
International Journal of Advanced Computational Engineering and Networking, ISSN(p): 2320-2106, ISSN(e): 2321-2063 
Volume-6, Issue-7, Jul.-2018, http://iraj.in 

Mechanically Induced Buckling Analysis of CNT Reinforced Laminated Composite Plate 
 

57 

MECHANICALLY INDUCED BUCKLING ANALYSIS OF CNT 
REINFORCED LAMINATED COMPOSITE PLATE 

 
1ACHCHHE LAL, 2KANIF MARKAD 

 
1SVNIT, Department of Mechanical Engineering. 
2DVVP, Department of Mechanical Engineering. 

E-mail: k_markad@rediffmail.com 
 
 
Abstract - In the composite analysis it is necessary to study the fiber volume fraction effect as a performance parameter. 
New numerical results are generated for rectangular laminated plates uniformly loaded along X & Y direction which serve to 
quantify the effects of length to thickness ratio, number of layers, material anisotropy and fiber orientation. Buckling 
analysis of laminated plate is studied with and without single (CNT) by mindline plate theory. Out of plane shear plane 
deformation avoided just for simplicity of the analytical solution. Initially for the selected material properties of glass epoxy, 
the different volume fraction has been found. Various volume fraction selected as an input of the MATLAB code, and 
normalized buckling load was found out. The buckling load was simulated. 
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I. INTRODUCTION 
 
As we know, there are certain restriction for using 
isotropic or conventional material. It is because lack 
of their presence or because of ability to use them in 
particular application. This is the reason behind study 
of composite materials. Composites are nothing but 
combination of different material, and composite 
material is the combination of two or more material 
which are insoluble in each other, it may be in same 
or different phases. Particularly composite materials 
are of two types, powder and laminated respectively. 
In this paper, study is based on laminated composite 
plate along with its buckling analysis. Capacity to 
take high/enough load, it may be compressive, tensile 
or shear based on application, make the composite 
material different from the others. Lots of 
experimental, analytical study already done over the 
buckling analysis of composite beam, plates and 
shell.  
 
But it is so much essential to study the elasticity 
approach behind the buckling analysis to study the 
different members. Because it is very obvious that 
structural members which are under compressive load 
they may prone to buckle. So to study the buckling 
strength of the laminated composite plate, the 
elasticity &macro mechanical approach of laminated 
composite is utilized with the MATLAB. Some new 
results has been studied with different parameters and 
discussed in details.  
 
Engineering material may fail because of creep, 
fatigue, alternate stresses, bending, buckling etc. 
Buckling takes place in columns, plates, shells, and 
other structures of regular or irregular geometry. 
Here, particularly study focused on buckling of 
laminated plate with and without CNT. Critical 
buckling load is the minimum load at which the 
equilibrium is disturbed. 

In the present analysis micromechanical approach 
based on elasticity method is used. The main reason 
to use micromechanics approach is that for evaluation 
of equivalent material properties of composite by 
assuming matrix and fibers separately is that we can 
tailor the material properties at any location to 
increase strength and toughness of composite by 
changing the appropriate volume fraction of fibers.  
  Analysis of laminated composite plate for the 
buckling has been performed [1] and critical load for 
symmetrical layups was determined. Along with it, 
the effect of CNT orientation, aspect ratio over the 
critical buckling load was demonstrated. Haque and 
Ramasetty’s [2] have proposed useful analytical 
model to analyze and predict axial stress, interfacial 
shear stress along the CNT embedded in matrix 
materials and stress transfer in SWCNT 
reinforcement in polymer matrix composite . 
 
