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Abstract - We propose a stabilized mixed finite element approach for the numerical simulation of heat transfer inside 
industrial furnaces with horizontal burners.  The emphasis in this study is on large furnaces used for glass processing at 
moderate temperatures. The governing equations consist of thermal incompressible Navier-Stokes equations subject to 
the Boussinesq approximation to account for the changes in density. The numerical solver is based on combining the 
modified technique of characteristics with a Galerkin finite element discretization of the equations in primitive 
variables. It can be interpreted as a fractional step method where the convective part and the Stokes/Boussinesq part 
are treated separately. This solver avoids projection techniques and does not require any special correction for the 
pressure. We verify the method for a furnace with a single side operation of burner and with both sides operation of 
burners installed on the walls of the furnace. The proposed stabilized finite element method has been found to be 
feasible and satisfactory. 
 
Keywords - Heat Transfer inside Industrial Furnaces, Mixed Finite Element Method. 
 
I. INTRODUCTION 
 
Furnaces have been widely used in the industry for 
decades and many researchers have been carried out 
to improve their performance [1]. Numerical methods 
in CFD, computational fluid dynamic can be a tool 
for design and simulation of heat transfer in furnace 
including burners and moving structures. The 
emphasis in this work is to simulate heat transfer in a 
furnace used for glass processing by incorporating 
burners. As first stage of the work, we focus on 
simulation of coupled convective flow and heat 
transfer in the furnace without accounting for 
radiation, combustion and deformation of glass sheet. 
Most of FEMs, finite element methods fail to resolve 
these problems mainly due to thermal boundary layer 
and high Reynolds numbers. In order to stabilize this 
class of finite element, we propose a Galerkin-
characteristic procedure for which the convective and 
diffusive parts in the governing equations are solved 
separately. This method is highly accurate and 
unconditionally stable. Numerical results are 
presented for three test examples namely a furnace 
with single burner on the right hand side wall, a 
single burner on the left hand side wall and operation 
of both burners (left and right sides). The main 
challenges in this process are keeping a required 
temperature distribution over the entire glass sheet 
inside the furnace; avoid the presence of cracks and 
wrong bending. Moreover, controlling the 
temperature over the surface of the glass sheet can be 
done by controlling time, operation, location and the 
number of the burners on the left and right walls of 
the furnace in order to ensure the desirable results and 
prevent overheating. However, too low temperature 
inside the furnace chamber can also lead to a negative 

impact on the fuel consumption and the bending 
(deformation) process [2]. Furthermore, mapping data 
technique is one of the problems which happen due to 
the presence of advection terms in the fluid governing 
equations which can result in nodes oscillations at 
high Reynolds numbers. To overcome with these 
challenges, this paper addresses certain strategies: 
first, a uniform mixed FEM to solve the heat flow. 
Likewise, Incompressible Navier-Stokes equations 
are considered for fluid as the burners blow the fire in 
a large volume domain that makes the pressure 
variation small as compared with the absolute 
pressure. Finally, the variation of density is 
considered only in the buoyancy term. One of the 
challenges related to the numerical solution of 
Navier-Stokes equations is calculation of pressure. 
Pressure is not a thermodynamic variable; this is the 
reason why there is no equation for calculating the 
pressure. Mixed FEM is considered to avoid such 
challenge. Linear triangular elements (three nodes) 
are taken into consideration for the pressure and 
quadratic triangle elements (six nodes) are taken into 
account for the temperature and velocity. This 
technique allows us to solve Navier-Stokes equations 
instead of interpolating lower degrees function. 
Furthermore, treated the numerical solution of 
convection-diffusion problems has been done by 
splitting method to avoid problems created when the 
convection term is dominant. Splitting method is 
done by solving the convection term first then the 
diffusion term.  
 
