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Abstract - Exhaust sound is one of the most important part in car. It also represents the car performance. The sound quality 

is very important for the exhaust sound. Exhaust sound from a car cannot be changed after manufacture. Therefore this study 

investigates the performance of active sound design for modulating the origina l exhaust sound to the desired exhaust sound. 

The basic principle of this is to make use of one or two microphones to acquire the original exhaust sound. Then the exhaust 

sound is fed into the controller which calculates the optimal signal for the input to the secondary source. The secondary 
source produces the optimal sound to modulate the original exhaust sound to the desired exhaust sound. The results showed 

that the exhaust sound of VW Lupo could be modulated to that of Audi A1.  
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I. INTRODUCTION 

 

The sound produced by an internal combustion 

engine is important to the customer perception of the 

vehicle’s quality and performance [1]. Sound is an 

important characteristic in the perception of a car [2]. 

Exhaust sound design is the process of modulating 

the exhaust sound into another exhaust sound 

involving the superposition of the original sound and 

the optimal sound to produce the desired sound [3]. 

The exhaust sound from internal combustion engines 

varied with  the increase in  the engine rpm. This is 

heard during vehicle acceleration [4, 5].  Therefore the 

exhaust noise can be produced [6, 7]. 

 

A certificated standard of evaluations for exhaust 

sound qualities showed the relationship between the 

sound qualities and sound characteristics [8]. In the 

past, active exhaust mufflers have been installed on 

several vehicles. In all cases, a substantial reduction 

of the exhaust noise was achieved. Moreover, 

silencing and the shaping of different types of sound 

in these vehicles were implemented. Hence, a variety 

of sounds are available for these vehicles. Unlike 

conventional passive exhaust systems, the active 

silencer can be specifically adapted to the vehicle; to 

the driving situation; or from a request of the driver. 

The sound wave is generated 180° out of phase with 

the same amplitude on exhaust mufflers for internal 

combustion engines. The feasibility of such electronic 

mufflers has been investigated under idealized  

conditions in the laboratory [9]. 

 

The frequency content of the exhaust sound is 

dominated by a pulse of firing frequency, and it  has a 

broadband component to its spectrum which extends 

at higher frequency. The exhaust sound quality of the 

vehicle is one of the most important features to be an 

attractive product, along with the exterior design and 

the dynamic performances. Various attempts have 

been conducted to realize attractive exhaust sound. 

As an example of studies on the relationship between 

the sound quality and the vehicle exhaust sound 

waveform, there was a study by Kruger et al [9]. In  

which they clarified the criteria of evaluations on 

exhaust sound qualities and showed the 

correspondences to the physical characteristics of the 

exhaust sounds. Meanwhile Maeda used a sound 

synthesizer of exhaust sounds with a large freedom to 

define a target sound quality of exhaust in an early  

stage of the design [3]. The exhaust sound also 

represents the vehicle’s power, therefore the quality 

of the exhaust sound is very important in  the 

customer’s perception of the vehicles performance. 

Design of exhaust sound wave systems makes it 

possible to take various driv ing conditions  into 

account to provide sound feedback for d rivers and 

pedestrians.  

 

In this paper an active exhaus t system is designed to 

modulate the o rig inal exhaust sound into the desired 

exhaust sound. For example  the exhaust sound from a 

domestic car could be changed into that from 

Porsche. The principle was originally used to reduce 

exhaust noise, and later extended to car exhaust 

sound superposition to produce a new exhaust sound. 

The exhaust sound signature can feel like a powerful 

engine or a sports car. The active exhaust system is 

essential to hybrid and electric vehicles. 

