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Abstract - The importance of fuzzy real options analysis has been growing in the past ten years due to recent introductions 
of intuitive fuzzy real options models, which have been demonstrated to be both practical and easy to implement. This paper 
introduces the credibilistic pay-off model for triangularinterval-valued fuzzy numbers, IVFNs, and comparesit to theearlier 
publishedinterval-valued version of the possibilistic fuzzy pay-off model. The new credibilisticinterval-valued model is an 
extension to the credibilistic model of Collan et al. (2012). It accounts for higher uncertainly and imprecision faced by an 
investment analyst than the original model. Also, the original credibilistic model has shown more stable behavior when 
compared to other fuzzy models. This can make the credibilistic interval-valued version a useful and competitive alternative 
for different application domains with inherently high uncertainties. Analytical solutions are providedboth for the new 

credibilistic model, as well as, for the interval-version of the possibilistic pay-off model making them directly implementable 
using a spreadsheet and other analysis software. 
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I. INTRODUCTION 

 

This paper extends the credibilistic pay-of model of 

Collan et al. (2012) to interval-valued fuzzy numbers, 
IVFNs, introduced by Zadeh (1975). Mezei et al. 

(2018) used IVFNs in building a possibilistic 

interval-valued pay-off model, which is used here as 

a reference model. 

 

The studies of Kinnunen and Georgescu (2019) and 

Kinnunen and Collan (2009), which built a decision 

support tool for valuing revenue-enhancing and cost-

reducing synergies in mergers and acquisitions, 

M&As, based on real options thinking and fuzzy real 

options models is further extended by applying the 

introduced and discussed models to sales synergies. 
The extension of this study allows intervals for 

estimated cash-flow scenarios. The extension is 

argued to be an important and practical specifically 

due exceptionally high uncertainties inherent in 

realized synergies versus the expected ones. 

 

Kinnunen and Georgescu (2019) considered three 

types of pay-off models: the original fuzzy pay-off 

model from Collan et al. (2009), FPOM, their 

subsequent credibilistic pay-off model (Collan et al., 

2012), Cred-POM. The models are based on (net 
present value, NPV, scenarios, where three scenarios 

are built a single (crisp) NPV value representing each 

scenario; The solutions of a triangular form has been 

published for the FPOM (Collan et al., 2009) and for 

the Cred-POM (Collan et al, 2012). Our model allows 

intervals instead of single-number scenario inputs of 

the real options models. It is shown by numerical 

illustration how a strategic investment in the form of 

corporate acquisition is valued in credibilistic and 

possibilistic terms, when upside potential is 

considered imprecise and evaluated as a range in the 

optimistic scenario. 

 

Interval-ROVs (real option values) are derived also 
for the Mezei et al’s(2018) possibilistic model in a 

more straightforward way from the earlier published 

results of Collan et al (2012) leading to normalized 

analytical ROV-formulas, which may be found useful 

tools in the investment valuation practice. The 

original FPOM was inspired by the probabilistic 

simulation-based Datar-Mathews model (cf. Datar 

and Mathews, 2007)developed at the Boeing 

corporation to value aircraft development projects. 

The FPOM has been earlier applied to various 

application domains including an M&A context (cf. 

Collan and Kinnunen, 2011; Kinnunen and Collan, 
2009; Kinnunen and Georgescu, 2019).  

 

A credibilistic scenario-based portfolio model was 

introduced by Georgescu and Kinnunen (2011) and 

applied to a venture-capitalist’s start-up portfolio. 

This model later inspired the credibilistic real options 

model, Cred-POM (Collan et al., 2012), which has 

been applied to M&As in its triangular form 

(Kinnunen and Georgescu, 2019). 

 

II. PRELIMINARY NOTATIONS IN FUZZY 

REAL OPTIONS VALUATION 

 

The idea of the fuzzy real options models under 

discussion comes from theDatar-Mathews method 

(Datar-Mathews, 2007), which computesthe real 

options value (ROV) as the weighted 

probabilisticaverage of the positive net-present-value 

(NPV) outcomes, E(A+), of a pay-off distribution 

A(x)i.e. ROV = weight * expected positive NPV (cf. 

Collan et al., 2009): 
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ROV =
 A x dx

∞

0

 A x dx
∞

−∞

∗ E A+ . (1) 

 

The weight in Equation (1),  A x dx
∞

0
/  A x dx

∞

−∞
, 

is the area of the positive NPV, A+, divided by the 

total area under the triangular distribution described 

in Figure 1. A triangular fuzzy numberAis defined by 

three points: the peak a, the left width α and the right 

width β, i.e. as A(a,α,β)Thus, the support of the 

distribution ranges from the minimum value,  a − α, 

to its maximum value, a + β. The expected value of 

the positive NPV is E A+ . The possibility of 

occurrence, or degree of membership, ranges from 0 

to 1 and is 1 at the peak, which is the most possible 

value of the fuzzy triangular distribution. 

