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Abstract - Scale-up a reactor from laboratory to pilot scale and from there to industrial scale represents a very big challenge 
for scientists, mathematicians and programmers. A solar reactor was modeled mathematically taking into account the 
transport of radiant energy, the conservation of mass and the kinetic reaction rates. The solution of the equations that model 
a reactor was proposed by coupling the orthogonal collocation method to transform a PDE’s system to a larger ODE’s 

system and Runge Kutta Method for its solution, included within an optimization algorithm that adjust the kinetic parameters 
to data pilot scale experiments. All concentrations could be described by the model with a standard deviation of 1.3 ppm, 
under different operating conditions and fluctuating solar radiation intensity. The parameters obtained can be used in the 
simulation of an industrial reactor before its construction. 
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I. INTRODUCTION 

 

Advanced oxidation processes AOP’s are being used 
for wastewater treatment, and the design of its 

reactors and operating conditions are an object of 

study that grows exponentially. Heterogeneous 

photocatalysis is an AOP that employs a 

semiconductor and solar or artificial radiation, 

producing a complex reactive system to describe 

phenomenologically. Otálvaro-Marín describes a 

possible mechanism for the degradation of 

contaminating organic matter present in wastewater, 

and develops a kinetic rate depending on the 

characteristics of the catalyst, the organic substrate, 
and instantaneous solar radiation [1]. The radiant 

energy distribution profiles within the falling film 

reactor FFR with direct radiation from the sun to the 

fluid [2] and a tubular reactor with composite 

parabolic collectors CPCR [3] were described using 

the six-flux absorption-scattering radiation transport 

model SFM [4]. These profiles are used in the 

estimation of reaction rates within solar reactors. The 

continuity equation of a system describes the 

conservation of mass as the change within a 

differential volume in time caused by net transport of 

mass by convection, net transport by diffusion and 
changes due to the reaction rate. 

 

This work is based on the continuity equation to 

describe changes in concentration within a reactor 

including convection mass transport, and the reaction 

rate that is affected by the photon absorption rate. The 

modeling solution is obtained by coupling numerical 

methods for partial and ordinary differential 

equations together with the Nelder and Mead 

optimization method. 

II. METHODOLOGY 

 

Numerical Methods: Orthogonal Collocation 
The orthogonal collocation method [5] was applied to 

transform the problem of solving a partial differential 

equation (PDE) for solving a system of ordinary 

differential equations (ODEs). 

Starting from the partial differential equations 

described by [1]: 

 
𝜕𝐶∗

𝜕𝑡∗
+

𝜕𝐶∗

𝜕𝑧∗
+ 𝐷𝑎 = 0    

     (1) 

 
𝑑𝐶∗

𝑑𝑡∗
= 𝜏∗ 𝐶𝑇𝐾

∗,𝑖𝑛𝑙𝑒𝑡 − 𝐶𝑇𝐾
∗,𝑜𝑢𝑡𝑙𝑒𝑡     

     (2) 

 

The reactor length is divided into orthogonal points 

(Fig. 1). For an easy reading, we omit the asterisk to 

refer to normalized variables. 

 

 
Fig. 1 Scheme of the normalized domain of reactor length 

 

Let to define 𝐶𝑗 ≡ 𝐶(𝑧 = 𝑧𝑗 , 𝑡) with 𝑗 = 1, 2, 3, 4, 5. 

FFR and CPCR follow this normalized domain 

independent of their length or geometry. We can 

write the tank according to the orthogonal points 

corresponding to the inlet and outlet of the reactor: 

 

𝐶𝑇𝐾
∗,𝑖𝑛𝑙𝑒𝑡 = 𝐶5     

     (3) 
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𝐶𝑇𝐾
∗,𝑜𝑢𝑡𝑙𝑒𝑡 = 𝐶1     

     (4) 
 

The differential equation of the tank (S5. 2) becomes 

the boundary condition at the inlet of the reactor 

(𝑧 = 𝑧1). So, the tank and reactor system is described 

by the following system of ordinary differential 

equations: 

