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Abstract - In this paper, the effects of the specific value of the domain radius and the integration cell  distributions on the 
convergence behaviour of the element free Galerkin meshless method are numerically investigated. In the numerical 

analyses, moving least squares approximation was utilized to construct the mesh free shape functions. Gauss quadrature was 
chosen as the integration scheme. The back cell integration domains were built for both the bounding box and manual 
definition methods. To satisfy the Kronecker delta property, the shape functions were modified. The numerical results are 
compared with the existing analytical and numerical data. 
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I. INTRODUCTION 

 

In mathematical modelling of a physical 

phenomenon, in nature, it is a common practice to 

utilize, differential or integral equations relating 

various quantities of interest. This is due to the fact 

that there exist several numerical methods to solve 
these equations. Among these, the finite difference 

method (FDM), the finite element method (FEM) and 

the boundary element method (BEM) are the 

frequently used for the numerical analysis of the 

mathematical model.  In the first two methods, a set 

of discrete nodes is defined in the solution domain. 

These nodes are connected to form a grid or element 

structure at the beginning of the solution phase to 

satisfy connectivity condition in solution domain. 

Mesh free methods, however, use only nodes in the 

solution of partial differential equations and do not 

need any element structure to achieve the 
connectivity. Therefore, in contrast to the 

conventional numerical methods such as the finite 

difference and finite element methods, this method 

eases the mesh generation part of the solution process 

since no element is required in the entire model. 

Hence, this methods require no skilled person to build 

a mesh structure.  

 

In this study the Element Free Galerkin Method 

(EFGM) is utilized. The EFGM is originally a   

modified version of the Diffuse Element Method 
(DEM) developed by Nayroles et al. [1]. In the 

Diffuse Element Method, an approximation is 

achieved by replacing the FEM interpolation with a 

local weighted least squares approximation which is 

valid within a small neighborhood of the independent 

variable. However, the DEM suffers a drawback in 

calculating the derivatives of the local 

approximations. Here, the local polynomial basis is 

chosen as differentiable and all other approximations 

are constants. In EFGM all these terms are considered 

as differentiable and hence the derivatives can be 

calculated properly. In addition, the essential 

boundary conditions are applied very easily for the 

solution at the nodal points. [1, 2]. 

 

The EFG Method was originally developed by 

Belytschko et al [3]. This method is considered as 
meshless since it uses only the nodes in the 

approximation. However, the EFG Method requires a 

back cell structure for the numerical integrations. The 

back cell structure is also used for several other 

purposes; namely at first it helps to identify the local 

neighbor nodes contributing to the quality of 

approximation and it also provides a structure to 

evaluate the integrals with a numerical integration 

scheme such as Gauss quadrature [4-6]. The cell 

structures for numerical integration can either be 

defined manually by selecting a desired number of 

integration cells in the solution domain or by 
utilizing, so called, the Bounding Box Method 

developed by Belytschko et al [4]. The Bounding Box 

Method is an automatic method to define the cell 

structure utilized in predicting the intersection of the 

support domains of the shape functions defined in the 

solution domain [4]. Defining the back cell structure 

manually for numerical integration eases the 

construction process of the integration cells. 

However, insufficiency in the selection of the 

integration cells may result in poor approximations. 

On the other hand, employment of a very large 
number of nodes, i.e. dense back cells, in the solution 

domain may cause unnecessarily increases in the 

solution time. Therefore, a qualified person is 

required to decide on the sufficiency of the 

integration cell distribution and density of it. In the 

bounding box method, however, the selection of the 

desired number of cells and their locations are an 

automatic process. Thus, it reduces the need of a 

qualified person in the process of the construction of 

the cell structure.  In this method, all the nodes are 
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utilized to define intersections of the shape functions 

and every intersection of the shape functions will 
construct the boundary of the back cell structure. The 

larger the number of shape functions the more 

complex the cell structure definition becomes. Even 

with a predefined shape function domain radius, the 

automatic definition in the bounding box method 

requires a search process to find possible 

intersections and to create the integration cells, since 

the total number of cells cannot be predicted at the 

beginning of the integration phase. In addition, in 

meshless methods shape functions are all created 

during the approximation phase of the partial 

differential equations. This means a predefined shape 
function is not present as the moving nature of the 