 

 
Figure 1:  Triangular fuzzy distribution 

 

In the fuzzy real options models, the probabilistic 

averageis, firstly, replaced by the possibilisticmean 

value, EFPOM(A+), the credibilistic mean value, ECred-

POM(A+), and the center-of-gravity mean value ECoG-

POM(A+). The solutions for the three types of models 

have been published for the simple triangular case 

and the possibilistic model has been published also 

for the interval-valued fuzzy numbers.  This paper, 

secondly, extends also the credibilistic and the center-

of-gravity formulas to allow intervals by solving the 

models for interval-valued fuzzy numbers. 

 

 
Figure 2:  Upper and lower fuzzy numbers 

 

Figure 2 shows the needed two fuzzy numbers needed 
for the interval-models, the upper and the lower 

triangular fuzzy numbers, AU (a,α1 ,β1)and 

AL(a,α2 ,β2), respectively. The two fuzzy numbers 
are related to three scenarios, the pessimistic (range), 

the base case (crisp value a), and the optimistic case 

(range), which represent the input values for the 

interval-valued real options models.  

 

The interval-valued fuzzy sets introduced by Zadeh 

(1975) are generalizations of real-valued intervals. By 

definition, an interval-valued fuzzy set is a function 

defined on a set X whose values are closed intervals 

from [0, 1]. For each x ∈ X, an interval A x =
[AL x , AU x ] lies within [0, 1], i.e. AL : X →  0, 1  
and AU : X →  0, 1  are fuzzy sets, called lower fuzzy 
set and upper fuzzy set of A. The membership 

function of the lower fuzzy number is always below 
the one of the upper fuzzy number as seen in Figure 

2, i.e. AL(x) ≤ AU (x), for each x ∈ X. When AL  and 

AU  are fuzzy numbers, then A will be called interval-
valued fuzzy number, IVFN. 

Mezei et al. (2018) presents the interval-valued real 

option value, IV-ROV, for the possibilistic case: 

 

IV-ROV =
 (AU  x +AL x )dx

∞

0

 (AU  x +AL (x))dx
∞

−∞

∗ EI A+ , (2) 

 

where Anow stands for the interval-valued fuzzy 

number and EIdenotes the possibilisticmean value of 
the positive side of the distribution. The both are 

computed as the average of the upper (AU) and 

lower(AL) fuzzy numbers. 

 

For the weight, the numerator  0.5(AU x +
∞

0

ALx)dx computes the average of the positive area 

below the upper and lower fuzzy numbers; and the 

denominator 0.5(AU x + AL (x))dx
∞

−∞
computes the 

average of the total area below the upper and lower 

fuzzy membership functions. 

 

It is noted that (i) we will have four different cases 

for the three types of models depending on the 

location (with respect to 0) of the distribution of the 
NPV pay-offs; (ii) the weights are different in all four 

cases, but the same for all three models; the E(A+)s 

are model specific in all four cases. 

 

Next, the triangular versions of the original fuzzy 

pay-off model and its credibilistic versions are 

recalled and analytical interval-valued formulas (IV-

ROVs)are introduced. 

 

III. FUZZY REAL OPTIONS MODELS 

 

Fuzzy Pay-off Model 
  

The original fuzzy pay-off model, FPOM, computes 

the real option value: 

 

ROVFPOM =
 A x dx

∞

0

 A x dx
∞

−∞

∗ EFPOM  A+ ,                       (3) 

 

where the possibilistic mean value of the positive side 

of the NPV distribution, EFPOM  A+ , has been 
plugged into Equation (1). 

A fuzzy number A is defined by a membership 

function determining the degree of membership (cf. 

Figure 1). Dubois and Prade (1980; 1988) define the 

membership functions of A(a,α, β) as: 
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A x =  

1 −
a−x

∝
if ∝ −a ≤ x ≤ a

1 −
x−1

β
if a ≤ x ≤ a + β

0 otherwise.

