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Abstract—Conducting polymers holding pentagon cells are 
analyzed based on a technique which uses positive 
semidefinite operator properties, and it is shown that these 
systems can provide ferromagnetism even if do not contain 
magnetic atoms at all. The mechanism leading to the 
ordered phase is related to the presence of flat bands in the 
band structure of the system.  
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I. INTRODUCTION  
Conducting polymers are representing a 

fascinating class of nano materials with a wide range 
of application possibilities in nanoelectronics, 
nanooptics and even medicine. From   theoretical 
point of view such systems are representing non-
integrable chain structures holding Bravais periodicity 
and possessing mostly quadrilateral or pentagon type 
of unit cells. In majority of cases one describes these 
systems by  Hubbard type of Hamiltonians [1] taking 
into account periodic boundary  
conditions. Since the local Coulomb repulsion in these 
chains is relatively high and attains even 10 eV, poor 
approximations describing these materials ussually 
fail. That is why we use exact methods for their 
description. The main problem in the present situation 
is that non-integrable systems (i.e. number of 
constants of motion much less than the number of 
degrees of freedom), cannot be treated with standard 
exact solution techniques as Bethe anzats, 
consequently, for their exact study special procedures 
must be applied. Our procedure first casts the 
Hamiltonian (H) in positive semidefinite form 
(H=P+λ), where P is a positive semidefinite operator 
and λ is a constant scalar. After this step one deduces 
the exact ground state |g>, by deducing the most 
general wave vector which satisfies the equation P |g> 
= 0. Once |g> has been obtained, we prove its 
uniqueness, and calculating proper ground state 
expectation values in terms of |g>, we deduce the 
physical properties of the  
many-body ground state. This technique used for 
polymers with pentagon cell proves the existence of 
ferromagnetism in their phase diagram. The 
interesting aspect of this result is that one obtains 
ferromagnetism in an organic system which not 

possesses magnetic atoms at all, hence gives for 
example thepossibility to produce a ferromagnetic 
plastic. The deduced phases have also application 
possibilities in spintronics.  
       The studied conducting polymers are in fact 
conjugated polymers, property which leads to 
electrons delocalized along the whole system, 
providing the metallic character. These chains, in 
majority of cases are built up from pentagon cells 
(quadrilateral cell cases are also known) as in the case 
of e.g. polythiophene, polyaminotriazole, etc. The 
atoms entering in their composition are usually 
C,H,N,O, so such systems are representing genuine 
organic materials. This fact, combined with the aim of 
the study of the emergence possibilities of 
ferromagnetism, leads to a specific challenge directed 
to the description possibilities of ordered phases in 
nano, but in the same time organic materials. In 
describing these systems one takes into consideration 
that the highest contributing interaction term in them 
is given by the on-site Coulomb repulsion. That is 
why Hubbard type of Hamiltonian is used for the 
study, which besides the hopping matrix elements 
contributing in the kinetic part of H, uses on-site (i.e. 
Hubbard) repulsion terms  in the interacting part of the 
Hamiltonian. 

II. THE STUDIED SYSTEM 
 
The studied chain built up from pentagon cells is 

presented schematically in Fig. 1. 

Fig.1. Schematic plot of the pentagon chain. The cell 
defined at the lattice site i presents as well  the 
notation of sites inside the unit cell. The hopping 
matrix elements are denoted by an indexed t, and a 
represents the Bravais vector. 
The Hamiltonian of the system written in second 
quantization looks as follows 

 
H=∑[t(p,j,i)c^*(j,σ)c(i,σ) + ½U n(i,σ) n(j,-

σ)δ(i,j)],        (1) 
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where the summation is performed over nearest-
neighbor (i,j) 
site pairs and the spin index σ, one has 
t(p,i,j)=t(i,j)p(i,j), where t(i,j) are representing the 
hopping matrix element between sites (i,j), the particle 
number operator is n(i,σ) = c^*(i,σ) c(i,σ), where  
c^*(i,σ) and c(i,σ) are representing the creation and 
annihilation operator for electrons with spin σ at the 
site i, δ(i,j) represents the Kronecker delta function, 
while U > 0 is the strength of the Hubbard interaction. 
According to the notation of the hopping matrix 
elements from Fig.1, one has t(1,5) = t(5,4) = t(4,3) = 
=t(2,1)=t, t(5,6)=tf, t(2,3)=th, t(4,7)=tc, where the site 
7 represents the site i+a. p(i,j)=exp(i φ(i,j)) are 
representing Peierls phase factors which take into 
consideration the effect of an eventual external 
magnetic field B perpendicular to the plane of the cell 
creating a magnetic flux threading the surface of the 
pentagon. Note that  Eq. 1, by the defined sum, 
contains the Hermitic conjugate components of the 
Kinetic energy terms i≠j as well. 