Moving Least Squares (MLS) approximation which 

was utilized in the construction of the meshless shape 

functions. One another issue in using moving least 

squares approximation in EFG Method is that the 

shape functions do not possess the Kronecker delta 

property. This means that applying the boundary 

conditions in the meshless methods an alternative 

approaches such as the Lagrange multipliers, the 

Singular Value Decomposition or the Penalty Method 

must be employed. In this study an alternative 
approach developed by Atluri et al [7] is utilized for 

applying the boundary conditions as it is in the finite 

element method where the shape functions possess 

the Kronecker delta property. In this approach the 

meshless shape functions are all transformed from 

satisfying actual nodal values to satisfying fictitious 

nodal values so that they all possess the Kronecker 

delta property.  

 

The shape functions in meshless methods are nonzero 

in the support domain defined by the effective 

support domain radius and they are zero in the rest of 
the solution domain. The effectiveness of the shape 

functions in mesh free methods becomes apparent 

during the inversion of the Moment matrix. The 

inverse of the moment matrix is achieved by well 

posed shape functions which requires at least m+1 

shape functions that have a nonzero value on a node 

in the solution domain for a mth order approximation 

[2, 8]. This fact controls the effective support domain 

radius value for the shape functions constructed with 

the MLS. 

 
To create a fully automated solution procedure for a 

mesh free method, prediction of the effective support 

domain coefficient for the MLS shape functions 

constructed by utilizing spline type weight functions 

is an important issue. Therefore, decision making in 

the numerical simulation phase of the analysis is a 

complex and a knowledge based procedure. If any 

person, without sufficient skill and knowledge for 

fulfilling the necessary information for an accurate 

and well approximated numerical simulation may 

make wrong or not realistic decisions and 

assumptions.  As a consequence of this the erroneous 

results may occur which may cause irreversible 

failures. In such a situation possible mistakes can be 
avoided by automating the numerical simulation 

process and thus in this stage of the analysis the need 

for an experienced and qualified person is eliminated.  

 

In this study the effects of a value the coefficient for 

effective support domain radius on the numerical 

solutions obtained by the EFG method is studied.  For 

this purpose the EFG Method is applied to predict the 

numerical solutions of two transient heat transfer 

problems and a membrane vibration problem. In the 

solutions of all these problems the MLS shape 

functions possessing C0 continuity is employed.  The 
numerical results are compared with the analytical 

solutions and the numerical predictions obtained by 

the means of other numerical methods such as the 

FEM. 

 

II. DETAILS OF NUMERICAL 

EXPERIMENTATION 

 

2.1. Element Free Galerkin Method 

The Element Free Galerkin Method (EFGM) is an 

alternative meshless approach to the finite element 
method in the numerical solution of the engineering 

problems represented by differential equations. The 

residual form of a differential equation is weighted 

with the shape functions which are utilized for the 

approximation of the field variables. 

Discretization of the differential equation with the 

EFGM follows the same procedure as it is in  

FEM.  Hence, a step by step EFGM discretization 

will be used to solve the 1-D boundary value 

problems represented by Eq.1. 

 

−
d

dx
 α x 

du  x 

dx
 + β x u x = f(x)(1) 

 

Here, α(x) and β(x) are material constants and differ 

for the physical problem that a differential equation 

refers to.  

 

Discretization procedure of the differential equation 

is the same as it is in the FEM. The only difference is 

in the shape functions. Here the weighting functions 

which employed in weighting the residual equation 

are all defined with the moving least squares 
approximation.To produce interpolations for 

numerical solution algorithms such as meshless 

methods, the moving least squares method is an 

alternative approach to least squares approximation 

with varying weighting function in the support 

domain of the interpolant. Moving the least squares 

approach defined in Fig. 1, is a weighted least squares 

norm between the actual nodal values and 

approximation uh(x) in the solution domain. Then a 

minimization process is performed over the 

undetermined coefficients in the moving weighted 

least squares norm [8]. 
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Fig.1. Moving Least Squares Approximation [7] 

 

The moving least square approximation to u over 

domain, uh(x) is; 
 

uh x =  pi(x)ai(x)m
i   (2) 

 

In Eq.2m, pi(x) and a(x) denote number of nodes to 

be defined in the solution domain, linearly 
independent basis functions and undetermined 

coefficients of the approximation, respectively [8, 9]. 

