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Abstract— Many research groups developed bifurcation diagrams, Poincare maps and computed Feigenbaum constants for 
passive walkers. Very few attempts have been made for performing nonlinear time-series analyses of these complex dynamical 
systems. Besides, Garcia’s et al.’s the simplest walking model, the compass-gait biped model is the most commonly used 
passive dynamic walking (PDW) biped robot by the biomechanists, robotics engineers and chaos theorists. We accomplished 
nonlinear analysis of a time-series generated by the compass-gait biped and aimed to examine its dynamical behavior. The 
walking gait time-series data presented chaotic dynamics as fractal dimensions and positive Lyapunov exponents were found. 
 
Index Terms— Compass-Gait Biped, Deterministic Chaos, Passive Dynamic Walking, Nonlinear Time-Series Analysis.
 
I. INTRODUCTION 
 
Passive dynamics is an approach of controlling robotic 
locomotion by using the momentum of swinging limbs 
for greater efficiency. It can be used to develop robotic 
and prosthetic limbs (commonly legs) that move more 
efficiently by decreasing the number of actuators 
required for motion and by preserving momentum. In 
PDW, gravity and inertia generate the walking pattern. 
Very little energy is used from the system so it can 
achieve maximum efficiency as the biped uses its own 
momentum to move down the slope. McGeer is the 
pioneer of passive dynamic walking (PDW) and 
following his footsteps many research groups proved 
that a well-designed biped robot could walk stably 
down a slope [1-3]. Major gait features such as 
step-length, velocity, and step-period are dependent on 
the slope of the plane as well as the geometry of the 
robot [4]. Important benefits of passive walking are 
optimal energy and natural human-like locomotion. 
 
Biped locomotion is, perhaps, the most stylish form of 
legged motion. From dynamical systems theory 
viewpoint, human locomotion is remarkable among 
other forms of biped motion primarily because of the 
fact that during a major part of the human walking 
cycle the human body is in the dynamic equilibrium. It 
is well known that human neuromuscular system is one 
the most complex dynamical systems. For gaining a 
better comprehension of the intrinsically nonlinear 
dynamics of biped robots, we have found it educational 
to investigate the dynamics of a simple walking model. 
We aimed to analyze such a passive dynamical system 
by means of a relatively new and least commonly used 
approach; nonlinear time-series analysis. In order to 
develop useful strategies for controlling active walking 
robots, the PDW should be carefully examined [5]. 
Besides, such studies may help us understand human 
and animal walking. 

 
II. COMPASS-GAIT BIPED 
 
A. Description of Biped Model 
Perhaps, the compass-gait biped model used by 
Goswami et al. is the embodiment of the simplest 
model of biped locomotion [4, 5]. In this model, 
motion is presumed to be two-dimensional and the 
identical legs are stiff bars without knees and feet, 
joined by a frictionless hinge at the hip [6]. Fig. 1 
shows the details of a compass-gait biped walking 
down a slope. m  is the hip mass and m  is the 
combined mass of every leg. l  is leg-length that is 
partitioned into the distance a  a and b  such that 
l = a + b. The slope of the plane is denoted by φ . θ  
and θ  are the angles of biped legs. The inter-leg angle 
is represented by 2α and it is the angle between both 
limbs. 

 

 
Fig. 1 Model of a compass-gait biped on a slope [4, 5]. 

 
The biped gait includes a swing or single-support 
phase and an instant transition stage. During the 
single-support stage, the biped acts like an inverted 
double-pendulum, whereas during the instantaneous 
transition stage, the balance is relocated from one leg 
to another. The impacts of biped legs are assumed to be 
inelastic and without sliding. 
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B. The Governing Equations of Swing Stage 
The dynamic equations for the swing stage are familiar 
[7]. And these equations are identical to the renowned 
double-pendulum equations. The equations remain the 
same, irrespective of the assumed support leg, since the 
legs of compass-gait biped are presupposed to be 
identical. The mathematical model is: 

M(θ)θ. + N(θ, θ)θ. + G(θ) = Su       (1) 
Where M(θ)	is the inertia matrix, N(θ, θ)	is the matrix 
having centrifugal coefficients, G(θ)) is the vector of 
gravitational torques and S	is the matrix that charts the 
torques to the general coordinates. θ = [θ θ ]	is the 
vector of original angles and u = [u 	u 	u 	]	denotes 
the vector of moments acting at the joints. 
 
