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Abstract- The current investigation focuses on error inherent in the FE model and mesh discretization error which creeps into 
the FE solution as a result of the interpolation of the field derivative values at the nodes. The error in stress at each node is 
integrated over the entire volume of the element and the error so calculated is energy error for the element. The corresponding 
error in energy norm reduces as we go on increasing the mesh density in the region having high stress concentration. Mesh 
convergence study was conducted on different features and loading conditions encountered in a typical commercial aircraft 
engine with increasing order of complexity. Accordingly simple model 3D turbine Disk rim is considered for the above 
studies. FE analysis considering multiple iterations by gradually increasing the mesh size was performed on each of the above 
models and the results were analyzed for observing a trend in the convergence along with the associated error in the solution. 
The effect of varying geometry was also studied. Results showed that the energy error norm was consistent with the peak stress 
values and was found to within certain percentage band for the typical features considered for our case studies. Thus shows 
that the methodology adopted helps in understanding the behavior of energy error corresponding to the peak stress values and 
the energy error norm can be incorporated as a criterion to test the convergence of the solution. Based on all the case studies 
carried out it was found that the normalized percentage error in energy was found to be within 6% to 8% for the converged 
solution. 
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I. INTRODUCTION 
 
The present problem is to study the effect of mesh 
discretization error while performing FEM based 
stress analysis for different features encountered in 
typical commercial aircraft engine components. The 
most basic procedure followed in any FE analysis is to 
begin with a very coarse mesh and the analysis is 
repeated by gradually changing over to finer meshes 
and the results are graphically plotted. It can be seen 
that as we go on increasing the mesh density the value 
of critical field parameter say maximum stress for 
example in case of structural analysis converges to a 
stable value i.e. the difference between the stress 
values between two successive test runs approaches 
zero. This procedure might sound simple, but the 
computational cost and time required to arrive at these 
values may be well beyond the acceptable limits. This 
is very much significant in analysis of aircraft 
components involving complicated geometry and non- 
linearity for which theoretical solution is not readily 
available. 
 

 

 
Fig 2 – Normalization of percentage error in energy for plate 

with a hole model as per above steps 
 
II. DESIGN 
 
In most of the finite element formulations the 
displacement is continuous across the elements 
whereas the stress field is discontinuous. Stresses 
computed at the same nodal point from adjacent 
elements will not generally be the same as the stresses 
are discontinuous in displacement based problems. 
Therefore the stress values are averaged to improve 
the stress accuracy. Now the resulting stress error in 
each element due to averaging of stress is calculated as 
follows, Energy Norm and Posteriori Error 
Approximation Technique Any given node in a FE 
model will have x stress values associated with its 
location where x is the number of elements that share 
that node. {σkm}= stress vector of node m of element 
k. Averaged stress vector of node m is computed 
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considering these x stress vectors. {σka}= averaged 
stress vector at node n.  
Next for each element the stress error at each node is 
approximated by the following calculation.  
{Δσkm}= {σka} - {σkm} ------------ (1) 
 
This stress error is integrated over the volume of the 
element and energy error for element k is obtained. 
The energy error in the finite element is calculated as 
follows, 
ek = 1/2∫ {Δσ}T[D]-1{Δσ}dv------------(2) 
 
ek = error energy in element k .{Δσkm} = nodal stress 
error vector. [D] = Stress –strain matrix  
 
The energy error e over the entire model is given by, 
e =∑Nk=1 ek ------------ (3) 
 
Where N is the no. of elements in the model. This 
overall energy error is expressed in terms of a global 
error energy norm by normalizing the energy error 
against the strain energy as shown below  
E =100 √e / (U+e) ------------ (4) 
U = strain energy over the entire model/each element  
E = percentage error in energy norm 
 
{ε′}= [B′]{u′}-{ εth}) ------------(5) 
{ε′} is the strain vector and [B′] is the 
strain-displacement matrix and (') represents surface 
co- ordinate system. σ′z is known which is equal to the 
applied pressure. 
 
