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Abstract—Location awareness is highly critical for wireless ad-hoc and sensor networks. Many efforts have been made to 
solve the problem of whether or not a network can be localized. Nevertheless, based on the data collected from a working 
sensor network, it is observed that the network is not always entirely localizable. Existing studies merely examine whether or 
not a network is localizable as a whole; yet two fundamental questions remain unaddressed: First, given a network 
configuration, whether or not a specific node is localizable? Second, how many nodes in a network can be located and which 
are them? In this study, we analyze the limitation of previous works and propose a novel concept of node localizability. By 
deriving the necessary and sufficient conditions for node localizability, for the first time, it is possible to analyze how many 
nodes one can expect to locate in sparsely or moderately connected networks. To validate this design, we implement our 
solution on a real-world system and the experimental results show that node localizability provides useful guidelines for 
network deployment and other location-based services. 
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I. INTRODUCTION 
 
THE proliferation of wireless and mobile devices has 
fostered the demand for context-aware applications, 
in which location is viewed as one of the most 
significant contexts.  
 
Another possibility is Global Positioning System 
(GPS). Although it is a popular system, it is not 
suitable for indoor environments and suffers from 
high hardware cost. In recent years, several 
approaches have been proposed for in network 
localization, in which some special nodes (called 
beacons or seeds) know their global locations and rest 
determine their locations by measuring the Euclidean 
distances to their neighbours. Based on distance 
ranging techniques, the ground truth of a wireless ad-
hoc network. 
(V,E) where V denotes the set of wireless 
communication devices  or sensor nodes. This is 
called the network localizability problem. A graph 
G=(V,E) with Possible additional constraints I(such 
as the known locations of some beacon nodes). 
 
Previous studies have shown that the network 
sufficient condition for networks closely related to 
graph rigidity Based on rigidity theory, Jackson and 
Jordan first present the necessary and sufficient 
conditions for node localizability testing. The above 
conclusion, however, is NOT the end of the 
localizability story. Thus, the network localizability 
testing is less meaningful in practice. 
We launched a working sensor network consisting of 
a hundred of nodes continuously collecting scientific 
data. Checking the collected network trace, to our 
surprise and disappointment, we find that almost 
always the network. 
 

 
Hence, localizability test only gives the “fail” answer. 
The situation recurs for static sensor networks: 
theoretical analyses indicate that, unless networks are 
highly dense and regular. Considering the fact that 
many applications can function   properly as long as a 
sufficient number of nodes are aware of their 
locations two fundamental questions cannot be 
answered by existing method. 
 

 
1. Given a network configuration, whether or not a 
specific node is localizable? 
2. How many nodes in a network can be   located and 
which are them? 
 
 Answering the above questions not only helps 
localization itself, but also provides instructive 
directions to some location- based services, such as 
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topology control, mobility control, and node 
distribution. Therefore, the node localizability 
problem is considered in this study, which focuses on 
the location-uniqueness of a single node.  
 
The first major challenge for studying node 
localizability is to identify uniquely. As shown in Fig. 
1a, the node u can be Uniquely, located under this 
network configuration but not included in the 3-
connected component of beacons.  
uniqueness of u’s location is explained in Figs. 1b 
and 1cwhere we decompose the network into two sub 
graphs.   
location, it is impossible to embed the left sub graph 
into the plane..The main contributions of this work 
are as follows: 
 
II. NECESSARY CONDITIONS FOR NODE 

LOCALIZABILITY 
 
Based on previous studies on network localizability, 
in this section, we will explore the necessary graph 
properties for node localizability. 
 
3.1 Necessity of Three Vertex-Disjoint Paths  
 
We have observed that some conditions essential to 
network localizability (e.g., 3-connectivity) are no 
longer necessary to node localizability. To deal with 
the exception shown in Fig. 1, Goldenberg et al. [8] 
propose the first nontrivial necessary condition: if a 
vertex is localizable, it has three vertex-disjoint paths 
to three beacons. We denote such a condition as 3P 
for short. Suppose a vertex has only two vertex-
disjoint paths to beacons. It definitely suffers from a 
Nevertheless, it is easy to find an example graph in 
which some non localizable vertices satisfy the 3P 
condition. In Fig. 3, the vertex u is flexible although 
it has three vertex disjoint paths to three distinct 
beacon vertices. 
 