III. THE TRANSFORMATION OF THE HAMILTONIAN IN 
POSITIVE SEMIDEFINITE FORM 

In the second step one transforms the Hamiltonian 
from Eq. 1. in positive semidefinite form H=P+λ. For 
this procedure we use block operators defined at each 
lattice site i as A(m,i,σ), which represents a linear 
combination of fermionic operators for  electrons with 
spin σ, acting on the sites of a finite block m. One 
defines m=1,2,...5 block operators for a fixed spin 
index σ for each cell connected to an arbitrary lattice 
site i. For a fixed cell and spin, the mentioned five 
block operators are presented in Fig. 2. 
 

 
Fig. 2. The five block operators A(m,i,σ), m=1,2,...,5  
defined at fixed spin  σ  spin index for an arbitrary cell 
placed at an arbitrary   lattice site i . As seen, two 
block operators are defined along bonds and three 
along triangles.   
The expression of the block operators can be given as 

A(m,i,σ)=∑ a(m,n) c(n,σ),                                          
(2) 

 
where the summation goes over all sites n contained in 
the  block m connected to the lattice site i, and a(m,n) 
are numerical coefficients. As seen from Fig. 2., for 
fixed lattice site i, the block operator A(1,i,σ) is 
defined along a block connected to the bond (5,6), 
while A(5,i,σ) to the block connected to the bond  (4, 
i+a). The remaining three block operators are defined 
on triangle blocks, namely A(2,i,σ) on the triangle 
(1,2,5), A(3,i,σ) on the triangle (2,3,5), and finally 
A(4,i,σ) on the triangle (3,4,5). Denoting by A^* the 
adjoint operator of  A, and taking into account that 
A^*A, and n(i,σ) are positive semidefinite operators, 
the Hamiltonian from Eq. 1. transformed in positive 
semidefinite form H=P+λ becomes given by 
 
      P=∑ A^*(m,i,σ) A(m,i,σ) +H(U),     λ=-KN,              
(3) 
 
where in the first term the summation goes over all 
three indices (m,i,σ),  H(U) represents the interaction 
part of the Hamiltonian from Eq. 1., K is a constant, 
and N is the total number of electrons within the 
system. One notes that in transforming  H on the line 
of Eq. 3., periodic boundary conditions have been 
used. This transformation works only if a 
specific inter-relationship called matching equation 
connects the physical parameters of the starting 
Hamiltonian to the (at the moment unknown) block 
operator parameters a(m,n) and the constant K. In the 
presented case, the matching system of equations has 
two parts. The first part which is connected to hopping 
terms is as follows 
 
 t(p,1,5)=a*(2,1)a(2,5); t(p,2,1)=a*(2,2)a(2,1); 
 t(p,3,2)=a*(3,3)a(3,2);   t(p,5,4)=a*(4,5)a(4,4); 
 t(p,4,3)=a*(4,4)a(4,3);   t(p,5,6)=a*(1,5)a(1,6);                 
(4) 
 t(p,7,6)=a*(5,7)a(5,4);  
a*(2,5)a(2,2)+a*(3,5)a(3,2)=0;    
 a*(3,3)a(3,5)+a*(4,3)a(4,5)=0. 
 
The matching equations have also a second part 
connected to on-site one particle potentials 
t(p,i,i)=ε(i), case for which p(i,i)=1. These equations 
become 
 
ε(1) K   = |a(2,1)|2  + |a(5,7)| 2   = |a(4,4)|2  + |a(5,4)| 2 , 
ε(5) K   = |a(1,5)|2  + |a(2,5)| 2  +  |a(3,5)|2  + |a(4,5)| 2 ,           
(5) 
ε(2) K   = |a(2,2)|2  + |a(3,2)| 2,  ε(3) K   = |a(4,4)|2  + 
|a(5,4)| 2, 
ε(6) K  = |a(1,6)|2 . 
 
I note that by considering in P, the positive 
semidefinite operator H(U)=U∑i  n(i,σ=↑) n(j,-σ=↓), 
the matching equations 
Eq. 4-5 will be valid at arbitrary U > 0 in the below 
system half filling concentration region. One notes that 
for the above system half filling concentration domain, 
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the positive semidefinite operator P(i)= n(i,↑) n(j,↓)- 
n(i,↑)- n(j,↓)+1 has to be used [2] 
for the introduction of the interaction term of  Eq. 1. in   
P.   
Otherwise, the operator P(i) is positive semidefinite 
since it attains its minimum eigenvalue (i.e. zero) 
when at least one electron is present on the site i . 