The remaining stress and strain components are 
calculated using the stress-strain matrix given by the 
below equation: 
{σ′z}= [D′]*{ε′} ------------ (6) 
[D′] is the stiffness matrix characteristic of the 
element type. 
 
Finally the surface stress is obtained by averaging the 
stresses across all integration points. 
√e/ (U+e) * [SEDele] / [SEDmax] ------------ (7) 
SEDele is the strain energy density for each element 
calculated through ETABLE option in ANSYS ® 
which is the ratio of strain of the element to its volume. 
SEDmax is the maximum strain energy density 
among all the elements 
 
III. METHODOLOGY 
 
A. Case Study 1 – Mesh Convergence Study of a 
Plate with a Hole  
Plate with a hole subjected to axial pull is a classic 
standard problem for which the closed form solution is 
available. The concept of stress concentration factor 
Kt is explained using the plate with a central circular 
hole which relates the far field stress σnom to the 
actual stress σmax. Mesh convergence study is 

performed taking up this classic example to study the 
effect of mesh density on peak stress values and 
corresponding error in energy. The obtained FE 
solution is validated with available closed form 
solution to check the actual convergence of the 
solution. 

 
Fig.3 – Plate with a hole model geometry 

 

 
Fig. 4 – Loading and boundary conditions 

 
Plate dimensions – 10x10 inch, hole diameter – 0.2 
inch Material Properties used – Young’s Modulus – 
1e7 psi, Poisson’s ratio – 0.3. Mesh convergence study 
is performed on a 2D plate with central circular hole 
as shown in the Fig.3 assuming plane stress 
conditions. Only a quarter of the plate is modeled as 
we make use of reflective symmetry about both x and y 
axis. An axial pull of 100 units is applied along the 
sides in the x direction and displacements are 
constrained in x and y direction along the right edge 
and bottom edge respectively to make use of reflective 
symmetry conditions as shown below in Fig 4. 

 
Material properties selected are those of a 
representative material which yields the result i.e. 
stress values in the range which is proportional to that 
of the values encountered in different features of a 
typical commercial aircraft engine. The CAD model 
of the plate with a hole model is modelled and meshed 
in ANSYS® for the Finite Element Analysis. The FE 
mesh of the plate is generated using 2D element 
PLANE 42.The element is defined by four nodes 
having two degrees of freedom at each node: 
translations in the nodal x and y directions. 
 
1. Mesh Refinement  
The region around the hole is having maximum stress 
concentration, the mesh is refined near the hole region 
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in successive iterations. First iteration is started with 
2x2 elements across the hole surface followed by 
increasing mesh density up to 20x20 elements as 
shown in the Fig 5. 

 
Fig 5 – Finite element model meshed with increasing mesh 

density near the hole region. 
 
B. Case Study 2 – Axisymmetric Shoulder Fillet 
Under Centrifugal Load and Bending  
In second case, mesh convergence study is conducted 
on 2D axisymmetric shoulder fillet. This simple 
model is selected for our study as it closely simulates 
the nature of loading and stress usually seen in the seal 
teeth fillet feature of a commercial aircraft engine 
component. The model is created in NXTM and 
imported to ANSYS®. 
 

 
Fig 6 – Shoulder fillet model geometry 

 

 
Fig 7 – Loading and boundary conditions 

 
a) Fillet radius – 0.1 inch  
b) Material Properties used – Young’s Modulus – 

1e7 psi, Poisson’s ratio – 0.3, Density - 
0.000435lbm/in3  

 
Only one half of the fillet is modeled assuming the 
model as reflective symmetric. Therefore the model is 
constrained to move in y direction along the vertical 
edge. Applied loading is angular velocity of 2000 
rad/sec and shear force of 3000N to simulate similar 
loading conditions to that observed in a seal teeth 
fillet. The loading and boundary conditions are as 
shown in the Fig 7. 
 