3.2 Necessity of Redundant Rigidity  
 
It is clear that rigidity is necessary but not sufficient 
for node localizability. As shown in Fig. 2b, the 
vertex u is non localizable although the graph is rigid. 
Generally, for any rigid graph G, almost all 
realizations of G are not Unique if G is not 
redundantly rigid. To analyze the necessity of 
redundant rigidity, we present Lemma 1 which is first 
proved by Hendrickson [4]. 
Lemma 1. If a graph G is flexible, then for almost all 
realizations r of G, the finite flexing of r contains a 
sub manifold that is diffeomorphic to the circle. 
Theorem 2 (Necessity of redundant rigidity). In a 
distance graph G =(V,E) with a set B Ϲ V of K>= 3 
vertices at known locations, if a vertex is localizable, 
it is included in the redundantly rigid component that 
contains B. Proof. Assume the only interesting case 
that G is rigid but not redundantly rigid. Hence, there 

exists another realization of G _ e that keeps the 
distance between v and w unchanged according to the 
generic graph assumption. Adding e back, it forms a 
realization of G in which the location of u is changed. 
Therefore, u is non localizable. Now we have 
obtained a better necessary condition for node 
localizability by combining 3P (three vertex-disjoint 
paths) and Theorem 2 (redundant rigidity), which we 
callRR-3P for short. Clearly,RR-3Pisstill not 
sufficient as illustrated in. Fig. 4a. Considering  the 
vertex u, it satisfies 
the RR-3P condition but not localizable due to the 
discontinuous flexing in which u can reflect along the 
axis denoted by the dashed line in Fig. 4b.

  

 
 
III. SUFFICIENT CONDITIONS FOR NODE 

LOCALIZABILITY 
 
4.1 Extended Distance Graph 
Based on Theorem 1, an obvious sufficient condition 
to node localizability is as follows: if a vertex belongs 
to the globally rigid sub graph of G that contains at 
least three beacon vertices, it is uniquely 
localizable[8]. we denote this condition as RRT 
standing for Redundant Rigidity and Tri-connected.  
necessarily satisfy RRT, as shown in Fig.5a 
Let R denote the set of all realizations of G. For 
simplicity, let dr(u,v) instead of d(r(u),r(v))denote the 
Euclidean distance between the two vertices u and v 
in a specificrealization.  LetDG(u,v)=UrƐR{dr(u,v)}.For  
a rigid graph G;R is finite although |R| can be 
exponential to the size of G. As a result, DG(u,v)is 
finite since the number of distinct values of DG(u,v) is 
at most |R|. 
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Definition 1 (Implicit edge). In a distance graph G 
=(V,E), an edge (u,v) is If (u,v) is an implicit edge, it 
is equivalent to the fact that DG(u,v)contains a unique 
value. Based on the concept of implicit edge, we 
define the extended distance graph of a 
distance  graph. 
 
Definition 2 Extended distance graph). (For a 
distance graph G =(V,E), its extended distance graph 
is GI=(V,E∪EI) 
where EI is a set of implicit edges of G.Hence, 
vertices being localizable in GI are also localizable in 
G. Although the set of localizable vertices in G 
is identical to GI , being aware of GI does help to 
identify localizable vertices. Recalling the example 
shown in Fig. 5, u can be easily marked as localizable 
by trilateration when(u,v) is inserted. Now, the 
problem becomes finding the implicit edges for a 
given graph G. Nevertheless, the definition of 
implicit edges does not really help for actually 
finding them. 
Let (E1,E2) be a partition of  E(i.e., E1∪E2=E1∩E2=∅) 
and let Vi be the set of endpoint vertices of all 
edges in Ei; i =1; 2. Normally, there are some vertices 
Vc covered by both E1 and E2 so that Vc= V1∩ V2. 
For any partition (E1,E2) of E, Vc contains at least 
one vertex if G is connected, or at least two vertices if 
G is rigid. Lemma 2. In a graph G =(V,E) with two 
sub graphs G1 =(V1,E1)and G2 =(V2, E2), where (E1; 
E2) is a partition of E, for any two vertices {u,v}∁ V 
if both u and v belong to a rigid component in G1 and 
a rigid component in G2, the edge(u,v) is implicit if 
(u,v)€ E. 
Proof. First, let d denote the distance between u and v 
in the ground truth realization of G;  
 