C. The Governing Equations of Transition Stage 
During transition, the swing leg contacts the ground 
and the support leg departs it. We assumed non-sliding 
and in-elastic collisions of the biped feet with the 
ground so the biped configuration remains unaffected 
during the transition and its momenta also remain 
preserved [8]. But the angular velocity of leg 
undergoes a discontinuous jump. Hence, the angular 
velocities of the biped are given as: 

θ(T ) = H(θ(T))θ(T )  (2) 
Where −  and +  symbolize the pre-impact and 
post-impact quantities just before and after the instant 
transition occurs at time t = T. H(θ(T))  is a matrix 
which is a function of α	 only. For more details, see the 
references [4-6]. In this study, we used the time-series 
generated by the simulation of this passive biped 
model. 
 
III. STATE-SPACE RECONSTRUCTION 
 
A. Time-delay embedding 
The key instruments for examining nonlinear 
time-series are the—reconstruction of the system 
dynamics (attractor) and—the estimation of dynamical 
measures of the underlying dynamical system. Takens 
proved that a vector space, which is comparable with 
the genuine phase-space can be reconstructed from 
scalar time-series data. In addition, it is possible to 
preserve geometrical invariants such as the correlation 
dimension and the Lyapunov exponent of the attractor. 
Fig. 2 shows stance leg angle time-series from the 
biped robot walking on the slope. 
 

 
Fig. 2 Stance leg angle time series. 

 
We used conventional time-delay embedding 
technique from nonlinear dynamics for reconstructing 
the state-space of the compass-gait biped attractor 
using stance leg angle time-series. Since, stance leg 

and swing leg walking dynamics analyses generate 
nearly comparable results, the nonlinear time-series 
analysis has been performed only on stance leg angle 
time-sequence data. The visual inspection of fig. 2 
demonstrates that the step-to-step fluctuations in the 
stance leg angle were not exactly periodic; instead they 
might have a fixed nonlinear structure.  
Time-delay embedding method used time-delayed 
copies of the original stance leg angle time-series for 
reconstructing the state vector which described the 
biped’s locomotive attractor e.g., equation (3) shows 
the reconstructed state vector y(t) 

y(t) = 	x(t), x(t + T), x(t + 2T), … x(t
+ (m − 1)T)				(3) 

Where x(t) is the original time-series data, m is the 
dimension of state vector an	x(t + T 	) is time-lagged 
imitations of x(t) . After, state-space reconstruction, 
we evaluated the nature of stride-interval fluctuations 
in the gait patterns. 
 
B. Embedding dimension 
In nonlinear time-series analysis, the first step is the 
reconstruction of appropriate phase-space for which 
we calculated the number of embedding dimensions of 
the stance leg angle time-series for unfolding the 
recreated locomotive attractor in the phase-space. The 
false nearest neighbor (FNN) algorithm is the most 
common method for determining an appropriate 
embedding dimension [9]. This method determines 
how many dimensions are adequate for embedding a 
specific time series. It is a well established geometrical 
technique. 
To develop the state-space, we used false nearest 
neighbors (FNN) algorithm to methodically examine 
x(t), and its neighbors in numerous dimensions (e.g., 
dimension 1,2,3,4, … )  The proper embedding 
dimension was recognized when the distance between 
neighboring points in the phase-space is no longer 
varied by increasing additional dimensions of the state 
vector. The evaluated embedding dimension signifies 
the number of dominant equations that were needed to 
properly reconstruct the system’s dynamics [10]. The 
embedding dimension that had zero percent FNN was 
used to recreate the attractor of the biped robot in 
phase-space. 
 

 
Fig. 3 Embedding dimension was found using FNN algorithm 
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For instance, the false nearest neighbors (FNN) 
algorithm evaluates the points in the attractor at a given 
dimension m; where y(t) was the existing point, and 
y 	(t)  was the nearest neighbor. If the distance 
between the points at the subsequent dimension, for 
example., m+1 is larger than the separation computed 
at the present dimension, then the point is regarded as a 
‘false neighbor’ and additional embeddings are 
required in state-apace to unfold the attractor. The 
percentage of FNNs was determined at higher 
dimensions until the percentage of nearest neighbors 
dropped to zero as shown in fig. 3. 
 
C. Time delay 
The extreme values of	τ (either too large or too small) 
will create problems in recreating the attractor; hence, 
the estimation of a precise time lag is even more 
difficult. The best possible delay time τ is found using 
autocorrelation function (ACF). Autocorrelation 
function finds τ at which the autocorrelation drops to a 
fraction of its initial value. The time delay T  for 
reconstructing the state vector was established by 
approximation when information about the state of the 
dynamic system at x(t)  was dissimilar from the 
information enclosed in its time-delayed copy using an 
autocorrelation function. The time delay can be 
estimated as the first zero crossing of the ACF as the 
time delay is increased as illustrated in fig. 4. 
 

