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Abstract-Point clouds can be seen as the graphs that vertices are embedded in Euclidean space. In this paper, we present a 
heuristic outlier detection method by using graph theoretical concepts. This method is less dependent to noise in the raw 
point cloud data and efficient in to capture geometric properties by defining edges of the graph via threshold distances. 
 
 
I. INTRODUCTION 
 
Laser-range scanners or structured light scanners 
have become popular with the recent growing 
demand on realism in visualization. There also have 
been growing numbers of applications such as reverse 
engineering, rapid prototyping, digital geometry 
processing, and architecture. To acquire models from 
real-world objects, they become in handy rather than 
the expensive and time consuming digital design 
processes. Basically, they generate point sets that are 
direct measurement and a very raw discrete 
representation specifying the geometry of the object 
by sampling it at determined positions. The usability 
of a point cloud is directly depended on the outliers it 
has; that is, the more outlier yields less accurate 
models and more computational efforts. Therefore, 
the raw point cloud data shall be handled before the 
modelling or geometrical processing operations are 
performed. 
As addressed in [2], outlier detection methods can be 
classified into Howkings’ distribution-based, see [3], 
Johnsan’s depth-based, see [4], and clustering 
approaches, see [5]. However, all these three methods 
have their own disadvantages as priory knowledge of 
distribution and incapability of to be applied to large 
data sets. Again, in [2], Local Correlation Integral 
Method is used to overcome these issues. In [6], 
authors introduce a distance-based polynomial 
runtime algorithm for outlier detection can be done 
efficiently for large datasets. This idea yield the 
studies as [7] and [8] that are based on 푘-neighbor 
approaches and applicable to large data sets. 
Moreover, commercial 3D scanners usually comes 
with in-built software that is optimized for a specific 
scanner, thus they are hard to be controlled. In [1], 
authors developed an interactive tool that provides 
outlier classification heuristics that have to be 
weighted by the user to obtain an appropriate 
classification for outlier removal incorporating the 
user into the outlier detection. 
The point cloud representations of 3D objects using 
3D scanners require efficient mathematical methods. 
In this study, we aim to apply the one of the richest 
and exciting branch of mathematics - the graph theory  

 
- based method to outlier detection in point clouds. 
Graph theory plays an important role in many 
algorithms for digital geometry and point cloud 
processing [9,10,11]. Beside the statistical approaches 
mentioned before, graph theory let us to control and 
process point clouds less dependent to noise that 
occur in the scanning procedures, and to build 
polynomial runtime algorithms. Besides, statistical 
approaches depended on the scanning density do not 
become handy for the point clouds obtained by low 
configured 3D scanners. In Section 2, we give the 
necessary graph-theoretic notation and definitions 
that used to build the algorithm. We refer [12] and 
[13] for more on the graph theory and spectral 
approaches to interested readers. Having introduced 
basic notations, we also outline our method. 
Basically, we first build a graph trivially embedded to 
Euclidean 3-space respect to coordinates of the points 
in the point cloud, then build edges by the means of 
the Euclidean distance. Then run the well-known 
graph theoretical concepts to determine outliers. To 
illustrate our method, we give an example with a 
lesser number of points in Section 3.  
 
II. METHOD 
 
2.1 Mathematical Background 
An undirected simple graph 퐺 is the tuples		(푉,퐸), 
where 푉 is the set of vertices (or nodes) and 퐸 is the 
set of edges. Each edge in 퐸 is an unordered pair of 
vertices for undirected graph퐺. Strictly speaking, we 
are considering simple graphs in which all edges go 
between distinct vertices and in which there can be at 
most one undirected edge between a given pair of 
vertices. A subgraph of a graph 퐺 is a graph whose 
edges and vertices are a subset of 퐸 and 푉of 퐺. 
An adjacency matrix 퐴  of a graph 퐺 is defined by 

 
Note that the matrix 퐴  is symmetric, thus has an 
orthonormal basis of eigenvectors and the number of 
vertices many eigenvalues, counted with multiplicity.  
A connected graph is called network. A tree is a 
network with no circuits, that is a connected graph 
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that does not involve any sequence of vertices 
(푣 ,푣 , … , 푣 ) such that		∃푖, 푗	 ∈ {1, … , 푘}푣 = 푣 . A 
spanning tree of a network is a subgraph that 
connects all the vertices. 
Definition: (Graph Laplacian) Given an undirected 
graph		퐺 = (푉,퐸). The Laplacian Matrix of 퐺 is 
푛 × 푛 matrix whose entries are 

 
Note that Graph Laplacian does not depend on an 
ordering of the vertices of 퐺. 
Theorem: (Kirchhoff’s Matrix Tree Theorem) For 
a given undirected connected graph 퐺 with n vertices, 
let 휆 , . . . , 휆  be the non-zero eigenvalues of 퐿 . 
Then, the number of distinct spanning trees of 퐺 is 
equal to 