For notation simplicity, we omit “(u,v)” hereafter. As 
E1 ∩ E2 =∅, the valuesin DRC1 _ {d} and DRC2 _ 
{d} are chosen independently in the possible distance 
space where DRC1 and DRC2 have measure zero. 
Hence, for almost every point p in the distance space, 
p ∈ {DRC1 _ {d}} implies p ∄ {DRC2 _{d}} with 
probability 1. As DG ∁ DRC1 ∩ DRC2, d is the 
only value in DG and (u,v) is thus implicit if (u,v )∄ 
E. 
Lemma 2 provides an approach to identify implicit 
edges and it is possible to construct the extended 
distance graph GI . Back to the example shown in 
Fig. 5a, we decompose the entire graph into two sub 
graphs, as illustrated in Fig. 5b. 
Since both sub graphs are rigid, (u,v)is an implicit 
edge according to Lemma 2.Combining Theorem 1 
and the concept of implicit edges, we achieve the 
following theorem. 
Theorem 3. Let GI denote the extended distance 
graph of G ¼ðV ;EÞ which has a set B ∁V of k ≥ 3 
vertices at known locations. If a vertex belongs to a 
globally rigid sub graph of GI that contains at least 
three vertices in B, it is uniquely localizable in G. 
 

4.2 Sufficiency of RR3P Condition 
 
Theorem 3 provides so far the best sufficient 
condition for node localizability. However, it requires 
the knowledge of implicit edges which incurs 
combinational number of graph partitions. In this 
section, we propose an equivalent combinatorial 
condition to Theorem 3 without actually calculating 
and using implicit edges.  
 
Three vertex disjoint paths connecting it to three 
beacon vertices. We call this condition RR3P for 
short. Note that RR3P is fundamentally different from 
the previously mentioned RR-3P. RR3 P requires the 
three paths strictly residing in the redundantly rigid 
component to avoid the unexpected case in Fig. 4. 
We use the similar terms to show their close 
relationship. 
 There exist two vertices v and w whose removal 
disconnects G. As a result, as shown in Fig. 6a, G can 
be divided into several overlapped and connected 
components Gi such that G=UGi and V{Gi∩ 
Gj)={v,w} for all i≠j. For any specific Gi, we replace 
other components Gj(j≠i) by an edge e =(v,w). This 
operation, as illustrated in Fig. 6, is defined as edge 
replacement. 
Lemma 3. In a graph G =(V,E) that is redundantly 
rigid but not 3-connected, there exists a pair of cut 
vertices {v,w}∁V and G can be divided into a number 
of connected and overlapped subgraphs Gi.  
According to edge replacement, 
1. Gi + e is redundantly rigid and e =(v,w) is an 
implicit edge in G if e ∄E; 
2. If a vertex u has three vertex-disjoint paths to three 
pair wise connected vertices B in G, u and B are in 
the same sub graph Gi, and there still exist three 
vertex disjoint paths connecting u to B in Gi + e. 
Proof. For part 1, suppose to the contrary that for 
some i, Gi + e is not redundantly rigid. Thus, there 
exists some edge e' in Gi + e whose removal results in 
the remaining graph, Gi + e _ e′, nonrigid. 
Considering the entire graph G, as a result, G _ e' is 
not rigid, contradicting the fact that G is redundantly 
rigid.  
Lemma 2. 
 In addition, u is in Gi otherwise it cannot have three 
nonintersecting paths to B. Let pi(i= 1; 2; 3) denote 
three vertex-disjoint paths from u to B in G. If none 
of pi traverses beyond Gi, then all pi still exist in Gi + 
e. Otherwise, WLOG, assume p3 traverses Gj, as 
shown in Fig. 7a. It should enter Gj at one of {v,w} 
and exit at the other. We make a shortcut by replacing 
the path segment in Gj by a single edge e, as 
illustrated in Fig. 7b.  Therefore, u has three Vertex-
disjoint paths to B in Gi + e.  
 
We observe that v and w should be connected in Cj - 
e since Cj -e is rigid. We replace e by any v - w path 
in Cj -e. Since all vertices in the v -w path do not 
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appear in Gi, the new path is still nonintersecting with 
others after the replacement.  