Mindlin [3] clearly redefined the equations by 
expressing the two rotations (Ψx, Ψy) and the 
deflection (w) in terms of three potentials. Then 
Mindlin et al. [4] expressed the solutions for simply 
supported rectangular plates and studied coupling of 
modes for the case of one pair of parallel edges free 
and the other pair simply supported. Special attention 
was given to the high modes and frequencies of 
vibration which were beyond the range of 
applicability of the classical theory of thin plates.  
The first-order shear deformation plate theory is 
adopted to formulate the theoretical model [5]. The 
displacements and rotation components of the plate, 
regardless of boundary conditions, are invariantly 
expressed as a new form of trigonometric series 
expansions with a drastically improved convergence 
as compared with the conventional Fourier series to 
ensure and accelerate the convergence of the solution. 
At each edge of the plate, the general restraint 
condition are implemented by introducing one group 
of linear springs and two groups of rotational springs, 
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which are continuously distributed and determined by 
the stiffness of these springs. 
A novel numerical procedure based on the framework 
of isogeometric analysis for static, free vibration, and 
buckling analysis of laminated composite plates using 
the first-order shear deformation theory presented [6]. 
The buckling behavior of laminated composite plates 
[7] studied using an efficient C0 finite element model 
developed based on higher order zigzag theory. Many 
problems are solved covering different features of 
laminated composites such as boundary conditions, 
ply orientations aspect ratio, thickness ratio and 
loading etc. 
For the aluminum rectangular plate buckling load 
determined from various experiment methods and 
compared it with the theoretical buckling loads and 
also various formulation based on the first-order 
shear deformation theory and von-Karman-type 
nonlinearity to estimates the critical/buckling loads of 
laminated composite rectangular plates under in-
plane uniaxial and biaxial loadings. Different 
combinations of simply supported, clamped and free 
boundary conditions were considered [5, 11]. 
From the above mentioned literature it is clear that 
the work on buckling analysis of laminated composite 
plates incorporating CNT at different location of 
conventional fibers using mechanics of material 
approach is still very limited. In the present study, the 
critical buckling load and corresponding mode are 
evaluated by changing the plate thickness, fiber 
volume fraction, number and position of CNT layers, 
lamination angles, and biaxiality types. From the 
results it is observed that fiber volume fractions, 
number and position of CNT layers and plate 
thickness are highly influenced the buckling load. 
 
Formulation 
The key point for buckling analysis is to find a 
suitable displacement function to represent an 
arbitrary edge condition. Based on Mindlin plate 
theory, the displacement field can be expressed as 
[13], 
u(x, y, z)=u (x,y) + z θ (x,y) 
v(x, y, z)=u  (x,y) + z θ (x,y       …….. …(1) 
w(x, y, z)=w  (x, y) 
 
The linear strains associated with the above 
displacement field can be expressed in the following 
form 
ɛ = z γ   =  + θ ɛ = z γ   =  + 

θ γ =z (  + )   …….. (2) 
 
Where (ɛ ,ɛ ) are the normal strain components 
and (γ ,γ ,γ ) are the shear strain components. 
The constitutive equation of an orthotropic layer in 
local coordinate is derived from Hooke’s law for 
plane stress by, 
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Where material constants are given as, 
Q  = 

   
  , Q  = 

  
  , Q  = 

  
   ,  
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In terms of transverse displacements and slope, the 
bending and twisting moments, and the transverse 
shearing forces in plates can be expressed as: 
  M =-(D +D ),  M = -(D +D ),  

 M =-D  ( + ),      Q =C ( − θ ), 

 Q = C ( − θ ),  
Where, 
 D  = 

(   )
 ,D  = 
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 D =  = D  ,   c = kG h  , c = kG h 
The element stiffness matrix [K] and geometric 
stiffness matrix can be easily derived with the help of 
virtual work method which may be expressed as, 
[K] = ∫ ∫ [B] [D][B]⌊J⌋dξdƞ            ..……… (4) 
KG is the geometric stiffness matrix, is calculated as, 
 KG = KGb + KGs…….................(5) 
Where, 
KGb=Bending contribution and  KGs=shear 
contribution 
Strain displacement matrix for bending and shear 
contributions are obtained by derivation of the shape 
function N(ξ,ƞ). 
The integration has been carried out using the 
Gaussian quadrature method. The system governing 
equilibrium equations for buckling of laminated 
composite, 
{[K] + λ [K ]}{δ} = 0          ………………........(6) 
 
Problem formulation & Analysis 
Here problem is segregated in two parts. The first 
task was finding the material properties like (E, G,µ ) 
with respect to different volume fraction. So that can 
find the effect off variation in volume fraction. 
Initially material properties of individual fiber and 
matrix selected. To obtain the properties of 
conventional laminated composite, MATLAB code 
run. In second task, simple square plate has been 
considered. Biaxial compressive load is applied over 
it. Properties obtained by first code get utilized in 
second MATLAB code as input, and with this 
buckling analysis has been done. In The second task 
laminated plate is considered with and without CNT. 
Before that it is essential to check the validity of the 
codes. So isotropic plate considered over here.  The 
buckling factors (Kb = a2 Fcr/ ᴨ2 Df11) for a simply 
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supported square plate under uniaxial initial stress, 
considered and it is, 
 

Length (L) / 
Thickness (h) 

Closed form 
solution [14] 

Present MATLAB 
formulation result 

5 3.264 3.305 
10 3.786 3.842 
20 3.944 4.008 

1000 4.000 4.066 
Table 1 The buckling factors for a simply supported square 

plate 
 
Table 1 tabulated the results for simply supported 
square plate of various thicknesses under uniaxial 
stress. Comparison has been done of present 
MATLAB result with closed form solution [14]. The 
observation made from the above validation is that in 
further linear analysis of composite plate study, the 
converted MATLAB code for laminated composite 
plate can be utilized.  
 