 
푡 is also equal to the absolute value of any cofactor 
of the 퐿 . 
The reachability matrix 푅  of a graph 퐺 is defined by 

 
By the same manner, it is possible to define the 
reaching matrix 푄 of a graph 퐺 as the transpose of 
the reachability matrix; i.e.,푄 = 푅 . These two 
matrices play key role to determine the components 
of a graph퐺. A strong component of a graph is 
defined as being a maximal strongly connected 
subgraph of it. For a strongly connected graph, any 
vertex can be reachable from any other vertex. If a 
vertex 푣  appears in two or more strong components, 
then a path from any vertex in one strong component 
to any other vertex in another strong component 
would always exists. Therefore, unions of strong 
components are strongly connected.The direct use of 
푅  and 푄  can be used to find the strong components 
of a graph. Let us define ⊗ as the element-by-
element multiplication of two matrices. Thus, the row 
푣  of the matrix 푅 ⊗푄  that contains values of 1 in 
those columns  푣  which 푣  and 푣  are mutually 
reachable. Hence, one can conclude that two vertices 
are in the same strong connected component if and 
only if their corresponding rows are identical. This 
procedure is also same for the columns. If the matrix 
푅 ⊗푄  is transformed by the transposition of rows 
and columns into block diagonal form, each blocks 
yield the connected components of the graph퐺. We 
strongly recommend [14, Chapter 2] for more details.  
 
 
2.2 Method 
To perform graph theoretical approaches to analyze a 
point cloud, we first need to obtain a graph in which 
the vertices are embedded as points in the Euclidean 

plane, and the edges are assigned lengths less and 
equal to the pre-defined Euclidean distance 
푑 between those points. Basically, for a pre-defined 
threshold distance 훽 if the distance between any two 
points in the point cloud is not greater than 훽 we 
connect those points with an edge. Hence, it is 
possible to build a graph that all vertices are isolated 
from the point cloud for a small enough훽 ≥ 0 as well 
as a complete graph by determining 훽 as the greatest 
distance between any points in the point cloud. For 
noisier data, we would generallyuse a larger훽, 
whilewe wouldchoose a smaller훽 to capture smaller 
features.  
Once the graph representation of the point cloud is 
obtained, some of the strongly connected components 
of the graph become the candidates as the outliers. To 
determine which of them are, we use the idea of the 
number of spanning trees for each component. For a 
structured light scanning that is mostly focused on an 
object, it is acceptable to assume that outliers around 
the scanned object would involve fewer vertices. 
Since we want our method to be independent of the 
scanning density, the number of vertices wouldn’t be 
just enough to determine the outliers. Therefore, by 
taking the edges into account, one may conclude that 
the smaller number of spanning trees of each strongly 
component gives the possible outliers. It is also 
straightforward that there will be some significant 
jumps in the sorted list of the number of spanning 
trees, since the focused scanned object will be occur 
in the component that has the highest number of 
spanning trees. 
 
The outline of our method can be summarized by the 
pseudo-code as follows: 
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III. EXAMPLE 
 
The data set is captured by the David 3D SLS-1 
inside a room. To show the effectiveness of the 
method for noisy data sets, the configuration of set up 
is chosen to be low in purpose.  
The scanned cup and bottom part of its point cloud 
representation are shown in Figure 1. The part of the 
point cloud that is processed by our method is marked 
with the red rectangle.  
 

 
Figure 1: Left side is the scanned object and right side is the 

point cloud representation of the chosen area. 
 
Point cloud for the chosen area involves 5710 points. 
For the훽 = 0.5, the obtained graph involves 5 
strongly connected components. The sorted list of the 
number of spanning trees for each four component 
that have less vertices is obtained as follows: 

{1; 0,11811.1038; 0,6517.1060; 0,20309.10807}. 
Hence it is possible to determine outliers from the 
list: connected components with the lesser number of 
spanning trees are thestrong candidate for being an 
outlier. For the different threshold distance values, 
the numbers of the connected components also 
changes: for the lesser threshold distance we obtain 
greater number of connected components as shown in 
Figure 2. 
 

 
Figure 2: The change of the number of connected components 

respect to pre-determined threshold distances 
 
CONCLUSIONS 
 
Rather than the density based algorithms, a graph 
theoretical based algorithm to detect outliers in a 
point cloud is investigated in this paper. Having 
introduced some graph theoretical concepts, the 
method is introduced due to its unconstrained 

behavior to the pre knowledge of the scanned object 
and it is not affected from the density of the point 
cloud. From the pseudo-code, it is possible to see that 
the algorithm runs in polynomial time complexity, 
thus also is effective by the performance. Our method 
is also heuristic; the number of strong connected 
components of the built graph is directly dependent 
on the pre-determined threshold distance. The 
components with the lesser number of spanning trees 
are the strong candidate to be an outlier. For more 
connected components; the significant jumps in the 
sorted list of the number of spanning trees would 
yield the main body of the scanned object, hence the 
rest could be determined as outliers.  
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