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Abstract - In this letter, a new analytical method called homotopy perturbation method, which does not need small 
parameter in the equation is implemented for solving the nonlinear Whitham–Broer–Kaup (WBK) partial differential 
equation. In this method, a homotopy is introduced to be constructed for the equation. The initial approximations can be 
freely chosen with possible unknown constants which can be determined by imposing the boundary and initial conditions. 
Comparison of the results with those of exact solution has led us to significant consequences. The results reveal that the 
HPM is very effective, convenient and quite accurate to systems of nonlinear equations. It is predicted that the HPM can be 
found widely applicable in engineering. 
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INTRODUCTION  
 
To describe the propagation of shallow water, many 
well known completely integral models are 
introduced, such as Boussinesq equation, KP 
equation, KdV equation and WBK equation. 
Whitham–Broer–Kaup (WBK) equations describing 
the propagation of shallow-water waves, with a 
variable transformation, are transformed into a 
generalized Ablowitz–Kaup–Newell–Segur system, 
the bilinear forms of which are obtained via the 
rational transformations.  
On the other hand, most of scientific problems and 
phenomena occur nonlinearly. Except a limited 
number of these problems, most of them do not have 
precise analytical solutions so that they have to be 
solved using other methods. Many different new 
methods have recently presented some techniques to 
eliminate the small parameter; for example, the 
variational iteration method (VIM) [6, 7, 8, 9] and the 
Exact solutions (ADM) [10, 11], homotopy 
perturbation method (HPM) [12, 13, 14, 15, 16, 17], 
and others [19, 20].  
The homotopy perturbation method (HPM) was first 
proposed by He [1-5]. The HPM does not depend on 
a small parameter in the equation. Using homotopy 
technique in topology, a homotopy is constructed 
with an embedding parameter ]1,0[p which is 
considered as a “small parameter”. The HPM was 
successfully applied to nonlinear oscillators with 
discontinuities [1] and bifurcation of nonlinear 
problems [4]. In [2], a comparison of HPM and 
homotopy analysis method was made, revealing that 
the former is more power-ful than the latter. 
In this article, HPM is used to solve nonlinear 
equations of Whitham–Broer–Kaup with the initial 
conditions )()0,( xFxu  , )()0,( xGxv  for the 
first time. 
 

 
If 0 , 0 , system (1) becomes classical long 
wave equation that describe shallow water wave with 
dispersive [18]. If 1 , 0 , system (1) becomes 
variant Boussinesq equation [11]. In this paper we 
will focus on finding analytical approximate and 
exact traveling wave solution of the system (1) using 
the homotopy perturbation method.  

 
II. ANALYSIS OF THE HOMOTOPY 
PERTURBATION METHOD 
 
To illustrate the basic ideas of this method, we 
consider the following equation [12]: 

 
with the boundary condition of: 

 
where A is a general differential operator, B a 
boundary operator, f (r) a known analytical function 
and Γ is the boundary of the domain Ω. 
A can be divided into two parts which are L and N, 
where L is linear and N is nonlinear. Eq. (1) can 
therefore be rewritten as follows: 

 
Homotopy perturbation structure is shown as follows: 

 
where, 
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In Eq. (5),  1,0p  is an embedding parameter 

and 0u  is the first approximation that satisfies the 
boundary condition. We can assume that the solution 
of Eq. (5) can be written as a power series in p, as 
following: 

 
and the best approximation for solution is: 

 
 
III. IMPLEMENTATION OF THE METHOD 
 
We consider the application of HPM to WBK 
equation (1) with the initial conditions of: 

 
where 2 B and  0xx   and  

,,0 kx  are arbitrary constants. 
In order to solve Eq. (1) using HPM, we construct 

the following homotopy for these equations: 

 
 
Substituting   from Eq. (7) into Eqs. (10) and (11) 
and rearranging based on powers of p-terms, we can 
obtain: 

16 

17 

 
The solution of the nonlinear Whitham–Broer–Kaup 
equations, (1), when 1p , will be as follows: 

 
The behavior of  txu ,  and  tx,  obtained by 
HPM with different values of time are shown in Fig. 
1. 
Exact solution of WBK equation (1) as follows: 

 
These solutions are constructed by Xie et al. [18]. 
 

 
Fig. 1. For the solitary wave solution with the first initial conditions (9) of Eq. (1), HPM result for ),( txu  is, respectively (1a) and 

exact solution (1b), when k=0.1,  =0.005,  =1.5,  =1.5, 0x =10. 
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Fig. 2. For the solitary wave solution with the first initial conditions (9) of Eq. (1), HPM result for ),( txv  is, respectively (2a) and 

exact solution (2b), when k=0.1,  =0.005,  =1.5,  =1.5, 0x =10. 

 

 
 
CONCLUSIONS 
 
In this Letter, the homotopy perturbation method 
(HPM) was used for finding solutions of a Whitham–
Broer–Kaup equation. It can be concluded that the 
HPM is very powerful and efficient technique in 
finding exact solutions for wide classes of problems. 
It is worth pointing out that the HPM presents a rapid 
convergence for the solutions.  
The obtained solutions are compared with the exact 
solutions. The HPM has got many merits and much 
more advantages than the exact solutions. Also the 
HPM does not require small parameters in the 
equation, so that the limitations of the traditional 
perturbation methods can be eliminated, and also the 
calculations in the HPM are simple and 
straightforward. The reliability of the method and the 
reduction in the size of computational domain give 
this method a wider applicability. The results show 
that the HPM is a powerful mathematical tool for 

solving systems of nonlinear partial differential 
equations having wide applications in engineering. 
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