 

II. THEORY OF DES IGNING EXHAUS T 

SOUND  

 

The principle  of the active exhaust system is to use 

the superposition of two sound waves. A microphone 

is first used to acquire the exhaust sound. The 

acquired exhaust sound is then fed into a controller 

for calculat ion. The controller calculates the optimal 

signal for the secondary sources. The secondary 

source produces the optimal sound to be 

superimposed with the original exhaust sound 

generating another new exhaust sound. Figure 1 

shows the configuration of the active exhaust system, 

and Figure 2 shows the block diagram of the active 

exhaust system. In  this work the optimization method 

is used to calculate the optimal sound. In general the 
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optimization problem can  be defined as follows [10, 

11]: 

 

 
Subject to ci(x) = 0  i = 1, . . ., me  

ci(x) 0  i = me+1, . . ., m,                              (1) (2) 

 

where f (x) is a  nonlinear real scalar function of the 

optimization parameter vector x = [x1 , . . . , xn]
T
, and 

ci(x) are nonlinear scalar constraint functions, which 

can be written in a vector form as c(x) = [c1(x), . . . , 

cm(x)]
T
. ci (x), i = 1, . . ., me  are referred to as equality 

constraints [10, 11]. The optimal solution for the 

problem defined in Equation (1) must satisfy a set of 

equations, known as the Kuhn-Tucker equations [11]. 

The Kuhn-Tucker equations thus form a necessary 

condition for the optimality of a solution. Moreover, 

when the optimization problem is convex, so that 

both the objective function f and the constraints ci 

shown in Equation (1) are convex, the Kuhn-Tucker 

equations are also necessary to achieve sufficient 

conditions for the global min imum point.  

The Kuhn-Tucker equations can be written in terms 

of the Lagrangian function as follows: 

 

 (3) 

ci(x
*
) = 0, i = 1, . . ., me  (4) 

ci(x
*
) 0, i = me+1, . . ., m (5) 

, . . .,m  (6) 

, i = me+1, . . .,                                 (2) (7) 

 

Where L is the first derivative of the Lagrangian 

function, and L(x, λ) is the Lagrangian function 

which can be defined as L(x, λ) = f(x) + c(x), 

where =[ , . . . , ]. The condition for a minimum 

point becomes L( , ) = 0, where are the 

Lagrange mult ipliers associated with .  and  at 

the solution point are denoted by and  

respectively. These conditions do not hold if some 

regulatory assumptions (also called constraints 

qualifications) are not met [11], although this happens 

only in ext reme cases.  

 

Equation (2) is related to the fact that inactive 

constraints at the solution point have corresponding 

Lagrange multip liers of zero, which means that they 

do not affect the solution. Indeed, inactive constraints 

have no effect on the solution point if they are 

removed. Equation (2) states that all the Lagrange 

multip liers of the inequality constraints are non-

negative, i.e. they are zero for the inactive inequality 

constraints and positive for the active inequality 

constraints. A more detailed description of the Kuhn-

Tucker conditions can be found in prev ious studies 

[10, 11]. 

 

In this work, the optimization problem is solved using 

the Sequential Quadratic Programming (SQP) 

method. The nonlinear programming problem defined 

in Equation (2) can be solved iteratively  by 

calculating the solution to a quadratic sub-problem in  

each iteration. The solution to the Quadratic 

Programming (QP) sub-problem gives the search 

direction for the next iteration. According to the 

Lagrangian function and the Kuhn-Tucker condition, 

as in Equation (1), the solution point is a stationary 

point of the Lagrangian function. This condition is 

written in a matrix form as follows [10]: 

 

L( )=0                                               (3) 

where the operator  is denote to be gradient with 

respect to both x and λ, i.e.  

= [ ]
T
.                                                          (4) 

For a given point (xk, λk), a quadratic function can be 

used to approximate the Lagrangian function. An 

approximation to ( , ) can be found by 

minimizing the approximated quadratic function. A 

truncated Taylor series expansion is used to 

approximate Equation (4), for the point (xk+δx, λk+δλ) 

around the point (xk, λk), the following equation can 

be made: 

 

L(xk+δx, λk+δλ)   L(xk, λk)+
2
 L(xk, 

λk)[δxδλ]
T
                                                        (5) 

 

where 
2
 is the Hessian matrix with respect to both x 

and λ. It is required that the point (xk+δx, λk+δλ) will 

approximate (x
*
, λ

*
), and  the left-hand side of 

Equation (5) is set to zero, which, according to the 

Kuhn-Tuker conditions, will occur at the solution 

point. Evaluating the right-hand side of Equation (5), 

after some manipulation [11], and setting 

 

                            (6) 