                  (4) 

 

The mean (expected) value of the triangular fuzzy 

number, E A+ (cf. Equation (1) and Figure 1), is 
based on Zadeh’s possibility theory (1975; 1978)and 

Carlsson and Fullér (2001) has computedthem for the 

four different cases depending on whether the whole 

distribution is positive, all negative, or partly positive 

with the peak on negative side, the peak or on 

positive side.TheseFPOM expected values, 

FPOM(A+) are presented for the positive side of the 

distribution together with the weights: 

 

Case 1, 0 ≤ a−∝: 
 

 
Figure 3: Case 1, “all NPV is positive” 

 

Figure 3 depicts the case 1, where the whole net-

present-value distribution is above zero. In this case, 

the expectedFPOM value is simply the expected 

value of the whole distribution: 

 

FPOM A = a +
β−∝

6
.(5) 

 
The weight (area of the positive side divided by the 

positive side) is 1 in case 1, i.e.  

 

Weight1 = 1.                          (6) 

 

Case 2, a−∝≤ 0 ≤ a 

 

 
Figure4: Case 2, “most NPV positive, a-α negative” 

 

Figure 4 depicts the case 2 with a partly negative 

distribution, but a positive peak a. 

The expected value of the positive side is (Carlsson 

and Fullér, 2001; Collan et al., 2009): 

 

FPOM A+ =
(∝−a)3

6∝2 + a +
β−α

6
.(7) 

 

The weight in case 2 is: 

 

Weight2 =
2a−

a 2

∝
+β

∝+β
.(8) 

 

Case 3, a ≤ 0 ≤ a + β: 
 

 
Figure5: Case 3, “most NPV negative, a+β positive” 

 

Figure 5 shows the case 3 withmostly positive NPV 

distribution, but a positiveb+β. Now, the FPOM-

expected value becomes (Carlsson and Fullér, 2001; 
Collan et al., 2009): 

 

FPOM A+ =
(∝−β)3

6β2 ,                                           (9) 

 

and weight in case 3is: 
 

Weight3 =
2a−

a 2

2β
+β

∝+β
(10) 

 

Case 4, a + β ≤ 0: 
 

 
Figure6: Case 4, “all NPV is negative” 

 

In case 4, the whole distribution is negative as seen in 

Figure 6. In this case: 

 

FPOM A+ = 0,     (11) 

Weight4 = 0.                                                        (12) 

 

The interval-valued forms require the computations 

of the expected averages and weights of the two 

triangular distributions (cf. Figure 2 and Equation 

(3)), the upper fuzzy number AUand the lower fuzzy 

number AL: 

The expected value of an IVFN A is defined by 

EIV  A =
1

2
[(E AU  + E AL  ], where E AU   and 

 AL   are the expected values of the fuzzy numbers 

AU  and AL , respectively. Similarly, the expected 

value of the positive part of a IVFN A is defined as:  
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EIVFPOM  A+  

=
1

2
[(EFPOM  A+

U  + EFPOM  A+
L  ] (13) 

 

Now, there are seven cases, instead of the four 

presented above. We follow Mezei et al. (2018), but 

we present analytical equations for the expected 
values of normalized fuzzy variables, as well as, the 

weights, which allows their direct implementations in 

any spreadsheet software. 

 

Case 1: 0 <a − α1: 

 

The both fuzzy numbers, AU  and AL are both fully 

positive. Thus, the expected values of are obtained 
from Equation (5) plugged into (13): 

 

EIV  A+ =
1

2
 a +

β1−∝1

6
+ a +

β2−a2

6
 , (14) 

 

and as the total areas under AU  and AL  are positive, 

the weight is (cf. Equation (6)) 

 

Weight1 = 1.                                                       (15) 

 

Case 2:a − α1<0 < a− α2: 

 

In case 2, theAL  is fully positive, i.e. it is obtained 

from Eq (5) like in case 1, but AU  is partly negative 

and obtained from Equation (7): 

 

EIV  A+ =
1

2
 a +

β1−∝1

6
+

(∝2−a)3

6∝2
2 + a +

β2−α2

6
 .       

(16) 

 

The weight becomes: 

 

Weight2 =
a−

a 2

2∝1
+

β1
2

+
α2+β2

2
α1+β1

2
+

α2+β2
2

.                                  (17) 

 

Case 3:a − α2<0 < a: 

 

In case 3, both fuzzy numbers are partly negative and 

their average is obtained by plugging Equation (7) 

into (13): 

 

EIV  A+ =
1

2
 

 ∝1−a 3

6∝1
2 + a +

β1−α1

6

+
(∝2−a)3

6∝2
2 + a +

β2−α2

6

 ,                      

(18) 

 

and the weight becomes: 

 

Weight3 =
4a−

a 2

∝1
+β1−

a 2

α2
+β2

∝1+β1+∝2+β2
.                                  (19) 