 

 
 
Both of the end vertices of e0 are in either Gi or Cj _ 
e. WLOG, we assume e0 in Gi. In this case, Gi + e _ 
e' cannot be rigid, contradicting that Gi + e is 
redundantly rigid. 
Theorem 4. In a distance graph G =(V,E) with a set B 
∁ V of k _≥ 3 vertices at known locations, a vertex 
belongs to the redundantly rigid component 
containing B in which it has three vertex-disjoint 
paths to three distinct vertices in B. only if it belongs 
to a globally rigid subgraph of GI  that contains at 
least three vertices in B, where GI is the extended 
distance  graph of G. 
Proof.(RR3P ) Global Rigidity) We assume G is 
redundantly rigid. 
 Based on an edge replacement, both u and B are 
included in the same sub graph Gi +e, where e is an 
implicit edge of G. If, WLOG say G1 + e, is not 3-
connected.  
Fig. 4a in which the vertex u is not localizable. 
Although there exist 3 vertex-disjoint paths from u to 
3 beacons, one of them is not included in the 
redundantly rigid component of u and all beacons. 
Also, RR3P explains the location uniqueness of u in 
the example graph shown in Fig. 5a. 
 

 

IV. PERFORMANCE EVALUATIONS 
 
5.1 Experiment 
To examine the effectiveness, we implement the 
proposed node localizability testing on the data trace 
collected from 
the ongoing sea monitoring system [7], [11], as 
illustrated in Fig. 10. The system consists of 100 
wireless sensors.  

 
that floa ton the surface of the sea and collect 
environmental data such as temperature, humidity, 
ambient illumination, sea depth, etc. The system also 
collects the network topology that is dynamic due to 
ocean current, wind blow, tide, etc. 
Our proposed localizability algorithm relies on 
neither any particular localization approach nor any 
particular ranging technique. By using the derived 
conditions, we are able to explore the localizability of 
the collected network topologies. We observe that, 
from Fig. 11, almost all the time the network is not 
entirely localizable. However, a large portion, on 
average nearly 80 percent, of nodes are actually 
localizable (i.e., identified by the RR3P condition). 
Specifically, 90 percent of network topologies have at 
least 60 percent  

 
 
 As shown in Fig. 12, the major difference of the 
improved flow is that the task of localizability testing 
is added to assist deployment adjustment. In detail, 
the testing algorithm is carried out on the initial 
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network deployment and the results are used to 
instruct the subsequent adjustments. 
 
5.2 Large-Scale Simulation 
Large-scale simulations are further conducted to 
examine the scalability of this design under varied 
network parameters. For each evaluation, we 
integrate results from 100 network instances. 
Fig. 14 shows the relationship between connectivity 
and rigidity. The curve ri denotes the percentage of i-
connected networks in varied radius while ri denotes 
globally rigid networks. 

 
graphs, both connectivity and rigidity have transition 
phenomena. Also, it can be seen that rg lies between 
r3 and r6 and is closer to r3.  
  
Fig. 15a shows the amount of nodes marked by 3P 
and TRI. As we know, nodes above the curve of 3P 
are nonlocalizable while those below the curve of 
TRI are localizable. In addition, the other ones 
between two curves are unknown at present based on 
3P and TRI. Specifically, almost 70 percent of nodes 
left unknown at radius 0.18. Contrastively, Fig. 15b 
shows the results if we adopt the 
proposed RR-3P and RR3P. localizable while TRI 
cannot work at all due to sparseness. When r ¼ 0.16 
in Fig. 17b, RR3P recognizes, on average ,more 
tha70percent localizable nodes in 78 cases while TRI 
only marks less than 10 percent localizable ones in 91 
cases. 
 
V. RELATED WORK 
 
6.1 Localization Literature 
 
Localization is essential for many environment 
monitoring or surveillance applications [16], [17]. 
Existing solutions fall into two categories.  

 
 
There are also some results for random geometric 
graphs.  Simulation results [3] ensure that the hitting 
radius of global rigidity is between 3- and 6- 
connectivity in probability sense.  
 
CONCLUSION 
 
We analyze the limitations of network of node 
localizability. By deriving the necessary and 
sufficient conditions for node localizability, we can 
answer the fundamental questions on localization: 
which node is indeed localizable i From intensive 
simulations, it is observed that there exists a very 
small portion of nodes cannot be identified as either 
RR-3P or RR3P condition. We believe that a node is 
localizable if and only if it can be identified by RR3P. 
We leave the necessity of RR3P as a future work, 
which is both challenging and worthwhile. 
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