The FE mesh of the fillet is generated using 2D 
element PLANE42 with axisymmetric option which 
can simulate bending. The element geometry and 
definition has been discussed in the previous section.  
1. Mesh Refinement 
Mesh is refined in successive iterations at the region of 
the fillet where we find steep stress gradients. Initial 
mesh is generated by considering 6 elements along the 
fillet and is increased to 30 elements in successive 
steps as shown in Fig 8 in order to study the effect of 
increasing mesh density on the peak stress values. 

 

 
Fig 8 – Zoomed in view of FE mesh near the fillet region for 

successive iterations 
 

C. Case Study 3 – 3d Disk with Web Holes under 
Centrifugal Load and Bending  
In the third case, we perform mesh convergence study 
on 3D rotating disk which is a major component of any 
aircraft engine. Rotating disk is an integral part of 
both compressor and turbine stage of an aircraft 
engine. Disc bolt hole is a non-axisymmetric feature 
and hence we have to opt for 3D analysis over 2D. 
Stress generally peak near bolt hole regions and we 
find steep gradients in both axial and hoop directions. 
The CAD model of disk with bolt hole is modeled and 
chunked in NXTM and imported to ANSYS® for 
Finite element analysis as shown in Fig 9. 
 

 
Fig. 9  Bolt hole model geometry created in NXTM 

 

 
Fig. 10  Loading and boundary conditions 
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Bolt hole diameter – 0.25 inch, bore diameter – 2.5 
inch and is modeled using nominal dimensions as 
shown in Fig 3. Material Properties – Young’s 
Modulus – 1e7 psi, Poisson’s ratio – 0.3, Density – 
0.0007lbm/in3  
 
Only single half sector featuring half bolt hole is 
modeled. The degree sector is chosen as there are 60 
bolt holes in 360 degree. It captures bolt hole geometry 
for accurate stress calculations. This Half sector 
geometry is Reflective Symmetric. In reflective 
symmetry, the displacements normal to the symmetry 
surface is to be fixed as zero. To achieve this, all the 
nodes corresponding to this symmetric face are rotated 
to engine coordinate system which in our case is 
cylindrical coordinate system with y as the axis of 
rotation. All the nodes are then constrained in the θ 
direction. The disk is rotated about engine axis with an 
angular velocity of 2000 rad/sec. Bending is applied 
on the outer face of the disk as shown Fig 10. 
 
The FE mesh of the disk is generated using 3D 
element SOLID45.This element is used for modelling 
3D solid structures. The element is defined by eight 
nodes having 3 degrees of freedom at each node: 
translations in the nodal x, y and z directions. 
 
Mesh Refinement 
The chunked volume comprising of the bolt hole 
region is meshed iteratively as the stresses peak in this 
location. Initially we begin with a coarse mesh of 5x13 
elements across the bolt hole surface and proceed up to 
a fine mesh of 40 x105 elements as shown in Fig 11. 

 

 
Fig. 11  Zoomed in view of FE mesh near the bolt hole regionfor 

successive iterations 

IV. RESULTS AND DISCUSSIONS 
 
Case Study 1- Plate with a Hole Problem Stress and 
Error Plots 

 
Fig. 12 – Equivalent stress plots for iteration no. 10 with 20x20 

elements along the hole region. 
 

 
Fig 13 – Error plot for iteration no. 10 with 20x20 elements 

along the hole region 
 
The equivalent nodal and surface stress plots are 
shown in Fig 12. The peak surface equivalent stress 
has converged to theoretical peak stress value of 300 
units after 10 iterations. However iteration no 10 with 
10x10 elements along the hole region is where in the 
peak surface stress value of 297.5 units is acceptable as 
the stress value is within 1% of the exact solution. We 
also note that the percentage error in the final iteration 
is less than 5% and is around 8% for the converged 
stress value.  
 