 

yields the results in the following equation, where 

only gradients with respect to x are included (for 

notational convenience, the condition of =  is 

required): 

 

2
L(xk, λk)dk+ c(xk)

T
λk+1 + f(xk ) = 0                             

c(xk)
T
 dk+1 + c(xk ) = 0                                 (7) 

 

The quadratic function and linear constraints (i.e. a  

QP prob lem) are now defined in the following way: 
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Subject to          (8) (12) 

This means that the solution to the QP problem in  

Equation (8), which  produces  and the 

corresponding Lagrange multip liers , gives an 

approximation of the solution point of the original 

nonlinear programming problem, i.e. * + , 

and λ*= , where the approximat ion arises from 

the quadratic approximation of the Lagrangian 

function. Therefore, the quadratic sub-problem in  

Equation (8) can  be used in  an iterative p rocedure, 

where in each iteration the solution to the sub-

problem gives a search direction  for the solution 

of the nonlinear problem, and an update of the 

Lagrange mult ipliers. For the following sub-problem, 

Equation (8) can be generalized to include inequality 

constraints [11], 

 

The main  objective of the optimization method 

proposed in this study is to modulate the original 

exhaust sound to the desired exhaust sound. The 

formulat ion of the optimization approach proposed in 

the work fo r modulating the exhaust sound can be 

expressed as: 

 

Minimize     

Subject to   



 )(

s
d

p
d

d
d

                            (9) 

Where   is a  real number and  is the desired  

sound,  is the primary  sound and  is the 

secondary sound. After  and  are superimposed, 

the error e as shown in Figure (2) is min imized. In  

Figure 2 the loudspeaker is placed in the exhaust 

pipe. The loudspeaker introduces additional sound 

inside the exhaust pipe. The loudspeaker’s driv ing 

signal is calculated in the controller and passes 

through an amplifier.  

 

 
Figure 1: Design of exhaust sound wave. 

 

 
Figure 2: The block diagram of the active exhaust system. 

III. S IMULATION RES ULTS  

 

In this section some preliminary results have been 

done to verify the performance of the active exhaust 

system proposed in this study. Figure 3 shows the 

original exhaust sound of VW LUPO 1.4. During 

1000-4000 rpm, most of the higher decibe exhaust 

sound distributes in the frequency range between 

1800-3000 Hz. Figure 4 shows the desired exhaust 

sound spectrum of AUDI A1 1.4. During 1000-4000 

rpm, most of the higher decibel exhaust sound 

distributes in the frequency range between 1800-

8000Hz. 

 

Figure 5 shows the frequency spectrum for the 

superposition of the original exhaust sound (VW  

LUPO 1.4) and the secondary sound. The modulated 

VW  LUPO exhaust sound was expected to be the 

same as the AUDI A1 exhaust sound. However there 

were some differences between them. Figure 6 shows 

the error, i.e. the difference between the modulated 

VW LUPO exhaust sound and the AUDI A1 exhaust 

sound. From Figure 6 it can be seen that the error 

between the modulated VW LUPO exhaust sound 

and the AUDI A1 exhaust sound is below 6dB. 

Therefore the active exhaust system proposed in the 

study works well. 

 
Figure 3: The frequency spectrum for VW LUPO 1.4 exhaust 

sound during 1000-4000 rpm. 
 

 
Figure 4: The frequency spectrum for AUDI A1 1.4 exhaust 

sound during 1000-4000 rpm. 
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Figure 5: The frequency spectrum for the  superposition of the  
original   VW LUPO 1.4 exhaust sound and secondary sound. 

 

 
Figure 6: The frequency spectrum for error sound. 

  

IV. CONCLUS ION 

 

This study investigated the performance of the active 

exhaust system for modulating exhaust sound. An 

active exhaust system has been fully designed. 

Modulating the sound at the tailpipe remains one of 

the most attractive features of the sound design 

system. The results showed that the difference 

between the modulated VW Lupo exhaust sound and 

the Audi A1 was below 6dB. In other words, the 

active exhaust system proposed in the work could  

modulate the exhaust sound from VW  Lupo to that 

from Audi A1. Therefore the active exhaust system is 

effective fo r modulating the exhaust sound.  
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