach utilized in this 
study can be highlighted as follows: 

 The quantum correction can be easily 
obtained by only considering the solution of 
ground state of quantum system. This is 
because it is independent of the number of 
nodes of wave functions for the solvable 
quantum systems.  

 By solving the Riccati equation, the wave 
functions of the ground state can be easily 
obtained 
 

It is worth mentioning that Qiang-Dong proper 
quantization rule produce as good results as the FM, 
however the procedure followed using FM is shorter 
and quick. Our results find application in molecular 
physics, quantum chemistry and related areas. 
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Table  2:   Bound-state energy eigenvalues of 2N  and 2O  molecules for various n  and rotational   quantum numbers 

 
 

 
Figure 1: Vibrational partition function Z of the dimers as a function of   for different   
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Figure 3: Vibrational mean energy U of the dimers as a function of   for different   

 
 

 
Figure 4: Vibrational specific heat C of the dimers as a function of   for different   
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Figure 5:  Vibrational free energy F of the dimers as a function of   for different   

 

 
Figure 6:  Vibrational entropy S of the dimers as a function of   for different   

 
 
 
 
 


 
 
 