Applying this minimization procedure results in a set 

of equations expressed in a compact form in Eq. 3 

 

A x a x = B x {u}  (3) 

 

where, A(x) is the weighted moment matrix of the 

approximation; Here A(x) and B(x) are given as 

 

A x = PT(x)λ(x)P(x) 

B x = PT(x)λ(x)  (4) 
 

where𝜆(x) is the weighting function utilized in the 
moving least squares approach.In this study spline 

type weighting functions of the fourth order are 

employed. The spline type weighting function of the 

fourth order is defined in Eq. 5.  

 

λ s = 1 − 6s2 + 8s3 − 3s4 if s≤1   
    

λ s = 0 s>1  (5) 

 

The basis functions are given as  

 

P x = [1 x ] 
P x = [1 x x2]   (6) 

 
In Eq. 6 represents linear and quadratic basis 

functions. In Eq. 7 meshless shape functions 

generated with the moving least squares approach are 

defined. Actual nodal values in Eq. 7 are ui and 𝜙i the 

meshless shape functions.  

 

uh x =  ϕiui = PT x A−1(x)B(x)ui
m
i  (7) 

ϕi x =  PT x A−1 x B(x)m
i  (8) 

 

The meshless shape functions defined in Eq. 8 do not 

possess Kronecker delta property. In order to apply 
the boundary conditions as it is in traditional 

methods, a transformation of the shape functions 

ought to be carried out. Atluri et al [7] proposed such 

a method to transform the shape functions so that the 

shape functions satisfy the Kronecker Delta property. 

The transformation of the shape functions illustrated 

in Fig. 2 [7]. 

 

 
Fig.2 Transformation of the moving least squares shape 

functions 

 

In this approach, the moving least squares shape 
functions are represented in terms of fictitious nodal 

values uyi rather than the local approximation values 

uh(x). Thisprocessresults in a properly defined 

transformation matrix with appropriate coefficients so 

that new shape functions which satisfy the Kronecker 

delta property are obtained. The transformation from 

the local approximation values to the fictitious nodal 

values are is given in Eq. 9. 

 

uh x =  ϕiuyi
m
i=1   (9) 

 

Reinterpreting the new approximation values in Eq. 9 

as local values at a certain node j then the 

transformation can easily be implemented as 

 

uj =  ϕi(xj)uyi
m
i=1   (10) 

 

The fictitious nodal values can be identified in terms 

of the approximation values given in Eq. 11. 

uyi = Tij uj     

Tij =  ϕj xi  
−1

   (11) 

 

The transformation matrix can now be defined in 

terms of the approximation values and the fictitious 

nodal values. Substituting the transformed fictitious 

nodal values predicted in Eq. 11 into Eq. 9 a new 

approximation and transformed moving least squares 
shape functions can be interpreted clearly. 

 

uh x =  ϕi(x) ϕj xi  
−1

uj
m
i=1  (12) 

 

This transformation method was applied to one 

dimensional moving least squares shape functions in 
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domain size of [0,1] with 7 shape functions having 

0.5 support domain radius.  

 

III. RESULTS AND DISCUSSION 

 

The Element Free Galerkin Method is applied for 

generating the numerical solutions of the problems of 

the transient heat transfer and a transverse vibration 

of membrane. 

The solution domain and the boundary conditions of 

the heat transfer problem considered is shown in Fig. 

3 [10]. In the solution, the effects of the specified 

shape function in solution domain, effects of 

numerical integration and coefficient of support 
domain of the shape functions are investigated.  

 
Fig. 3. The heat transfer problem; the domain and boundary 

conditions 

 

The partial differential equation for the problem is 

given by Eq. 13. 

 
∂T

∂t
=

1

π2 (
∂2T

∂x2 +
∂2T

∂y2)  (13) 

 

The analytical solution to this problem is given by 

Eq. 14 and illustrated in Fig. 4 at t=2 seconds [10]. 

 

T x, y, t =
1280

π
(  

sin (2k+1)πxsin (2l+1)πy

(2l+1)(2k+1)

∞
l=0

∞
k=0 e−λ

2(2l+1)(2k+1))

  (14) 

 
Fig. 4. The analytical solution of the heat transfer problem at 

t=2 s. 