1. Thin plate of laminated composite with 
following material properties has been selected for 
four layer glass epoxy composite plate (0/90 º/90 º/0). 
For conventional laminated composite, and                                
for CNT fiber,               
Fiber elastic modulus=Ef=85 x109Pa,                                        
CNT elastic modulus=ECNT=6.48x1011 Pa 
Fiber poisons ratio=µ = 0.2;Fiber poisons ratio=µCNT 
= 0.33; 
Shear elastic modulus of matrix& fiber are taken as, 
Gm=Em/(2 x (1+µm)) 
Gf=Ef/(2 x (1+µ)) 
 
Matrix material properties is assumed as same for 
both the materials and it also assumed as there is a 
perfect bonding between matrix and fiber (it may be 
conventional fiber or CNT fiber). 
Matrix poisons ratio=µm = 0.3, 
Matrix elastic modulus=Em=3.4 x 109Pa. 
 
Initially input provided to MATLAB is material 
properties of conventional fiber and matrix, fiber 
volume fraction [13]. Regarding it we got the elastic 
modulii, Poissons ratios for lamina obtained, and 
showsin Table 2. 
 

Vf     | Ex(GPa) |  Ey(GPa) |  miuxy   |  Gxy(GPa) 
0.00    |     3.40|     3.400    |     0.3000    |     1.3077 

0.10    |     11.56    |     4.195    |     0.2868    |     1.5755 
0.20    |     19.73    |     4.969    |     0.2745    |     1.9044 
0.30    |     27.89    |     5.945    |     0.2630    |     2.3179 
0.40    |     36.05    |     7.244    |     0.2523    |     2.8537 
0.50    |     44.21    |     9.033   |     0.2422    |     3.5753 
0.60    |     52.37    |     11.600  |     0.2327    |     4.5997 

Table 2 Elastic modulii and Poisson's ratios of a Unidirectional 
Lamina as a Function of Fiber Volume Fraction 

 
From the prescribed coding, volume fraction between 
00 to 0.60 was obtained. Ex, Ey, miuxy, Gxy obtained 
for the corresponding values of the volume fraction. 
Now in further study, these volume fraction and 
corresponding values of elastic modulii and poissons 

ratio used for the buckling analysis of the plate. Fig 
1(a) shows that longitudianl elastic modulus vary 
linearly with fiber volume fraction for the simple 
laminated composite plate but there is large change in 
the transverse elastic modulus for the very small 
increment in volume fraction. Whereas from the Fig 
1(b) observed that, as volume fiber percentage 
decreased, the there is increment in poissons ratio in 
proportion. 

 

 
 

Fig 1(a) Fiber volume fraction (Vf) vs. Elastic modulus (E) 
 

 
 

Fig 1(b) Fiber volume fraction (Vf) vs. Poissons ratio 
 
2. Performing buckling analysis of 
conventional composite laminated plate without 
CNT 
Glass epoxy laminated plate was considered where 
biaxial compressive load applied. The plate made 
from four layer of orientation (00/900/900/00). The 
material properties of the laminated composite plate 
are utilised from Table 1. This problem  solved to 
assess the performance of the proposed finite element 
model by MATLAB coding[13].  
 
2(a) In this case it was considered that the laminated 
composite plate having the thickness 0.01(thin 
composite laminated plate) and the orientation of 
layer (00/900/900/00).Compressive stress is applied 
over the laminated composite plate along X and Y 
direction. Where magnitude of the stress is assumed 
to constant in X and Y direction. 
σ = 1/thickness 
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Fig 2 laminated composite plate with load along X and Y 

direction (훔퐱 = 훔퐲) 
 
An Eigenvalue Buckling analysis predicts the 
theoretical buckling strength of an ideal elastic 
structure. From the Table 3 and Figure 3, it is 
obsereved that the eigen value changes for the each 
mode also mode shape representation clearly 
observed which is varing in nature from the another. 

 

Table 3 Eigen values for Elastic modulii and Poisson's ratios of 
a Unidirectional Lamina for different Volume Fraction 

 
Fig 3 Representation of buckling mode for a 

Thickness=0.01(thick composite laminated plate) 
&(00/900/900/00) 

2(b)In this case it was considered that the 
conventional laminated composite plate having the 
thickness 0.1(thick composite laminated plate)and the 
orientation of layer is (00/900/900/00). 
 

