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Abstract - Linear features are very vital parts of any GIS database. They are used to represent shorelines, roads, railways, and 

edges. In digital mapping environment, linear features are treated as sets of points when applying Fuzzy Set theory on them to 

come up with measures for closeness.  Here we have applied Fuzzy Set theory to obtain a measure for the closeness of a line 

feature with unknown quality compared to another line with known or higher quality. Hence given two lines, we can use the 

maximum distance (dmax) among the data sets to indicate the frame of reference. 
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I. INTRODUCTION 

 

Fuzzy set theory is a generalization to Boolean set 

theory (Zimmermann, 2010). Let X be a set of objects, 

called the universe, the membership in a classical 

subset A of X can be described by the characteristic 

function 
}1,0{: XA

 such that for all x Є X the 

following holds. 
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The above function discriminates sharply between the 

members and non-members of the set A. We can 

generalize this function by mapping the elements of 

set X not to the set {0,1} but rather to the real interval 

[0,1]. Alternatively, Mironova (2018) described a 

fuzzy set as a natural generalization of ordinary sets, 

when one rejects the binary nature of this feature and 

assumes that it can take any value in the interval. Note 

that elements have no strict membership, but rather 

have a degree of membership, as the necessary 

characteristic of any membership function is that; its 

value should lie between 0 and 1 for all input values. 

Very often fuzzy values are misunderstood to be 

probabilities, or fuzzy logic is misunderstood as a new 

way to handle probabilities. This is not true, since a 

minimum requirement of probabilities is additivity, 

i.e., all probabilities for alternative events have to sum 

up to one, which is not the case for membership grades. 

Also, a membership grade is defined only for one 

element of a set and not for a subset. Probabilities can 

be given for any subset, i.e., also one element. 

However, all probability distributions are fuzzy sets.  

 

As fuzzy sets and logic generalize Boolean sets and 

logic, they also generalize probabilities. Thus, fuzzy 

concepts are related to what belongs to what extent to a 

given set, i.e., what is ―in‖ and what is ―out.‖ 

Probabilistic concepts are related to what is the most 

likely position, i.e., where is the border for what is in 

and what is out. Fuzzy concepts refer to relative 

aspects whereas probabilistic concepts refer to 

absolute aspects of a spatial scenario. Fuzzy sets have 

been widely used in Geographic Information Systems 

(GIS). This came as the need to work with uncertainty 

situations and the availability of software and 

algorithms to handle fuzzy information processing, 

Robinson (2003). Several researchers explored using 

fuzzy analysis in GIS and mapping applications. Jiang 

and Eastman (2000) applied fuzzy measures to 

Multi-Criteria Evaluation procedures in defining 

suitable areas for industrial development. Oh and 

Joeng (2002) addressed the role of fuzzy set in 

evaluating urban residential environment. xDavidson 

et al. (2007) tested the use of Boolean and fuzzy set 

methodologies in comparing the results of land 

evaluation for agricultural planning.  

Vahidnia et al. (2010) used a fuzzy inference system in 

assessing landslide susceptibility. Aydin et al. (2010) 

employed the system in the environmental assessment 

of wind energy systems for spatial planning. 

Boroushaki and Malczewski (2010) employed the 

fuzzy majority technique for multi-criteria 

decision-making in GIS. Arefiev et al. (2015) 

integrated fuzzy sets in GIS evaluations of land 

parcels. 

 

II. PROCEDURE  

 

Based on the necessary condition for creating 

membership functions that is their values should 

range between 0 and 1 for all input values, we have 

developed the following second-degree polynomial 

membership function to measure the closeness of the 

line with unknown quality relative to that with the 

known or higher quality: 
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Where di is the normal distance from the line with 

known or higher quality,  dmax is the maximum 

normal distance between the two lines.  Note that, this 

membership function correctly validates the following 

conditions: 

If the two lines lie on top of each other  

 di = dmax = 0  μi = 1.0. 

If the two lines are parallel to each other  

 di = dmax # 0 
)1(

1
2
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This membership function is characterized by the 

following: 

The membership function is justifiable using 

elementary Calculus in the case when di = dmax  since 

we have the following valid limits:  
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This implies that as lines with unknown quality get 

closer to the line with the known quality, the 

membership function reaches 1.0 where di = dmax = 0, 

and reaches 0.0 as lines with unknown quality move 

away from the line with the known quality. 

The absolute value of the second derivative (also 

called the acceleration of the curve) of this 

membership function increases as it reaches the line 

with known or higher quality and decreases as it 

moves way from it in the range as follows: 
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Note that for the extreme cases represented in the 

interval [0:∞], the corresponding value of the second 

derivative function is in the interval  [2:0], which 

makes sense. 

 

III. GEOMETRIC JUSTIFICATION OF THE 

FUZZY MEMBERSHIP 

 

The fuzzy membership function that defines the 

degree of relationship between line sets may be viewed 

as a function of the Euclidean distance (di) between 

the two line sets. It doesn’t really matter how we 

define the distance between the two line sets whether it 

is the closest distance, the normal distance, or the 

distance between corresponding points on the two 

lines.  This is because fuzzy membership is simply a 

normalized version of the distance (di) in the 

Euclidean space as the analysis below explains using 

the membership function of equation 2 above. 
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Where c is a constant. This is applied to any 

membership function that is a function of the distance 

(di) between the two line sets. The following examples 

shown in Figures 10 and 12 explain this argument 

further. Please note that in these examples base line is 

colored in red whereas the line to be compared to is 

colored in blue. Table 1 below shows the fuzzy 

memberships values estimated for the line set of 

Figure 1 below and further explains the geometric 

meaning of the membership values.    

 

 
Figure 1: New and base representation for Line set 1 

 
Table 1: Geometric explanation for the fuzzy memberships of 

line set 1 

 
 

Figure 2 below depicts the relationship between the 

closest distance (di) between the line set 1 and the 

fuzzy membership values estimated for the 

polynomial function of equation (2) above. Same as 

before, Table 2 below shows the fuzzy memberships 

value estimated for the line set of Figure 2 above and 

further explains the geometric meaning of the 

membership values. Figure 3 below depicts the 
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relationship between the closest distance (di) between 

the line set 2 and the fuzzy membership values 

estimated for the polynomial function of equation 2 

above. 

 
Figure 2: Relationship between closest distances and the Fuzzy 

membership for line set1 

 

Figure 3 below depicts the relationship between the 

closest distance (di) between the line set 1 and the 

fuzzy membership values estimated for the 

polynomial function of equation (2) above. Same as 

before, Table 2 below shows the fuzzy memberships 

value estimated for the line set of Figure 2 above and 

further explains the geometric meaning of the 

membership values. Figure 4 below depicts the 

relationship between the closest distance (di) between 

the line set 2 and the fuzzy membership values 

estimated for the polynomial function of equation 2 

above. 

 

 
Figure 3: New and base representation for Line set 2 

 

 
Table 2: Geometric explanation for the fuzzy memberships of 

line set 2 

 
Figure 4: The relationship between the closest distance and the 

Fuzzy membership for line set 2 

 

CONCLUSION 

 

From this experiment, we can conclude to the fact 

that, fuzzy membership values are basically 

normalized Euclidean distances between line sets. 

Therefore we can use Fuzzy membership functions in 

this context to measure the closeness between line sets 

and further to come up with a metric for the geometric 

quality of linear features. However we have obtained a 

geometric justification for fuzzy membership function 

as we have shown above, the experiments have shown 

that membership function value measures the same 

characteristic of the linear feature that is measured by 

the Distortion factor.  
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