 

The Element Free Galerkin approximation to this 

problem are investigated for 7x5 and 11x7 node 
definitions in x and y axes, respectively. The support 

domain width is chosen to be 2.35 times the space 

between two adjacent nodes where a uniform nodal 

distribution is defined in the solution. Unless 

otherwise stated the support domain coefficient for 

the moving least squares shape functions will be 2.35 

throughout this analysis. Initial condition for the heat 

transfer problem T(x,y,0)=800C was chosen.. 

Temperature distributions of the EFG approximations 

for 7x5 and 11x7 node definitions are shown in Figs. 

5 and 6, respectively.  

 
Fig. 5. Element free Galerkin solution of the temperature 

distribution with a 7x5 node resolution 

 

 
Fig. 6. Element free Galerkin solution of the temperature 

distribution with a 11x7 node resolution 

 
Comparison of the centerline temperature 

distributions corresponding to the analytical solution 

and the EFG solutions with 7x5 and 11x7 node 

resolutions are illustrated in Fig. 7.   

 

 
Fig. 7. Comparison of the centerline temperature distributions 
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As it is seen, increasing the number of nodes in the 
solution domain results in a more accurate 

approximation. This is an expected result from a 

numerical analysis approach as it is the case in the 

finite element method. For this problem, the effect of 

increasing the number of nodes employed in solution 

domain on the convergence behavior is investigated 

by carrying out a number of EFG meshless 

approximations to the illustrative problem. The 

results are compared with the analytical prediction 

and illustrated in Fig. 8. 

 
Fig. 8. Effect of number of shape functions on the convergence 

of the EFG solutions 

 

In these simulations the bounding box method was 

employed in the evaluation of the integration cells. 

This technique, as mentioned earlier, was originally 

proposed by Belytschko et al and was used to define 
the integration cells by utilizing support domain 

radius for each node in the solution domain. The 

support domain of the moving least square shape 

functions can be defined as the domain of the shape 

functions with nonzero values.  One of the 

advantages of the bounding box method is that, no 

experience is needed to decide on the required 

number of integration cells for generating a 

sufficiently accurate approximation. Its only 

disadvantage is that to generate an optimal number of 

integration cells is not possible. Despite of this 
deficiency the bounding box is a relevant approach in 

keeping the computation time as low as possible in a 

mesh free solutions since the solution time increases 

as the cell number.  An alternative method to the 

bounding box method, is defining the integration cells 

manually up to a desired number of partitions in each 

axis so that total number of integration cells are 

controlled. The convergence behavior of manual 

method in the EFG approximation is illustrated in 

Fig. 9, for 5x5 node resolution and 7 Gauss points in 

each integration cell. Here, the coefficient of support 

domain was chosen as 2.05. Determination of the 
number of integration cells required to generate a 

sufficiently accurate solution is very important issue 

in the manual method, since a mesh free 

approximation may diverge from an accurate solution 

even with increased number of integration cells 

employed in the solution domain. In the numerical 

integration with manual method desired number of 
integration cell structures can be defined. However, 

the shape functions may have values close to zero in 

some integration cell and because of this poor 

numerical integration performance may occur. Hence, 

the numerical simulation results may cause some 

divergence from the correct solution of the problem. 

 
Fig. 9. Convergence behavior of Manual Method with the 

number of integration cells. 

 

The numerical results obtained by employing both the 

bounding box and manual methods were compared in 

terms of the number of Gauss points defined within 

each integration cell as shown in Fig. 10. In these 
approximations a 9x9 node distribution defined in the 

solution domain and the same number of integration 

cells are created by using the bounding box and 

manual methods. 

 
Fig. 10. Response of bounding box and manual method to 

number of integration points 

 

The results show that models employing 3 to up to 20 

Gauss integration points the model with just 7 Gauss 

integration points resulted in avery good 

approximation capturing almost the analytical 

solution for both the bounding box and manual 

methods. The geometry of the integration domains, so 

the Jacobian of the transformation, affect the 

performance of the numerical integration. Selection 

of a very small integration domains or if larger 
number of Gauss points are defined in an integration 

domain results in poor Jacobian which affects the 

accuracy of the approximation. For the considered 

problem, several numerical solutions were generated 

for different integration cells by using both the 

bounding box and manual methods.  The aim here 

was to clarify the effects of the two choices, namely 
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the employment of the bounding box and manual 

methods, in building the integrations cell structure for 
a predetermined node distribution. In each of these 

analyses, however, the distributions were different 

while the number of cells employed was constant.  