 
Fig. 4 Time lag was found using ACF. 

 
D. Estimation of chaotic invariants 
After reconstructing suitable phase-space the next step 
is estimation of dynamical measures like Lyapunov 
exponent and fractal dimension. Computing nonlinear 
dynamical quantifiers from a time-series is an intricate 
problem and demands attention in its application and in 
the explanation of its results. Several theoretical 
measures like Lyapunov exponent, capacity dimension, 
and correlation dimension etc. are used to quantify the 
chaotic time-series. These theoretical measures are 
invariants of the attractor, as these quantifiers are 
independent of the coordinate system in which the 
attractor is viewed and are autonomous of variations in 
the initial conditions of the orbit [11] .  
These estimates offer precious information about 
system dynamics like the complexity level and 
degrees-of-freedom (DOF). These dynamical 

quantifiers transform time-sequence data into a single 
number, which is useful for contrasting and comparing 
dissimilar time-series. The Chaos Data Analyzer Pro 
(CDA Pro) was used to calculate the largest Lyapunov 
exponent and correlation dimension numerically [12]. 
 Lyapunov exponent 

The largest Lyapunov exponent (LLE) is 
computed to find out the nonlinear structure of the 
reconstructed state-space of the simulated locomotive 
attractor. It reckons the average rate of separation of 
points in the attractor. It is an estimate of the 
logarithmic divergence of the pairs of adjacent points 
in the attractor over time. 
 

 
Fig. 5  Imaginary reconstructed nonlinear attractor [13]. 

 
There will be no divergence of adjoining points in the 
attractor for a periodic system. Whereas, there will be 
certain divergence between two neighboring points as 
time progresses for a nonlinear system. Fig. 5 presents 
a hypothetical attractor, in which points are separated 
by an initial distance of d(0). As time moves forward, 
the two adjacent points diverge quickly and are 
isolated by a space of d(i)) as shown in fig. 6. 
This information is essential for grading the stability of 
the locomotive attractor and for finding out if the 
attractor was periodic or non-periodic (chaotic). When 
nearby points of the phase-space separate, they diverge 
swiftly and can make the system unstable. Lyapunov 
exponents from a periodic system (e.g. sine wave) will 
be zero, as it will be having little or no divergence. 
Otherwise, Lyapunov exponents will be positive for 
unstable systems (e.g. noise or random data) because 
they have a high amount of divergence. Chaotic 
systems will have both positive and negative Lyapunov 
exponents. But it is the positive Lyapunov exponent 
which is the signature of deterministic chaos. Fig. 7 
shows the screen shot of CDA Pro while computing the 
largest Lyapunov exponent for compass-gait biped 
time-series. 
 

 
Fig. 6 The locomotive attractor where 퐝(ퟎ)) is the initial 

Euclidean distance between two adjacent points in the attractor 
and 퐝(퐢)) is the Euclidean distance between them soon after i 

times [13]. 
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Fig. 7 Calculation of the largest Lyapunov exponent for the 

compass-gait biped time-series. 
 

 Correlation dimension 
Correlation dimension is the most frequently 

employed fractal (non-integer) dimension estimate for 
attractors. It measures the dimensionality of the space 
filled by a set of random points. This complexity 
measure is related to the topological dimension of 
system, or more instinctively, with its 
degrees-of-freedom (DOF). It is helpful in establishing 
whether the dynamical system under inspection is 
deterministic or stochastic. Correlation dimension is 
determined for the compass-gait biped time-series as 
shown in fig. 8. 
 

 
Fig. 8 Correlation dimension calculated for the compass-gait 

biped data. 
 

 Surrogate data testing 
Nonlinear measures are applied to time-series for 

finding nonlinearity. Surrogate data testing identifies 
determinism in the time-series data. The method of 
surrogate data testing is deployed to impart some 
precision to guesstimate of these nonlinear quantifiers 
[14]. In this method, a random time-series having 
matching structure (with determinism removed) to the 
initial data set is generated as shown in fig. 9. Then the 
dynamical quantifiers of surrogates are determined. 
Subsequently, the chaotic invariants of the surrogate 
data and the original data are contrasted. If the 
dynamical measures of the original data and their 
surrogates are different, it means that the original 
time-series may be deterministic and chaotic. 