 
 
 

 
 

From the Graph 1, it is observed that, the Eigen 
values were increase its value with the volume 
fraction, but the buckling load reduces slightly when 
volume fraction vary from 0.4 to 0.5. This is happens 
with the simple composite laminated plate. 
 
2(c)In this part, it is considered that lamina is formed 
by (00/450/450/00) orientations. The thickness is 
considered as 0.1. Properties are selected for the 0.5 
volume fraction, and buckling analysis is performed. 
The graph 1 was related with the fiber orientation 
[00/900/900/00] and graph 2 related with 
[00/450/450/00]. From the graph it is observed that, 
buckling load magnitude is reduces with the fiber 
orientation. With 450 orientation we are getting less 
buckling load as compared to 900 orientation. 
 
Here the orientations of the ply is varied and the 
corresponding results plotted. These shows that, as 
the volume fraction of fiber in composite laminate 
reduces, the normalized buckling load is also 
decreases. The graph 1 and 2, is particularly based on 
900 fiber orientation and 450 fiber orientation, but 
graph 3 shows the results of fiber orientations varying 
from 300 to 900 fiber orientations. 
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Graph 2: Volume Fraction vs Normalized 
Buckling Load

Vf Eigen values 
0.00 6175.81 15591.43 15591.43 25067.852 
0.10 10341.45 21771.38 36079.72 41974.46 
0.20 14698.92 28521.13 56829.09 57346.211 
0.30 19331.21 36098.56 72426.18 77981.94 
0.40 24365.50 44888.82 90018.02 98840.58 
0.50 29965.88 55383.73 110915.45 121094.17 
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3. Performing buckling analysis of laminated plate 
with CNT 
In the previous section, ply orientation for laminii 
was varied, but here along with it CNT layer is also 
added. The properties for the CNT utilised for 
10micrometer mean diameter is E = 0.648TPa, 
Poissons ration = 0.33 and G = 221GPa. Here we 
performed buckling analysis of laminated plates using 
5 degrees of freedom per node. MATLAB code is run 
for the following four conditions and results are 
tabulated. Here volume fractions considered as 0.5. 
CASE 1: When First layer of CNT and remaining 
three-layer are of glass epoxy composite (CNT=1) 
CASE 2: When second layer of CNT and remaining 
three-layer are of glass epoxy composite (CNT=2) 
CASE 3: When third layer of CNT and remaining 
three-layer are of glass epoxy composite (CNT=3) 
CASE 4: When fourth layer of CNT and remaining 
three-layer are of glass epoxy composite (CNT=4) 

 

 

 

Graph 4 shows that, magnitude of buckling load at 
450 is less as compared with 900 ply orientation. 
Whenever there is a comparisons between with CNT 
and without CNT laminated plate, then it is observed 
that, for plane composite plate without CNT, there is 
a very small increment in buckling load. But in case 
of laminated plate with CNT, there is decrement in a 
buckling load, which we required. It is also observed 
that, the volume fraction should be used up to the 
limit of 0.5(from graph 5). 
 
CONCLUSION AND FUTURE SCOPE 
 
This study considers the buckling response of square 
laminated composite plates. For this, mindline plate 
theory for buckling analysis was initially carried out 
on glass epoxy composite plates of two different 
configurations to estimate normalized buckling load 
and the predicted results. For the plate, which is 
assumed to consist of a number of orthotropic layers, 
the initial results from MATLAB programme found 
out and get utilized as an input for further study. 
From the figure 2 and 3 it is clearly observed that, the 
mode shapes for the each volume fraction is changed. 
So as per requirement and application, it is possible to 
select the appropriate combination of volume 
fraction. The graph 2 & 3 shows that, the normalized 
buckling load values dramatically decreased for the 
450 ply orientation.   
 
In second case, the full layer of glass epoxy is 
replaced by CNT material. Along with it the position 
of CNT layer is also changed. From graph 4, it is 
observed that, as ply orientation is symmetrical, the 
normalized buckling load is constant for the first and 
last layer similarly it is same for the middle two 
layers. It is also concluded that, laminated plate with 
CNT, there is decrement in a buckling load, which we 
required, also the volume fraction should be used up 
to the limit of 0.5. The proposals for further work 
within this area is to study different boundary 
conditions simply supported, cantilever. For these 
conditions one can apply different loading conditions 
along with the vibration and buckling analysis can be 
done. 
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