 
Fig. 14 – Variation of surface stress along the radius for iteration 

no 10 with 20x20 elements along the hole region 
 
It is observed from Fig 14 that the surface stress 
obtained is in close agreement with the theoretical 
solution throughout the hole region even in the slope 
region where we find steep stress gradients. The 
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percentage error in energy is less than 5% in the peak 
stress region whereas it was found to be more than 
50% in the slope region which can be attributed to low 
strain energy in those regions. Therefore the error 
values are normalized with respect to element having 
maximum strain energy density to obtain a uniform 
error plot. 
 

 
Fig. 15– Mesh convergence plot showing asymptotic stress 

convergence along with variation of percentage error 
 
Surface stress converges at a faster rate than the Nodal 
stress.  
For the model with 10 X10 elements along the circular 
region the following observations were made,  
 

1. The error in stress value is less than 1% of 
the exact solution.  

2. Node-to-Node Stress gradient at peak 
stress location is 9.7 units.  

3. Percentage error in energy for peak stress 
element in this model is 8.34%  

 
Case Study 2 – Axisymmetric Shoulder Fillet Under 
Centrifugal Load and Bending  
 

 
Fig 16– Equivalent stress plots for iteration no.  3 with 16x3 

elements along the fillet 
 
The equivalent nodal and surface stress plots are 
shown in Fig 16. The peak surface equivalent stress 

has converged after 3 iterations. The stress values are 
said to be converged if the difference in stress value 
between two successive iterations is less than 1% of 
the stress value. The peak surface stress value 
corresponding to this iteration was found to be 129 
units while the nodal equivalent stress was 124.7 
units. 

 
Fig 17– Error plot for iteration no 3 with 16x3 elements along 

the fillet region 
 
The percentage error in energy for the peak stress 
element for the converged solution (iteration 3) was 
found to be 7.23%. 
 

 
Fig 18 – Variation of surface and nodal stress along the radius 

for iteration no. 3 
 
The variation of surface and nodal meridonal stress 
along the fillet radius for the converged iteration is 
shown in Fig 18.  We observe that the stress gradients 
near the peak stress region are below 5 units whereas 
in the slope region the gradients are high even though 
the solution is converged. 
 

 
Fig 19– Mesh convergence plot showing asymptotic stress 

convergence along with variation of Normalized percentage 
energy error 
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4. The model with 16x2 elements along the fillet 
region the error in stress value is less than 1% of 
the converged solution.  
5. Percentage error in energy norm for peak 
stress element in this model is 7.23%.  

 
Case Study - 3d Disk with Web Holes under 
Centrifugal Load and Bending 

 
 

 
 
The equivalent nodal and surface stress plots are 
shown in Fig 20. The peak surface and nodal 
equivalent stress has converged after 3 iterations. The 
peak surface stress value corresponding to this 
iteration was found to be 144.3 units while the nodal 
equivalent stress was 144.8 units. The stress values 
peaked in the bolt hole top corner. 
 
The percentage error in energy for the peak stress 
element for the converged solution (iteration 3) was 
found to be 4% 
 

 

 
 
The variation of surface stress along the bolt hole edge 
for all the iterations is shown in Fig 23. It is observed 
that the surface stress converges after three iterations 
for the model having 52 elements along the edge. 
Stress convergence was observed even in the slope 
region. 

a) The surface stress are less than nodal stress 
because surface stresses are at centroid of the 
element and nodal stresses are at edge and there is 
steep stress gradient in axial direction.  
b) For the model with 20 X 52 elements the stress 
value is within 1% of the converged solution.  
c) Percentage error in energy norm for peak stress 
element is 4 %.  
d) Node-to-Node Stress gradient is 3.7 units along 
the hole axis.  

 
CONCLUSIONS 
 
The results obtained from case study conclude that the 
energy error norm can be implemented as an alternate 
criterion to test the convergence of the FE solution. 
The energy error criterion for the converged FE 
solution can be set in the range of 6% to 8%.  
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