II. MATHEMATICAL MODELLING 
 
Fig. 1 represents a schematic of the geometry of the 
furnace studied in this work which consist of two-



International Journal of Advanced Computational Engineering and Networking, ISSN(p): 2320-2106, ISSN(e): 2321-2063 
Volume-6, Issue-1, Jan.-2018, http://iraj.in 

Stabilized Mixed Finite Element Analysis For Heat Flow Inside Industrial Furnaces With Horizontal Burners 
 

29 

dimensional cross sectional thermal convection 
current in a furnace (with horizontal burners).  
 

 
Fig.1. Cross sectional view of a furnace. 

 
The furnace is essentially at room temperature which 
is 300K. Since the fluid is Newtonian, all the thermo 
physical characteristics are taken into account to be 
constant with the exception of density in the 
buoyancy term: it can be modeled sufficiently by the 
Boussinesq approximation [3], neglecting viscous 
dissipation and compression effects. Thickness of the 
structure sheet is very thin and heat radiation is not 
considered at this stage of the study. To reduce 
turbulence and oscillation generated from the 
convection term, low Reynolds number is considered. 
Combustion process is not considered as the 
combustion process takes place outside the 
investigated domain. Based on these considerations, 
the dimensionless incompressible Navier-Stokes are  

 
Where u(x,t) is the velocity field, T the temperature, p 
the pressure, Re the Reynolds number and Pr the 
Prandtl number. In (2), the material derivative of 
generic function ω is  
 

 
On the domain boundary 훤 = 훤w ∪ 훤s ∪ 훤in. The 
following conditions have been used.  

 

 

Initially, the flow is at rest with a room temperature 
T=300K. In all our simulations, Tb=300K, Tin=1000K 
and uin = -10m/s. 
 
III. SOLUTION PROCEDURE 
 
Since standard Galerkin discretization leads to the 
central difference approximation of differential 
operators, Galerkin approximations to the convection 
equations usually suffer instability problems. Among 
various approaches to improve stability, streamline 
upwind Petrov-Gealerkin, Taylor-Galerkin and 
characteristic-Galerkin schemes have gained some 
popularity. Before applying the spatial discretization, 
the characteristic-Galerkin scheme discretizes, the 
original equation in time along the characteristic 
curves. It can be implemented in the framework of 
standard Galerkin finite element formulation. In this 
section we briefly describe the ingredients of the 
numerical scheme used and for more details we refer 
to [4, 5, 6] and further references are cited there in. 
We chose a time step δt and descritize the time 
domain into subintervals [tn, tn+1] with tn = nΔt and n 
= 0, 1, …. We denote wn(x) = w(x,tn) for any genetic 
function w, we also denote by X(x, tn+1;t) the 
characteristic curves associated with the material 
derivative (2) which solve the following initial value 
problem   
 
      ( , ; ) = u (X(x, tn+1; t),  
          (x,t) ∈ Ώ × [tn, tn+1],                                       (3) 
  X(x, tn+1; tn+1) = x. 
 
Notice that X(x, tn+1; t) = (X(x, tn+1; t), Y(x,tn+1;t))T is 
the departure point and represents the position at time 
t of a particle that reaches the point x = (x,y)T at time 
tn+1. Hence, for all x ∈ Ώ = Ω υ∂Ω and t ∈ [tn, tn+1] the 
solution of (3) can be expressed as 
 
X(x, t ; t ) =  x –  ∫ u (X(x, t  ; t), t)dt.    (4) 

 
Accurate estimation of the characteristic curves X(x, 
t ; t  ) is important to the overall  accuracy of the 
characteristic-Galerkin approach. In this paper, the 
technique utilized was first proposed in [7] in the 
context of semi-Lagrangian schemes to integrate the 
weather prediction equations. 
The discretization of the space domain Ώ is 
proceeding as follows. Given ℎ , 0 < ℎ  < 1, let h be a 
partial discretization parameter such that 0 < h < ℎ . 
We generate a quasi-uniform partition Ω  ⊂ Ώ of 
small elements ℐi that satisfy the following 
conditions: 
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(iii) There exists a positive constant k such that for all 
j ∈ {1, ….., Ne}, 

h
 > k (h  ≤ h), where d   is the 

diameter of the circle inscribed in ℐj and hj is the 
largest side of ℐj.  
The conforming finite element spaces for velocity-
temperature and pressure that we use are Taylor-
Hood finite elements Pm / Pm-1 i.e., polynomial of 
degree m ≥ 2 for {u, v, T} and polynomial of degree 
m – 1 for p, respectively. An illustration is depicted in 
Fig. 2 for triangular mesh. It is known that for such 
elements the discrete velocity-temperature and 
pressure fields satisfy the inf-sup condition. These 
elements can be defined as 
 