 
Fig. 9 Surrogate data analysis 

 
IV. RESULTS AND DISCUSSION 
 
The time delay employed to reconstruct the locomotive 
attractor of the passive biped robot was chosen one 
(t=1), and the number of embedding dimension 
selected was four (m=4). We calculated the chaotic 
invariants for the passive biped as: correlation 
dimension: 2.046+-0.605 and Lyapunov exponent: 
0.023+-0.022. Afterwards, we performed the surrogate 
data analysis (as shown in fig. 8) and found these 
numerical values for the correlation dimension: 
3.491+-0.026 and Lyapunov exponent: 1.219+-0.091. 
The differences between dynamical measures of the 
surrogate data and the original data mean that the 
original time-series may be deterministic and chaotic. 
The study has demonstrated that compass-gait biped 
model exhibits deterministic chaos in its gait pattern. 
In the chaotic regime, Goswami et al. computed the 
fractal dimension of the strange attractor of the 
compass-gait robot as 2.07 and our finding is 2.046 
[4-6]. Hence, our nonlinear time-series analysis also 
verified their results. 
Chaos theory emphasizes that complicated solutions 
are necessarily due to random noise and explains that 
erratic behavior exhibited by natural and synthetic 
systems, sometimes, emerges due to the interaction of 
simple nonlinear components [15-17]. Chaos theory is 
also contributing in the analysis, design, and control of 
electronic circuits [18-21]. Chaos could be used as 
central part of bipedal locomotive systems. Several 
chaotic dynamics, like bifurcation, intermittency and 
crises occur due to variation in diverse parameters in 
the dynamical equations of simple passive biped 
models [22, 23]. 
Many studies proved that stride-interval fluctuations 
present in human walking are linked to the 
biomechanics of human locomotor system [24-26]. 
However, we need a meaningful insight that how 
neuro-mechanical variables of the locomotor system 
governs the observed nonlinear gait fluctuations. In 
this regard, mathematical models like compass-gait 
biped model that present the chaotic dynamics are very 
helpful in advancing our body of knowledge in this 
particular field [13, 27]. Since the compass-gait biped 
robot was fully passive (i.e., no actuators, motors), the 
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deterministic stride-interval fluctuations were 
probably a consequence of the passive dynamics of the 
walking robot. 
 
CONCLUSION 
 
The study has demonstrated that compass-gait biped 
model exhibits deterministic chaos in its walking 
pattern. The nonlinear time-series analysis also 
verified earlier results. The passive dynamic walking 
(PDW) robot considered in this study was extremely 
simple in comparison to the human locomotor system. 
However, we infer from our findings that PDW biped 
robots can certainly enhance our knowledge about the 
human locomotion. Our study also promotes the notion 
that the nonlinear deterministic stride-interval 
(step-to-step) fluctuations present in gait patterns may 
be partially administered by the inherent dynamics of 
the locomotion system. In addition, it is also proved 
that the nonlinear analysis methods present new 
techniques for reckoning the nature of the 
stride-interval variations present in the robotic gaits. 
 
ACKNOWLEDGMENT 
 
This work was supported by the National High 
Technology Research and Development Program of 
China (863 Program) under Grant No. 
2012AA041505. 

 
REFERENCES 
 

[1] T. McGeer, "Passive dynamic walking," the international 
journal of robotics research, vol. 9, pp. 62-82, 1990. 

[2] M. Garcia, A. Chatterjee, A. Ruina, and M. Coleman, 
"The Simplest Walking Model: Stability, Complexity, 
and Scaling," Journal of Biomechanical Engineering, vol. 
120, pp. 281-288, 1998. 

[3] S. Collins, A. Ruina, R. Tedrake, and M. Wisse, 
"Efficient bipedal robots based on passive-dynamic 
walkers," Science, vol. 307, pp. 1082-1085, 2005. 

[4] B. Thuilot, A. Goswami, and B. Espiau, "Bifurcation and 
chaos in a simple passive bipedal gait," presented at 
Robotics and Automation, 1997. Proceedings., 1997 
IEEE International Conference on, 1997. 

[5] A. Goswami, B. Thuilot, and B. Espiau, "A study of the 
passive gait of a compass-like biped robot: symmetry and 
chaos," International Journal of Robotics Research, vol. 
17, pp. 1282-1301, 1998. 

[6] A. Goswami, B. Thuilot, and B. Espiau, "Compass-like 
biped robot Part I: Stability and bifurcation of passive 
gaits," 1996. 

[7] H. Miura and I. Shimoyama, "Dynamic walk of a biped," 
The International Journal of Robotics Research, vol. 3, 
pp. 60-74, 1984. 

[8] Y. Hurmuzlu and T.-H. Chang, "Rigid body collisions of 
a special class of planar kinematic chains," Systems, Man 
and Cybernetics, IEEE Transactions on, vol. 22, pp. 
964-971, 1992. 