The results are shown in Fig. 11. As it is seen, at least 

for the problem considered, the two methods give rise 

to almost the identical results. 

 
Fig. 11. Comparison of the results corresponding to the 

integration cell distributions generated by using the bounding 

box and manual methods 

 

The numerical results presented in Figs. 9 and 11 

show that the bounding box method has an advantage 

over the manual method that can even be applied in 

the initial approximation stages. As it is seen in Fig. 

9, defining approximately 20 integration cells with 
manual method, results in the best approximation to 

the physical problem considered. However, 

increasing the number of integration domains gives 

rise to poor accuracy in numerical approximations.  

 

Therefore, in the manual method, the optimum 

number of integration domains cannot be predicted 

properly unless an initial approximation is present. 

The results presented in Fig. 11 were generated by 

using both the bounding box and manual methods in 

building the integration domains.  The results 
depicted in Fig. 11, indicates that a very good 

approximation to analytical solution of the physical 

problem considered is obtained even in a large 

number of integration cell definition. In the rest of the 

paper, unless otherwise stated, the bounding box 

method was utilized in the construction of integration 

cell structures.  

 

The heat transfer problem defined in Fig. 3 was used 

to investigate the effects of the support domain radius 

for moving least squares shape functions. It is found 

that the support domain radius affects the 
performance of the EFG approximation. In order to 

predict the effect of support domain coefficient “k” 

on the performance of the EFG method, a 9x9 node 

distribution was defined in the solution domain and 

this node distribution was kept constant.  In the 

analyses, in each of the integration cells 7 Gauss 

points were defined. A comparisons of the numerical 

solutions obtained for different k values with 

analytical predictions are shown in Fig. 12. 

 

 
Fig. 12. Effect of support domain radius on EFG solution 

 

The values of support domain coefficient between 2 
and 3 resulted in accurate approximations. In these 

analyses all the shape functions with linear 

polynomial basis were utilized and the results were 

obtained by applying the moving least squares 

approach with the spline type weight functions. For 

higher values of the support domain coefficient, the 

numerical predictions considerable diverge from the 

analytical solution. Hence, as a general definition to 

predict an appropriate support domain coefficient 

value for moving least squares shape functions, k, it 

should be between 2 and 3. The support domain 

coefficient controls the span of moving least squares 
shape functions. Because of that when the shape 

functions spread up to one third of the solution 

domain, the numerical solutions becomes almost 

identical to the analytical solution. In moving least 

squares approximation at least m+1 shape functions 

should intersect in the solution domain for an mth 

order approximation. It is also important in the 

conversion of the moment matrix A(x) defined in Eq. 

4, to obtain the moving least squares shape function 

explicitly.  

To evaluate the effects of the support domain 
coefficient, k, on the EFG solution of the heat transfer 

problem, the analyses were repeated for four different 

k values. The results are summarised in Table 1. 

Here, the relative error is defined as ((Tanalytical-

Tnumerical)/Tanalytical). 

 
Table 1.  The EFG approximations with different support 

domain coefficients 
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In this Table, ri_x and ri_y are the support domain 

radii for x and y axes, respectively. Investigation of 
heat transfer problem was extended to include both a 

natural (or specified heat flux) and an essential 

(specified temperature) boundary conditions defined 

on the same solution domain. This new problem 

definition is shown in Fig. 13 [11]. 

 
Fig. 13. Heat transfer problem with natural and essential 

boundary conditions and the FEM mesh. 

 

The partial differential equation for the present heat 

transfer is given by Eq. 15 

 
∂T

∂t
−  

∂2T

∂x2 +
∂2T

∂y2
 = 1                  (15)                                        

 

For this problem, several approximate solutions were 

generated by utilizing a 5x5 node definition in the 

solution domain with various values of the 

coefficients on the support domain. For the numerical 

integration, 7 Gauss points are employed.  In 

addition, for time integration Crank Nicholson time 

integration scheme is utilized. The comparison of the 

solutions obtained by using EFG and the FEM and 
the series solution [11] of the problem for t=1 are 

listed in Table 2. 

 

 
Table 2. Comparison of the Analytical, EFG and FEM 

solutions of the heat transfer problem. 