 
Fig.2. definition of Taylor-Hood finite element. 

Vh = { vh ∈ C0 (Ώ) : vh |ℐ ∈ S(ℐj), ∀  ℐj ∈ Ωh }, 
풬h = { qh ∈ C0 (Ώ) : qh |ℐ ∈ S(ℐj), ∀  ℐj ∈ Ωh }. 
Where C0 (Ώ) denotes the space of continuous and 
bounded functions in Ώ, S(ℐj) and R(ℐj) are 
polynomial spaces defined in ℐj as S(ℐj) = Pm (ℐj) for 
simplexes, S(ℐj) = 풬m(ℐj) for quadrilaterals, R(ℐj) = 
Pm-1 (ℐj) for simplexes and R(ℐj) = 풬m-1(ℐj) for 
quadrilaterals. Hence, we formulate the finite element 
solutions to un (x), vn (x), Tn(x) and pn(x) as  
 
       u   = ∑ U   ∅j,      v =  ∑ V  ∅ , 
                                                                                 (5) 
       Th =  ∑  ∧ ∅ ,   ph =  ∑ P  ψ , 
 
where M and N are respectively, the number of 
velocity-temperature and pressure mesh points in the 
partition Ωh. The functions U , V , ∧  and P  are the 
corresponding nodal values of u (x), v (x), T (x) 
and p (x), respectively. They are defined as U  = 
u (xj), V  = v (xj), ∧  = T (xj), and P  = p (yj) 
where {x } and {y }  are the set of velocity-
temperature and pressure mesh points in the partition 

Ωh, respectively, so that N < M and {y1,…, yN} 
⊂{x1,…, xM}. In (5), {∅ }  and {ψ }  are the set of 
global nodal basis functions of Vh and Sh, 
respectively, characterized by the property ∅i(xj) = δij 
and ψi(yj) = δij with δij denoting the Kronecker 
symbol.  
Assuming that, for all j = 1, …, M, the pairs (X , ℐ'j) 
and the mesh point values {U , V ,∧ } are known, 
we compute the values {Ú , Ṽ ,∧ } as 

 
Then, the solution {ũh  (x), ṽh  (x), Ťh  (x)} at the 
characteristic feet is obtained by 

 
We should mention that the convectional 
characteristic-Galerkin methods in [4, 5] evaluate ũ , 
ṽ  and Ť  using the L2- projection on the space of the 
velocity-temperature Vh. In many applications, the 
evaluation of integrals in the L2 – projection is 
difficult and computationally very demanding. 
We consider a projection-type procedure to solve the 
Stokes/Boussinesq problem, compare [8] for similar 
method. Given {p , u , v , T }, we compute the 
solution {p , u , v , T } as follows: 

 
Note that Poisson problem (10) is established by 
taking the divergence of equation (11) and utilizing 
the fact that ∇ ∙ u = 0. In the solution procedure, four 



International Journal of Advanced Computational Engineering and Networking, ISSN(p): 2320-2106, ISSN(e): 2321-2063 
Volume-6, Issue-1, Jan.-2018, http://iraj.in 

Stabilized Mixed Finite Element Analysis For Heat Flow Inside Industrial Furnaces With Horizontal Burners 
 

31 

linear systems have to be solved at each time step to 
update the solution {p , u , v , T } from 
(8)-(12). To solve these linear systems in our method 
we have implemented a preconditioned conjugate 
gradient algorithm.  
 
