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Abstract- The experimental determination of phase diagrams is a time consuming and costly task. This becomes even more 
pronounced as the number of components increases, Hence CALPHAD Method  is used to obtain a consistent description of 
the phase diagram and the thermodynamic properties so as to reliably predict the set of stable phases and their properties in 
regions with limited experimental information and also metastable states during simulations of phase transformations. 
Computational thermodynamics is the accurate simulation and scientific understanding of complex real thermodynamic 
process, without requiring any incredible diversity of skills. As the successful Optimization requires initial values of CEC’s 
i.e., Structural and Energy parameters to be sufficiently close to the true values to reproduce the topology of the phase 
diagram and definition of the errors. The key objective of the project is to develop the Free Energy Formulations and the 
procedures for initial estimation of structural variables of the binary alloy system using Cluster variation method which is 
applied to optimization problems formulated, in terms of probabilistic graphical model. This has been widely employed to 
calculate alloy free energies and has been very successful in the computations of alloy phase diagrams as well as in the 
problems of the material science related to the phase diagrams. 
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I. INTRODUCTION 
 
Computational thermodynamics is a 
phenomenological scientific discipline that enables 
metallurgical engineers and materials scientists to 
calculate phase diagrams and to numerically simulate 
and study phase equilibria and phase transformations. 
The thermodynamic properties as a function of 
composition and temperature can also be calculated. 
The numerical techniques used by the developers of 
computational thermodynamics software can be 
divided into two groups; Gibbs Energy 
Minimization technique, where the global minimum 
of the Gibbs energy for heterogeneous system is 
calculated, and Solving a set of phase equilibrium 
equations, where the chemical potentials for 
the components of various phases in the system are 
assumed to be equal. The positional randomness of A 
atoms in pure A are not the same as those of A atoms 
in solution. In the case of configurational entropy of 
mixing, change is purely statistical in nature, it is due 
to the fact that there are two kinds of atoms mixed 
together[1].Cluster Variation Method has been 
recognized as one of the most reliable theoretical 
tools to approximate the configurational Entropy and 
also the Gibbs Free energy. Binary systems exhibiting 
disordered phases can be optimized using data of 
different types such as phase diagram data, thermo 
chemical data, thermo physical data and structural 
data in the CVM framework. This broad range of 
coverage is not possible using CALPHAD methods 
[2].The Lennard-Jones potentials are over simplified 
potentials for describing the interactions involving 
vacancies and atoms in the interstitial sites. Cluster 
Expansion methods have been recognized as most 

powerful means to extract effective interaction 
energies [3]. The set of correlation functions forms an 
independent basis in the thermodynamic 
configuration space and each cluster probability is 
uniquely written by the linear combination of 
correlation functions. The equilibrium state is 
determined by minimizing the free energy with 
respect to correlation functions under a given 
temperature and an atomic distance[4].The derivation 
of entropy for cluster techniques reformulated by 
showing how to construct the configurational 
probabilities as a product of conditional 
probabilities[5]. Considering a Tetrahedron or an 
Octahedron as a basic clusters, every structure has 
sub-structures like a point, a pair cluster, a triangular 
cluster as well as basic cluster a tetrahedron cluster. 
Complete procedures for Gibbs Free energy 
formulations is given by considering a triangular 
element taken as a basic cluster in the present paper 
and also the general procedures for the estimation of 
structural parameters involved in the expression are 
also shown elaborately. 
 
II. CVM FREE ENERGY 
 
A. Cluster Probabilities for a Binary alloy system: 
We shall present the complete and detailed 
procedures of Gibbs free energy Formulations for an 
orthogonal basis using cluster Algebra and also the of 
structural parameters estimated for a typical choice of 
energy parameters which is taken from the literature 
in an orthogonal basis corresponding to the following 
relations among the site operator, σi and the site 
occupation operators pAi, pBi. Considering a 
triangular cluster as the basic cluster, there are three 
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sub clusters involved i.e., point, pair and triangle. 
Accordingly we have the following correlation 
functions, 
i.e.,<pAA>,<pAB>,<pBB,<pAAA>,<pBBB>,<pAA
B>,<pBBA>. Of these, the point correlation functions 
are σi are related to composition and is fixed for an 
alloy or a composition. The probabilities of 
occurrence of different types of atomic arrangements 
on the motif/sub motifs sites are called cluster 
variables. 