[9] M. B. Kennel, R. Brown, and H. D. I. Abarbanel, 
"Determining embedding dimension for phase-space 
reconstruction using a geometrical construction," 
Physical review A, vol. 45, pp. 3403, 1992. 

[10] J. C. Sprott, Chaos and time-series analysis: Oxford 
University Press, 2003. 

[11] Z. Liu, "Chaotic time series analysis," Mathematical 
Problems in Engineering, vol. 2010, pp. 1-31, 2010. 

[12] J. C. Sprott and G. Rowlands, Chaos data analyzer: the 
professional version: American Institute of Physics, 
1995. 

[13] M. J. Kurz, T. N. Judkins, C. Arellano, and M. 
Scott-Pandorf, "A passive dynamic walking robot that 
has a deterministic nonlinear gait," Journal of 
biomechanics, vol. 41, pp. 1310-1316, 2008. 

[14] M. Small and C. K. Tse, "Detecting determinism in time 
series: The method of surrogate data," Circuits and 
Systems I: Fundamental Theory and Applications, IEEE 
Transactions on, vol. 50, pp. 663-672, 2003. 

[15] S. Iqbal, S. A. Qureshi, and M. Shafiq, "What is Chaos?," 
IEP journal, pp. 7-10, 2008. 

[16] S. Iqbal, X. Zang, Y. Zhu, X. Liu, and J. Zhao, 
"Introducing Undergraduate Electrical Engineering 
Students to Chaotic Dynamics: Computer Simulations 
with Logistic Map and Buck Converter," in 8th Asia 
Modelling Symposium (AMS 2014). Taiwan, 2014, pp. 
47-52. 

[17] S. Iqbal, M. Rafiq, S. Iqbal, M. O. Ahmed, and H. A. 
Sher, "Study of Nonlinear Dynamics Using Logistic 
Map," presented at LUMS 2nd International Conference 
on Mathematics and its Applications in Information 
Technology (LICM08), Lahore, March 10-12, 2008. 

[18] S. Iqbal, M. Ahmed, and S. A. Qureshi, "Investigation of 
chaotic behavior in DC-DC converters," World Academy 
of Science, Engineering and Technology, vol. 33, pp. 
291-294, 2007. 

[19] S. Iqbal, K. A. Khan, and S. Iqbal, "Understanding Chaos 
using Discrete-Time Map for Buck Converter," presented 
at Chaotic Modeling and Simulation International 
Conference (Chaos 2010), 2010. 

[20] S. Iqbal, X. Zang, Y. Zhu, and J. Zhao, "Study of 
Bifurcation and Chaos in DC-DC Boost Converter using 
Discrete-Time Map," presented at International 
Conference on Mechatronics and Control (ICMC'2014), 
China, 2014. 

[21] S. Iqbal, "Investigation of Chaotic Behaviour in Power 
Electronics Circuits," in Electrical Engineering, vol. MS: 
University of Engineering and Technology, Lahore, 
2006. 

[22] S. Iqbal, X. Zang, Y. Zhu, and J. Zhao, "Bifurcations and 
chaos in passive dynamic walking: A review," Robotics 
and Autonomous Systems, vol. 62, pp. 889-909, 2014. 

[23] S. Iqbal, X. Zang, Y. Zhu, and J. Zhao, "Applications of 
Chaotic Dynamics in Robotics. In Press," International 
Journal of Advanced Robotic Systems, 2014. 

[24] J. M. Hausdorff, "Gait dynamics, fractals and falls: 
finding meaning in the stride-to-stride fluctuations of 
human walking," Human movement science, vol. 26, pp. 
555-589, 2007. 

[25] S. Iqbal, X. Zang, Y. Zhu, and Z. Jie, "Nonlinear 
Time-Series Analysis of Human Gaits in Aging and 
Parkinson's Disease," in 2015 International Conference 
on Mechanics and Control Engineering (MCE 2015). 
Nanjing, China, 2015. 

[26] S. Iqbal, X. Zang, Y. Zhu, H. Mohammed Abass Ali 
Saad, and J. Zhao, "Nonlinear Time-Series Analysis of 
Different Human Walking Gaits.," presented at 2015 
IEEE International Conference on Electro/Information 
Technology, USA, 2015. 

[27] T. N. Judkins, C. Arellano, M. Scott-Pandorf, and M. J. 
Kurz, "Can a passive dynamic walking robot exhibit a 
deterministic nonlinear gait?," presented at American 
Society of Biomechanics 2007 Annual Conference, 2007. 

 
 