IV. PRELIMINARY RESULTS 
 
A very fine mesh which contains twice the mesh 
refinement of D is taken as a reference for the 
operation of both burners on left and right sides of the 
furnace walls at a time t=10s and time step Δt=0.01 
with Re=500 (see Table 1 and Fig. 3). A horizontal 
cross sectional study taken y = 0.8 m (nodes and 
elements) has been taken into account for the 
calculation of the error percentage and CPU time for 
the velocity, temperature and pressure results for the 
five different meshes.  
 
Horizontal cross sectional study covers the behavior 
of the heat flow across the furnace along the glass 
sheet length. From these results, mesh C is taken into 
account for the study of operation under single burner 
from the wall on left side, under single burner from 
the wall on right side and under both burners from 
both sides as it has a considerable percentage of 
errors and CPU time. The governing equations are 
solved in Ωf as it is shown in Fig. 1. When the burner 
is firing, convection heat transfer plays an important 
role in the distribution of temperature inside the 
furnace. Initially the furnace is at room temperature 
of 300 K. On the walls Γw, the temperature is set to 
300 K while the adiabatic boundary conditions are for 
Γs. For the burners, heat flow of 1000 K is injected 
with a velocity of 10 m/s and computational results 
are illustrated at three different time intervals of (10, 
30 and 60) s respectively with a fixed Reynolds 
number of 500. The operation is firing using one 
burner on the right, on the left and both at the same 
time.  
 
The upper row of Fig. 4 shows the temperature 
distributions inside a furnace with both burners firing 
from both sides using the mentioned density of 
elements at Re=500 for the three time intervals. The 
second row (in the middle) represents heat flow from 
the burner installed on the right side of the furnace 
wall at time (t=10, 30 and 60) s respectively. The 
third row illustrates the third application of firing 
using burner installed on the left furnace wall. When 
the burner blows fire across the geometry of the 
furnace chamber, it induces turbulence and motion. 
The forced convection heat transfer is the result of the 
interaction between the fixed fluid inside the furnace 
which is at room temperature and the moving stream 
of the fire. The movement of the heat flow is very 
interesting. Two vortices can be observed from 
streamlines flow.  
 

Fig. 5 show the horizontal cross sectional view for 
temperature distribution at t=10 s (the upper Fig.), at 
t= 30 s and t=60 s for the middle and the lower Figs. 
respectively. Results show high temperature 
fluctuations at the operation under two sides' burners 
as compared with single side burner. This is due to 
the fact that the turbulent behavior which is the result 
from the temperature difference that occurs inside the 
domain is high due to fewer amounts of heat sources. 
However, the operation under the right burner has the 
least temperature cross sectional fluctuation as the 
heat tends to flow towards the ceiling and 
accumulating at the right hand side of the furnace as 
the convection heat transfer drives the flow toward 
that direction. Another reason behind the this disposal 
is Reynolds number. Reynolds number generates 
flow vortices, eddies and wakes make the flow 
unpredictable during the transfer of heat from the hot 
layers to the colder layers. Results utilizing these 
operations at time t=60 s showed more turbulence and 
more temperature distribution variation as the 
temperature difference between the hot and the cold 
fluids increases dramatically.  
 