 
Fig.1 Triangular Cluster 

 
If X1 and X2 are the compositions of a binary alloy 
having A and B elements, then X1+X2=1 
Point probabilities: 
pAi + pBi = 1    (1) 
tA ∗ pAi + tB ∗ pBi = si   (2) 
 
From equations 1 and 2, Solving for pAi and pBi, we 
get, 
pAi = (tB − si)/(tB − tA)               
pBi = −(tA− si)/(tB− tA)   
                 
Where,  pAi is the probability of site “I” being 
occupied A and pBi is the probability of site I being 
occupied by B tA and tB are labels. Also, the total 
probability being 1, there are three sites for a 
triangular cluster, namely i,j and k; the point 
probabilities at these sites are given by; 

pAi = 1− pBi     (3) 
pBi = (−tA + σi)/(tB− tA)  (4) 
pAj = 1 − pBj    (5) 
pBj = (−tA + σj)/(tB − tA)  (6) 
pAk = 1 − pBk                  (7) 
pBk = (−tA + σk)/(tB− tA)  (8) 

Where, 
pAj is the point probability of the jth site by A 
pBj is the point probability of the jth site by B 
pAk is the point probability of the kth site by A 
pBk is the point probability of the kth site by B. 
B. Pair Probabilities for a Binary alloy system: 
pAA = pAi ∗ pAj 

< pAA >= 1 +
σiσj

(−tA + tB) −
σitA

(−tA + tB)

−
σjtA

(−tA + tB) +
tA

(−tA + tB)

−
σi

−tA + tB −
σj

−tA + tB
+

2tA
−tA + tB 

Similarly, 
 

< 푝퐵퐵 >=
σiσj

(−tA + tB) −
σitA

(−tA + tB)

−
σjtA

(−tA + tB) +
tA

(−tA + tB)  

 

< pAB >= −
σiσj

(−tA + tB) +
σitA

(−tA + tB)

+
σjtA

(−tA + tB) −
tA

(−tA + tB)

+
σj

−tA + tB −
tA

−tA + tB 

< pBA >= −
σiσj

(−tA + tB) +
σitA

(−tA + tB)

+
σjtA

(−tA + tB) −
tA

(−tA + tB)

+
σj

−tA + tB −
tA

−tA + tB 
From above it is observed that the probabilities for 
pAB==pBA 
 
C. Triangular Probabilities for a Binary alloy system: 
< pAAA >= pAi ∗ pAj ∗ pA 
<pBBB >= pBi ∗ pBj ∗ pBk 
< pAAB >= pAi ∗ pAj ∗ pBk 
< pBBA >= pBi ∗ pBj ∗ pAk 
Substituting the values of pair probabilities from 
equations (3) to (8), triangular cluster probabilities 
are achieved. Cluster probabilities pABA, pAAB, 
pBAA, pBBA, pBAB, pABB, pBBB are calculated 
and observed as pABA==pAAB==pBAA, 
pBBA==pBAB==pABB.  Hence the total number of 
probabilities including point, pair and triangle are 
9.Point probabilities=2, Pair probabilities=3, 
Triangular probabilities=4 
 
D. Calculation of Configurational Entropy: 
This can be obtained by using CVM through 
appropriate combinations of the Boltzmann entropy 
summations of cluster probabilities which are priory 
calculated. To calculate the total entropy, we need to 
calculate the point entropy, pair entropy as well as 
Triangular cluster entropy. 
 
Sp=X1 Log[X1]+X2 Log[X2]   
  
Since equation (1) also can be written as X1+X2=1 
Where X1 is the mole fraction of component A and 
X2 is the mole fraction of the component B. The total 
composition is always equal to 1. 
Therefore X1=(1-X2) 
 
Hence, Entropy of the point sub cluster(Sp) is given 
as, 
Sp = −R[(1− X2)Log[1− X2] + X2Log[X2]]    
           

(9) 
Entropy of the pair sub-cluster(Spr) can be written as, 
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    Spr = pAA Log[pAA] + pBB Log[pBB] +
2 pAB Log[pAB]      

         (10) 
Entropy of the triangular cluster (St) can be written 
as, 

St = pAAA Log[pAAA] + pBBB Log[pBBB] +
3 pAAB Log[pAAB] + 3 pBBA Log[pBBA]     

     (11) 
Total Entropy(S) is given by 
 S = St− Spr + Sp      
         

(12) 
As the Point correlation functions are same, σi = σj= 
σk=σi. Similarly, As the pair correlation functions are 
same, σiσj= σjσk= σkσi= σiσj. The equation of 
entropy(S) achieved is a function of σi, σi σj, σi σj 
σk. Thus, we have 2 independent correlation 
functions which describe the microscopic state of the 
system. 
From equation (4), we get, 
σi =  X2(tB − tA) + tA   (13) 