 

Relative error plots of EFG and FEM approximations 
in Table 2 depicted in Fig 14. 

 

 
Fig. 14. Relative Error plots of EFG and FEM approximations 

 

As it is seen, the results with the EFG method are 

compatible with the finite element and analytical 

solutions. The support domain of the meshless shape 

functions with k=1,35 where radius approaches to one 

third of the axis length, performs well for this heat 

transfer problem. 

The third problem investigated by using the EFG 

Methods is a membrane vibration problem. Here, a 
square membrane having a unit length in both x and y 

directions, is considered. The solutions were 

generated for 7x5 and 11x7 node resolutions. The 

support domain coefficient for this problem is 

considered as to be 3.05. Partial differential equation 

for this physical problem is defined in Eq. 16. In Eq. 

16, c=F/ρ, F being tension force applied on 

membrane and ρ the density of membrane material. 

 
∂2u

∂t2 = c2  
∂2u

∂x2 +
∂2u

∂y2
   (16) 

 

Considering unit tension and unit density, analytical 

solution to the membrane vibration problem is given 

by Eq. 17 [10, 12].  The initial condition for the 

transverse deflection of the membrane is considered 

as u (x, y,0) =x(x-1) y(y-1) and membrane is released 

with zero initial speed. 

 

  
64

π6 2k+1 2 2l+1 2 sin  2k + 1 πx sin((2l +∞
l=1

∞
k=1

1)πy)xcos((2k+1)2+(2l+1)t) (17) 

 

 

The analytical solution to the transverse deflection of 

the membrane problem at t=2.04 seconds is illustrated 

in Fig. 15. 
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Fig. 15. Analytical solution of the transverse deflection of the 

membrane 

 

The EFG solutions for a 11x7 node resolution are 

illustrated in Figs. 16and17. In the EFG solution 

Newmark time integration scheme is employed. 

 
Fig. 16. The EFG solution of transverse deflection of a 

membrane problem at t=2.04 s with 11x7 node resolution. 

 

 
 

Fig. 17. The comparison of analytical and the EFG solutions 

with 7x5 and 11x7 node resolutions along the centerline (y=0.5) 

of transverse deflections for the membrane 

 

As it is seen, for this problem the support domain 

coefficient of 3.05 resulted in a very satisfactory 
prediction of the transverse deflection of membrane. 

 

IV. CONCLUSION 

 

In the first part of this study, an approximation based 

upon the EFG meshless method and moving least 

squares interpolants were briefly reviewed. Then, in 

order to satisfy the Kronecker delta property, moving 

least squares (MLS) interpolants were modified. This 
transformation eases the enforcement of the essential 

(Dirichlet) boundary conditions as in the case they 

applied in FEM analyses. This makes meshless 

methods a strong alternative to FEM. Using the same 

numerical procedure with FEM, the meshless 

methods can easily be embedded in commercially 

available FEM software by making a number of small 

changes in the shape function construction.  

The numerical integration procedure was described 

with the bounding box and the manual methods to 

define numerical integration cells (domains). The 

efficiencies of the both methods were investigated by 
considering a 2D heat transfer problem and the results 

were compared with the analytical solutions. The 

results indicate that the bounding box method with 

the spline type weight functions is more reliable than 

manually defining the integration domains. In 

addition, in the bounding box method no prior 

knowledge on the required number of integration 

cells for a well posed numerical simulation is 

necessary. This ease the necessity of the presence of a 

qualified person in the pre-processing stage of the 

numerical simulation in the meshless methods. 
The effect of the value of the support domain radius 

on MLS shape functions constructed with the spline 

type weight functions were investigated by 

considering a transient heat transfer problems, and a 

transverse deflection of membrane problem. 

In the solutions of all considered problems a support 

domain coefficient between 2 and 3 are well suited. It 

is also found that the optimum values for first order 

shape functions which were created by utilizing the 

spline type weight functions should spread to one 

third of the solution domain for an accurate solution. 

In addition to that, compact behavior of the shape 
functions should also be preserved.  

In the numerical solution procedure, as it is usually 

the case the finite element method, increasing the 

number of shape functions employed in the EFG 

meshless approximations give rise to almost identical 

solutions to those obtained   from the analytical 

solution of the physical problems studied. 
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