As a result two vertices occur which force the heat 
flow to move downward towards the structure sheet. 
The time record of the temperature capture the 
minimum temperature value of 300 K at the 
horizontal cross sectional study with t= 10 s. This 
behavior in both operations of the left and the right 
burners firing separately shows undesirable results as 
the hot air flows upward towards the roof curvature. 
Convection heat transfer draws the flow towards the 
right side of the furnace leaving a considerable part 
from the centre of the furnace. This kind of heat flow 
behavior took place due to the air inside the furnace is 
still at room temperature which initially drag the heat 
away from the structure and towards the sides of the 
furnace roof ceiling inner surface. It can be seen that 
the flow tends to float. However at a certain time, the 
flow starts circulating and tends to movie downward 
due to the movement of the large vertices generated 
from turbulence. Fig. 6 shows a horizontal cross 
sectional velocity at t=10 s (upper Fig.), t=30 s 
(middle Fig.) and t=60 s (lower Fig.) respectively. 
The reason behind this kind of behavior is that when 
the flow gets heated up it becomes lighter and that hot 
light layers of the flow tend to move upward leaving 
their position to other colder layers to move 
downwards due to gravity. This kind of fluid 
conductance is the source of generating vortices. 
Those undesirable reasons that make the flow 
accumulate at the roof curvature. It is clear that the 
heat flow distribution inside the furnace vary 
dramatically. To reduce it, furnace must be covered 
with heat. Remarkable effects have been acquired 
from the operation of dual burners on both sides. 
First, the flow starts moving upward and towards the 
ceiling as the whole roof of the furnace is covered 
with heat which makes the flow unable to move 
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upward even when the fluid is less dense. However, 
vortices start generating and moving close to the 
structure upper surface on both sides of the furnace. 
Heat accumulating at the side is due to higher 

temperature difference that draws the flow towards 
the sides of structure sheet. 
 

 
Table 1: Results for the given meshes at time = 10 s. 

Fig.3. Horizontal cross-sections for temperature, velocity and pressure at time t = 10 s in the considered meshes. 
 

Fig.4. Distribution of temperature at three time intervals for dual operation of burners (on both sides) and for single operation of 
burner attached to left wall or attached to the right hand side.
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Fig.5. Temperature profile along x direction at three different 

times with Re=500. 
 

 

 

 
Fig.6. Velocity profile along x direction for t= (10, 30 and 60) s 

at Re=500. 
 
CONCLUSIONS 
 
In the present study, convective heat flow has been 
simulated and studied inside a furnace numerically 
utilizing a stabilized mixed finite element formulation 
for solving 2D incompressible non-denominational 
Navier-Stokes equations. The presented results show 
the behavior of the heat flow inside a furnace for 
three applications at the same Reynolds number. 
These results will enable us to: (i) control the desired 
temperature distribution over the glass sheet surface 
(ii) reduce the undesirable heat circulations and 
accumulations (iii) choose the required furnace 
dimensions (iv) increase furnace life time (v) reduce 
the fuel consumption and control number and 
operation of the burners which will help us in the next 
stage of study with the inclusion of radiation and 
thermo-elastodynamics coupling. 
  
REFERENCES 

 
[1] S. El-Behery, A. Hussien, and M. El-Shafie, “Performance 

evaluation of industrial glass furnace regeneration”, 
Energy,vol.119,pp.1119–1130, 2017. 

[2] Glass industry. [www.jumo.co.uk]. 
[3] Y. Jaluria, “Natural convection heat and mass transfer”, 

Pergamon Ress, Oxford,1980. 
[4] T. Douglas, and J. Russel, “Numerical methods for 

convection dominated diffusion problems based on 
combining the method of characteristics with finite 
elements or finite difference”, SIAM Journal on Numerical 
Analysis,vol.19,pp.871–885, 1982. 

[5] O. Pironneau, “On the transport-diffusion algorithm and its 
applications to the Navier-Stokes equations”, Numerical 
Mathematics,vol.38,pp. 309-332, 1982. 

[6] E. Suli, “Convergence and nonlinear stability of the 
Lagrange-Galerkin method for the Navier-Stokes 
equations”, Numerical Mathematics,vol.53,pp.1025-
1039,1988. 

[7] C. Temerton, and A. Staniforth, “An efficient two-time-
level semi-Lagrangian semi-implicit integration scheme”, 
Quartely Journal of Royal Meteological Society,vol. 
113,pp.1025-1039,1987.  

[8] M. El-Amrani, and M. Seaid, “Numerical simulation of 
natural and mixed convection flows by Galerkin-
characteristic method”, International Journal for Numerical 
Methods in Fluids,vol.53,pp.1819-1845,2006.  

 