Entropy of an Orthogonal alloy (So) i.e., tA=-1,tB=1 
in equation (12) gives, 
So =  R(−2(−1 + k1)Log[1− k1] + (3 + k1−
4X2)Log[3 + k1− 4X2] + k1Log[−1 + k1 +
4X2] + 4X2Log[−1 + k1 + 4X2] − Log[256(−1 +
k1 + 4X2)])− R((4 + 3k1 − k2−

6X2)Log[ (4 + 3k1− k2 − 6X2)] − 3(−2 + k1−
k2 + 2X2)Log[ (2− k1 + k2− 2X2)] − 3(k1 +
k2− 2X2)Log[ (−k1− k2 + 2X2)] + (−2 +
3k1 + k2 + 6X2)Log[ (−2 + 3k1 + k2 + 6X2)])−
R[−(−1 + X2)Log[1− X2] + X2Log[X2]]         (14) 
Where,k1=σi σj,k2=σi σj σk is taken for the sake of 
simplicity and decrease the ambiguity of equation. 
E.Internal Energy of the System: 
U = e1 ∗m1 ∗ ξ1 + e2 ∗m2 ∗ ξ2 + e3 ∗ m3 ∗ ξ3     

      (15) 
Where m1=1,m2=3,m3=2 are the multiplicities e1,e2 
and e3 are the energy parameters and ξ1 of ξ2,ξ3 are 
the structural parameters of point, pair and triangular 
clusters respectively. 
ξ1 = σi(known from equation 13),  
ξ2 = k1, ξ3 = k2 
Substituting the values in equation (15) for the 
Orthogonal basis, the total Internal energy(Ut) of the 
system gives; 
 

Ut =  3e2k1 + 2e3k2 + e1(−1 + 2X2) (16) 
Internal energy of pure A: 
Pure A refers to the correlation function, pAA==1 
i.e., pBB==0, which gives k1=1 and k2=-1 at tA=-1 
and tB=1.So, the Internal energy of Pure A(Ua) from 
equation(15) is achieved as: 

Ua = −e1 + 3e2 − 2e3   (17) 
Internal Energy of pure B: 
Pure B refers to the probability Cluster pBB==1 i.e., 
pAA==0, which gives k1=1 and k2=1 at tA=-1 and 

tB=1.So, the Internal energy of Pure B(Ub) from 
equation(15) is achieved as: 

Ub =  e1 + 3e2 + 2e3   (18) 
 
Internal Energy mixing of A and B is given as; 
 
Um = Ut− [Ua ∗ (1− X2)− Ub ∗ X2] 
 
Substituting the values form equations 17 and 18, we 
get; 

Um = 3e2(−1 + k1) + 2e3(1 + k2− 2X2) (19) 
 
F. Gibbs free energy: 
 
G=U-TS 
Substituting Um from equation (19) and So from 
equation (14), we get G as, 
 
G =  3e2(−1 + k1) + 2e3(1 + k2− 2X2) −
T( R(−2(−1 + k1)Log[1− k1] + (3 + k1−
4X2)Log[3 + k1− 4X2] + k1Log[−1 + k1 +
4X2] + 4X2Log[−1 + k1 + 4X2] − Log[256(−1 +
k1 + 4X2)])− R((4 + 3k1 − k2−
6X2)Log[ (4 + 3k1− k2 − 6X2)] − 3(−2 + k1−
k2 + 2X2)Log[ (2− k1 + k2− 2X2)] − 3(k1 +
k2− 2X2)Log[ (−k1− k2 + 2X2)] + (−2 +
3k1 + k2 + 6X2)Log[ (−2 + 3k1 + k2 + 6X2)])−
R[−(−1 + X2)Log[1− X2] + X2Log[X2]])  
      

          (20) 
III. ESTIMATION OF STRUCTURAL 
PARAMETERS: 
 
Newton-Raphson’s method has been widely applied 
to minimize the Free energy. In order to minimize the 
free energy of the CVM by using this method, it is 
necessary to convert the cluster probabilities to 
correlation functions which form a set of independent 
variables, followed by the calculations of the first and 
second order derivatives of the free energy with 
respect to correlation functions. Since CVM free 
energy is a multivalued function of correlation 
functions the second order derivatives are represented 
by a matrix, while matrix inversion required by the 
Newton Raphson’s method is not trivial.  
It requires to know the constraints between which the 
the independent variables i.e.,  σiσj which is assumed 
as k1 and  σiσjσk which is assumed as k2 lies 
between and also the guess values. 
 