 
𝑑𝐶1

𝑑𝑡
= 𝜏 𝐶5 − 𝐶1      

    (5) 
𝑑𝐶2

𝑑𝑡
= −𝑠 2 𝑇𝐶 − 𝐷𝑎2    

    (6) 
𝑑𝐶3

𝑑𝑡
= −𝑠 3 𝑇𝐶 − 𝐷𝑎3    

    (7) 
𝑑𝐶4

𝑑𝑡
= −

1

𝜏𝑅
𝑠 4 𝑇𝐶 − 𝐷𝑎4    

    (8) 
𝑑𝐶5

𝑑𝑡
= −

1

𝜏𝑅
𝑠 5 𝑇𝐶 − 𝐷𝑎5    

    (9) 

 

with the initial condition for all points: 

 

𝐶𝑗  𝑡 = 0 = 𝐶0     

    (10) 

 

where 𝐷𝑎𝑗 ≡ 𝐷𝑎  𝑟 𝐶𝑗   , 𝐶 is the concentration 

vector of all orthogonal points and 𝑆 is the matrix of 

the orthogonal collocation method containing the 

coefficients of the first order derivative. Note that the 

spatial derivative at a point 𝑧𝑗  is a function of the 

concentration at all orthogonal points. The 𝐶 vector 

and matrices of the first derivatives are respectively: 

 

𝐶 =

 
 
 
 
 
𝐶1

𝐶2

𝐶3

𝐶4

𝐶5 
 
 
 
 

 ,   

 
(11) 

 

The system of 5 ordinary differential equations is 

solved using the fourth order Runge Kutta method. 

 

Objective Function and Optimization Algorithm 

We defined the objective function as the overall 

sample deviation (SD) to measures the error between 

experimental data and calculated data. The overall SD 

was modified from [6] and it is calculated as: 

 

𝑜𝑣𝑒𝑟𝑎𝑙𝑙 𝑆𝐷 =  1

𝑁−1
  𝐶𝑒𝑥𝑝 ,𝑗 − 𝐶 𝑐𝑎𝑙 ,𝑗  𝒑  

2
𝑁
𝑗=1  

    (12) 

 

where 𝐶 represents  𝑇𝑂𝐶  in ppm and  𝐻2𝑂2 . The 

optimal values of the parameters 𝒑  are obtained by 

minimizing the overall SD. 

 

The experimental data were adjusted using the 

optimization algorithm of Nelder and Mead by the 

fminsearch function of the Matlab software, this 
algorithm was chosen because it does not evaluate 

derivatives or approximations derived of the objective 

function avoiding the computation of a large Jacobian 

matrix and a high computational time demand. 

 

The authors recommend using the object-oriented 

programming approach to facilitate manipulation of 

data in calculations. Each experimental run was 

identified as an object and assigned properties such 

as: geometry, flow, time (vector), accumulated 

energy (vector); experimental concentrations of TOC 

(vector). In addition, dependent properties on the 
previous ones were calculated, e.g.: film thickness in 

FFR, average LVRPA, Reynolds number, among 

others. 

 

III. RESULTS 

 

The model validation used experimental data of total 

organic carbon TOC concentration for the 

degradation of 4-chlorophenol 4-CP, and the 

commercial dicloxacillin DCX in an FFR and a 

CPCR. The model adjusted the experimental data 
with a deviation of 1.3 ppm. Figure 3 shows an 

organic matter degradation profile, H2O2 adjusted by 

the proposed model. Therefore, considerations of 

convective transport and kinetic expression were 

convenient without incurring a considerable error. 

 

 
Fig. 2 Values calculated by the model vs experimental data. 

The dotted line is the error bar equal to the overall standard 

deviation (SD = 1.30 ppm). 
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Fig. 3 Values calculated by the model vs experimental data. 

The dotted line is the error bar equal to the overall standard 

deviation (SD = 1.30 ppm). 

 

IV. CONCLUSION 
 

The coupling of numerical methods for resolution of 

reactor modeling (partial differential equations) 

coupled with an optimization method that allows to 

find the kinetic parameters, provides a solution to the 

simulation of large-scale reactors to estimate their 

priori design. 

The transport phenomena such as convective mass 

transport, and radiant energy transport are 

determining factors to obtain a good fit of the 

experimental data of pilot scale solar reactors. 
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