At this stage further explications have to be done 
relating the calculation of the Peierls phase factors 
p(j,i). If one has a hopping process from the site i to 
the site j along the bond (j,i), 
then φ(j,i)=(2π/Φo) ∫i

j A∙dℓ where Φo=hc/e represents 
the flux quantum, A is the vector potential created by 
the external magnetic field, and the integration is given 
along the line of the bond from the site i to the site j 
[3]. Note that  A∙dℓ represents a vector scalar product. 
If φ(j,i) was obtained, then one has p(j,i)= exp[i φ(j,i)]. 
During calculations (see Fig. 3), one considers the 
chain contained in the (x0y) plane parallel to the (0y) 
axis , and the external magnetic induction  B oriented 
along the axis (0z). In this case the Landau gauge is 
usually applied providing for the components of the 
vector potential Ax=Az=0, Az=xB. 

 
 
Fig. 3. The system of coordinates used  for the 
calculation of the Peierls phase factors. The (0y) axis is 
taken along the chain. In the presented plot A is the 
vector potential, while B represents the external 
magnetic induction  (i.e. B= rot A holds). 

VI. THE GROUND STATE   

A. The deduction of the ground state 
With a solution of the matching equations in hands 

the construction of the ground state wave vector |Ψg > 
can begin. The Hilbert space vector |Ψg > represents 
the solution of the equation P |Ψ>=0. In order to find 
this solution for the operator P present in Eq. 3. one 
proceeds as follows. First one looks for a block 
operator B^*(n,i,σ) which is defined at the lattice site 
i, is expressed as a linear combination of fermionic 
creation operators c^*(j,σ) acting on the sites j of the 
block n, and satisfies the anti-commutation relation  

 
{ A(m,i1,σ1),B^*(n,i2,σ2) } = 0,                                       

(6) 
 

for all values of all indices. Given by the property in 
Eq. 6, the wave vector |Ψ>= Π n,i,,σ B^*(n,i,σ) |0>, 
where |0> is the bare 

(i.e. Fock) vacuum, satisfies the property (see Eq. 3.) 
 
     (P-H(U))|Ψ>=∑m,, i,,σ A^*(m,i,σ) A(m,i,σ) |Ψ>=0.           
(7) 

 
This equation is indeed satisfied, since the operator 
A(m,i,σ) containing only annihilation operators, based 
on Eq. 6. can be interchanged with the B^*(n,i,σ) 
operators present in   |Ψ> (this operation introducing at 
most a sign change in the expression), and pushed in 
front of the vacuum state  |0>. Now, since by definition  
A(m,i,σ)  |0> =0, one sees that  Eq. 7. is indeed 
satisfied. Consequently, the half part of P from Eq. 3. 
satisfies the required condition  P |Ψ>=0. Now our job 
is to transform the obtained  |Ψ> expression such to 
have besides  Eq. 7., also the relation  H(U)|Ψ>=0 
satisfied. This however can be simply done since H(U) 
measures the number of double occupancies in the 
system. Hence, reducing the summation domain in the 
starting expression of   |Ψ> presented below Eq. 6. by 
fixing the σ index, one obtains 
 
            |Ψ>= |Ψg >= Π n,i, B^*(n,i,σ) |0>.                                
(8) 
  
Indeed , since the wave vector from Eq. 8 not contains 
double occupancy et all., besides Eq. 7., it satisfies also 
the relation    H(U)|Ψ>=0, consequently the desired P 
|Ψ>=0 equality is satisfied. The uniqueness of the 
solution can be demonstrated on the line of the 
appendices from [1,4]. 
     In conclusions, the ground state has been deduced 
and it is presented in Eq. 8.  

B. The properties and  expression of the ground state 
      As observed from Eq. 8., the ground state |Ψg > 
contains only electrons with a fixed spin projection σ, 
hence  all electrons  from the ground state are fully 
spin polarized. This means that the ground state is 
ferromagnetic. 
       In order to find the expression of the ground state I 
note that in the case B=0 (i.e. no external field present), 
the solution of the matching equations  providing  |Ψg 
> gives for example in the simple case 
t(1,5)=t(2,1)=t(4,3)=t(5,4), ε(5)=ε(6), ε(1)=ε(4),  
ε(2)=ε(3) at t(3,2) > 0, ε(5) > 0, the expressions 
 
   a(2,5)=a(2,2)=sign[t(2,1)] X(1);  a(2,1)=|t(2,1)|/X(1); 
   a(3,2)=a(3,3)=X(2); a(3,5)= - X 2(1)/X(2); 
   a(4,5)=a(4,3)=X(1); a(4,4)=t(2,1)/X(1);                            
(9) 
   a(1,6)=X(3); a(1,5)=t(5,6)/X(3); a(5,7)=X(4)/X(1);   
   a(5,4)=t(7,6)X(1)/X(4); 
  
where X(1)=(ε(2)-t(3,2))½ , X(2)=t½(3,2),  X(3)=ε½(5), 
and X(4)=[ε(3) X2 (1) – t2 (2,1)]½. . This solution of the 
matching equations emerges only when the conditions 
 