For the system to be in equilibrium, G’k1 must be 
equal to zero and also G’k2 must be equal to zero. But 
for the chosen initial values of k1 and k2, the above 
non linear equations will not be satisfied, hence the 
corrections on k1 and k2 are to be found using 
Newton Raphson’s method. 
Therefore, 
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Matrix M1={{G’’k1 ,G”k1,k2},{G”k2,k1,G”k2}} 
Matrix M2={G’k1,G’k2}, 
Matrix M3={δk1,δk2} 
Where,δk1= Change of value of k1 from initial guess 
value. 
δk2= Change of value of k2 from initial guess value. 
Framing the matrices in the equation format, we get  
     M1. M3 = M2     
Solving for matrix M3,   

M3 = M2 ∗ Inverse[M1]    (21) 
Since k1,k2 represent probabilities, and as the 
probabilities lies between 0 and 1, the initial guess 
values of k1 and k2 are chosen as k1=0.3 and 
k2=0.35, which lie between the constraints.. 
Parameters corresponding to a pair and triangular sub 
clusters are taken from the literature, (research work 
carried out by present co-author) [6] as e2=-
245.998J/mol,e3=49.6889J/mol at concentration 
X2=0.384 at temperature 312.543K for the present 
estimation. The value of G with the above estimated 
and guesses values is found as a numerical value. 
Newton Raphson’s method is applied to the Equation 
21 to find the change in the value of k1,k2 i.e., Matrix 
M3. Thereby, the new values of the parameters are 
used to find the value of G, say Gnew. The method is 
applied until the difference between the G and Gnew 
very small. 
G-Gnew<=10^-4. 
 
At this optimization point the values of k1 and k2 are 
considered to be the estimated Structural variables. 
Mathematica software is used for the computation of 
the Cluster probabilities, Free energy Formulations as 
well as execution of the iterations for optimization 
and found out that at 6th iteration, 
G − Gnew =  0.00036255 
The structural parameters were calculated at this 
point as k1= 0.226145 and k2=0. 
While computation, In the program it was observed 
that the value of k2 in the 3rd iteration was -0.12, 
which is out of constraints, i.e., k2 value is not lying 
within 0 and 1. So as to keep the structural variables 
within the limit, if(k1,k2<0, then k1,k2=0, If 
k1,k2>1, then k1,k2=1) conditions are given. Thus at 
this point, k2 is made 0.The computation can be 
carried out further to minimize Free energy to still 
more smaller value. 
 
IV. RESULTS AND DISCUSSION: 
 
As a model alloy, triangular cluster is considered and 
the complete procedures for evaluating the cluster 
probabilities are given. Using the Cluster variation 
method, Configurational Entropy for orthogonal basis 
is established using correlation functions. Internal 
energy of mixing is formulated involving structural 
and energy parameters thereby developing Gibbs Free 
energy formulations of the system which is expressed 

as a function of the model energy parameters, the 
macroscopic variables(composition X2 and 
Temperature T) and the microscopic internal 
variables(correlation functions) which is given in 
equation (20). At the minimum free energy ,as the 
system is considered to be at equilibrium, obtained 
non linear “G” expression, is optimized to a 
minimum value i.e., to an equilibrium condition using 
Newton Raphson’s Method. Taking the initial guess 
values as k1=0.3 and k2=0.35, the corrections over 
k1(δk1)and k2 (δk2) at every iteration are 
incorporated, thereby estimating the structural 
parameters as k1= 0.226145 and k2=0 where the 
equilibrium condition is satisfied. Using Mathematica 
Software, programming is done for developing the 
Gibbs Free energy Formulations as well as for the 
optimization problems, cutting off the errors involved 
in calculations giving the accurate formulations and 
values.Thus, for higher order basic clusters, the 
similar procedures can be carried out for the 
formulations of free energies as well as for estimation 
of parameters.  
 
V. FUTURE SCOPE: 
 
The investigation is a part of the present Research 
work being carried out on for the Development of 
procedures for computation of titanium-vanadium 
binary alloy phase diagram using cluster variation 
method which is being funded by AR & DB (DRDO). 
The present work is the initial phase of investigation 
being carried out on a smaller cluster, so as to have a 
complete clarity about the exact procedures to be 
carried out before considering higher order clusters to 
reduce the ambiguity in calculations.  
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