 

Case 4:a <0 < a+ β2: 

 

In case 4, the peak is negative and the expected 

values of both fuzzy numbers to be averaged are 
obtained from Equation (9): 

 

EIV  A+ =
1

2
 

(∝1−β1)3

6β1
2 +

(∝2−β2)3

6β2
2  , (20) 

 

and the weight is: 

 

Weight4 =
4a−

a 2

2β1
+β1−

a 2

2β2
+β2

∝1+β1+∝2+β2
.                               (21) 

 

Case 5: a + β2<0 < a+ β1: 

 

In case 5, the lower fuzzy number AL  is fully 

negative (cf. Equation (12)), and the upper fuzzy 

number AL  is obtained from Equation (9) like above: 

 

EIV  A+ =
1

2
 

(∝1−β1)3

6β1
2  ,                                         (22) 

 

and the weight is: 

 

Weight5 =
2a+β1 +

a 2

β1

∝1+β1+∝2+β2
.                                      (23) 

 

Case 6: a+ β1< 0:Cf. Equations (11) and (12):  

 

EIV  A+ = 0,            (24) 

Weight6 = 0.                                                        (25) 

 

Credibilistic Pay-off Model 

 

Liu (2004) presented credibility theory. The 
credibility can be interpreted in terms of the 

possibility and the necessity measure: 

 

Cr B =
Pos  B +Nec (B)

2
.                                          (26) 

 

The credibility measure was introduced by Liu and 

Liu (2002) for the expected value of a normalized 

fuzzy variable. Using the possibility and necessity 

measures, the credibility measure is defined as: 

 

ECred  ξ =  Cr ξ ≥ r 
∞

0
dr −  Cr ξ ≤ r 

0

−∞
dr       

(27) 

 

The credibilistic version of the fuzzy pay-off model 

gives the following the real option value (Collan et al. 

2012): 

 

ROVCred =
 A x dx

∞

0

 A x dx
∞

−∞

∗ ECred  A+ ,                      (28) 

 

where the credibilistic expected value, ECred(A+), for 

the positive side (x > 0) of the triangular fuzzy 

number A, enters the Equation (1) 
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Following Collan et al. (2012), the credibilistic 

expected values, ECred  A+ s, are again presented for 
the same four cases as for the FPOM above. Note that 

the weights are the same as above in Equations (6), 

(8), (10) and (12) for cases 1-4: 

 

Case 1, 0 ≤ a−∝: 

 

ECred  A+ = ECred  A = a +
β−α

4
 (29) 

 

Case 2, a−∝≤ 0 ≤ a: 

 

ECred  A+ =
a

2
+

a2

4∝
+

β

4
   (30) 

 

Case 3, a ≤ 0 ≤ a + β: 

 

ECred  A+ =
a

2
+

a2

4β
+

β

4
   (31) 

 

Case 4, b + β ≤ 0: 

In this trivial case, again the expected 

valueECred  A+ = 0, similarly, as with FPOM above. 

 

The credibilistic interval real option formula can be 

written as: 
 

IV-ROVCred =
 (AU  x +AL  x )dx

∞

0

 (AU  x +AL (x))dx
∞

−∞

∗ EIV -Cred  A+ .(32) 

 

The credibilistic expected value of the positive part of 

an IVFN A is defined as: 

 

EIV -Cred  A+ =
1

2
[ ECred  A+

U  + ECred  A+
L   .(33) 

 
The interval-valued credibilistic model, IV-Cred-

POM, requires the computations of the expected 

averages of the two triangular distributions the upper 

fuzzy number AUand the lower fuzzy number ALfor 

the six cases, similarly as with the IV-FPOM. The 

weights are identical with the weights in IV-FPOM: 

Equations (15), (17), (19), (21), (23) and (25) give the 

weights for cases 1-6, in this order. 

 

Case 1: 0 <a − α1: 

 

The both fuzzy numbers, AU  and AL are again both 

fully positive. Thus, the expected values of are 

obtained from Equation (29) plugged into (33): 

 

EIV -Cred  A+ =
1

2
 a +

β1−α1

4
+ a +

β2−α2

4
 .          (34) 

 

Case 2:a − α1<0 < a− α2: 

 

In case 2, the AL  is fully positive, i.e. ECred (AL )  is 

obtained from Eq. (29) like above in case 1, but AU  is 

partly negative and ECred (AU )  obtained from Eq. 

(30): 

 

EIV -Cred  A+ =
1

2
 

a

2
+

a2

4∝1
+

β1

4
+ a +

β2−α2

4
 .       (35) 

 

Case 3:a − α2<0 < a: 

 

In case 3, both fuzzy numbers are partly negative. 