         ε(1)=t2(2,1)/X2(1)+|t(7,6)|, 
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         ε(5)=[1/(2t(3,2))][X(5)+X(6)],                                   
(10) 

 
where X(5)=ε2(3)-t2(3,2), X(6)=[X2(5)+X2(7)]½, and  
X(7)=2t(3,2)t(5,6). By calculating the bare band 
structure of the Hamiltonian from Eq. 1. can be easily 
checked that Eq. 10 represents the condition to have a 
lowest flat band in the band structure of the system. I 
further note that the K expression can be expressed 
from the last line of Eq. 5., and the ground state energy 
(see Eq. 3) becomes Eg=-KN. 
          With the solution  from Eq. 9. one has also the 
possibility to deduce the expression of the B^*(n,i,σ) 
operator entering  
in the expression of the ground state wave vector from 
Eq. 8. Solving Eq. 6. one finds that the B(n,i,σ) 
operator, for a fixed lattice site i has only one n=1 
component, so the index n can be neglected from its 
expression. Furthermore the block along with it is 
constructed extends over two neighboring cells (i.e. I 
and i+a, where a is the Bravais vector), so its 
expression becomes of the form 

 
    B(i,σ)=Σn b(i,n)[c(i+rn ,σ) + Y c(i+a+rn ,σ)],                   
(11)                                             
 
where Y=-sign[t(7,4)]X2(1) and the index n=1,2,...,6 
covers all sites of the unit cell. For the coefficients 
b(i,n) one obtains the following non-zero contributions 
 
   b(i,6)=1, b(i,5)=-b(i,2)=-ε(5)/t(5,6), 
b(i,3)=b(i,5)ε(2)/t(3,2), 
   b(i,4)=b(i,2)X(5)/[X2(2)t(1,5)].                                         
(12) 
 
One further observes that totally there are Nc linearly 
independent B(i,σ) operators where  Nc  means the 
number of unit cells in the system. Hence in Eq. 8. the 
ground state has  a product of Nc  different operators, 
each introducing one electron in the system with fixed 
spin. Consequently, the deduced ground state 
corresponds to N= Nc electrons in the chain. Since the 
neighboring  B(i,σ) operators touch each other (this 
property is called to be the connectivity condition) and 
at  N= Nc electrons, on all lattice sites one has one 
electron, the ferromagnetism emerges because the 
system avoids in this manner the presence of double 
occupancy. Indeed this last, given by the Hubbard 
interaction term increases the ground state energy. This 
kind of ferromagnetism is of Mielke-Tasaki type [5]. I 
further note that the presence of ferromagnetism in 
polymers constructed from pentagon chains has been 
reported experimentally as well [6]. 
    When external magnetic field is present, the 
solutions of the matching equations presented in Eq. 9 
becomes shifted. The ferromagnetism will be again 
connected to the presence of a lowest flat band.  But in 
this case, this last,  will not be a bare flat band  (i.e. flat 
band provided by the kinetic part of the Hamiltonian). 

It will be a flat band created by the external magnetic 
field in conditions in which the bare band structure of 
the system contains only dispersive bands. I note that 
interaction created effective flat bands in the case of in-
sample interactions, have been also reported in the 
literature for 3D systems [7] and polymers [8] as well.. 
      I further mention that calculating the distance (r) 
dependence of the long-range hopping ground state 
expectation value for the deduced phase, one finds an 
exponentially decreasing expression. From this can be 
concluded that at N=Nc  
the deduced ferromagnetism is localized, so the 
ferromagnetic phase is insulating in the 
thermodynamic limit. 

IV.  SUMMARY AND CONCLUSIONS 
Chains built up from periodic arrangement of 

pentagon cells have been analyzed based on Hubbard 
type of models solved exactly for the ground state by 
using techniques based on positive semidefinite 
operator properties. The emergence of ferromagnetism 
has been demonstrated in these systems both in the 
presence and absence of external magnetic field. The 
emergence of the ordered phase is connected to the 
presence of bare or induced flat bands in the system. 
In the induced case, the external magnetic field creates 
a lowest flat band in conditions in which the bare band 
structure of the system contains only dispersive bands. 

The procedure one used for the calculation of the 
exact ground state can be applied independent on 
integrability and dimensionality. It transforms first the 
Hamiltonian in a positive semidefinite form. After this 
step the ground state wave vector is deduced  by 
looking for the most general wave vector on which 
applying the positive semidefinite operator from the 
transformed Hamiltonian one obtains zero as a result. 
The demonstration of the uniqueness follows, after 
which the physical properties of the ground state are 
analyzed by calculating different ground state 
expectation values of interest. 

The interesting aspect of the result is that it shows 
that ferromagnetic phase is possible to appear in 
organic materials not containing magnetic atoms et all. 
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