Thus, their average is obtained by plugging Equation 

(30) into (33): 

 

EIV -Cred  A+ =
1

2
 

a

2
+

a2

4β1
+

β1

4

+
a

2
+

a2

4β2
+

β2

4

 .(36) 

 

Case 4:a <0 < a+ β2: 
 

In case 4, with the negativepeak a, the expected 

values of both fuzzy numbers to be averaged are 

obtained from Equation (31): 

 

EIV -Cred  A+ =
1

2
 

a

2
+

a2

4β1
+

β1

4
+

a

2
+

a2

4β2
+

β2

4
 .   (37) 

 

Case 5: a + β2<0 < a+ β1: 

 

In case 5, the lower fuzzy number AL can be 

disregarded as it is fully negative and the mean of the 

positive side of the upper fuzzy number AL  is 

obtained from Equation (31) like above in case 4: 

 

EIV -Cred  A+ =
1

2
 

a

2
+

a2

4β1
+

β1

4
 .(38) 

 

Case 6: a+ β1< 0:The fully negative trivial case: 

 

EIV -Cred  A+ = 0,   (39) 

Weight6 = 0.                                         (40) 

 

IV. M&A SYNERGIES AS REAL OPTIONS 
 

M&A synergies has been framed and valued as real 

options, e.g., in Bruner (2004), Collan and Kinnunen 

(2011), and Loukianovaet al. (2017) and Kinnunen 

and Georgescu (2019). Synergies can arise from 

various sources depending on the strategic and 

financial resources of an acquirer and an acquisition 

target, as well as, available flexibilities (real options) 

and actions taken by an acquiring company’s 

corporate development team (exercising real options). 

Collan and Kinnunen (2011) consider different 
revenue-enhancing and cost-reducing synergies and 

related synergistic divestiture options, while 

Loukinova et al. (2017) also separate growth 

synergies as own type of operational synergies andtax 

benefits, increased borrowing capacity and decreased 

cost of capital as financial synergies. 
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Year 1 2 3 4 5 

Opt. case 
174 – 192 

357 – 

394 

531 – 

587 

709 – 

783 

914 – 

1011 

Base case 54 108 157 205 260 

Pes. case -61 -120 -170 -218 -270 
Table 1: Sales synergies (USD „000) 

 

This example focuses on sales synergies in line with 

Kinnunen and Georgescu (2019). Table 1 presents 

discounted NPV synergies, which are estimated ex 

ante to be cumulated for years 1-5; The optimistic, 

base, and pessimistic scenarios are created for the 

potential cash-flow effects of sales synergies. It is 

seen that the pessimistic case has negative cumulative 

synergy valued at today’s discounted value of USD -

207.000 (𝑎−∝), the base-case scenario is valued at 

USD 260.000 (a), while in optimistic case, the net 

cash-flow effect is valued between USD 914.000 

(𝑎 + 𝛽2) to USD 1.011.000 (𝑎 + 𝛽1), The uncertainty 

in this hypothetical case is considerable, but the 

single (crisp) values has been used for the base and 

pessimistic case, while intervals only for the 

optimistic case. Only the year 10 cumulated NPVs 

are used as inputs to the IV-ROV formulas. To obtain 

the interval-valued real option values, formulas (21), 
(20), and (36) are used: 

 

IV-ROVFPOM = USD 258.383 

IV-ROVCred= USD 287.586 

The credibilistic interval-valued model leads to ca. 

USD 30k higher real option value for sales synergies. 

If sales synergies, e.g. in the form of cross-selling 

(selling, for instance) acquirer’s products and services 

through an acquired company, has been the dominant 

rationale behind an acquisition, the credibilistic 

model would have supported the acquisition slightly 

more than the possibilistic interval model with the 
1.13% higher synergy valuation. 

 

V. CONCLUSION 

 

In this paper the possibilistic interval-valued real 

option model, IV-FPOM of Mezei et al. (2018) was 

derived and presented in its analytical form to help a 

straightforward application of the model by 

investment analysts. The IV-FPOM was also used as 

the basis and the reference model for the introduced 

credibilistic interval-valued real option model, IV-
Cred-POM. An illustrative application of the models 

to M&A synergies was presented to show the easy 

implementation of the models and to find out a 

slightly higher valuation of potential sales synergies 

by the new credibilistic model.  The future 

research plans include publishing the presented 

models also in their trapezoidal forms and applying 

the models to different strategic investment cases. 
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