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Abstract - Gear form grinding had been applied in gear manufacturing for decades. The relative theories and the mathematical 

models had also been accomplished very well. However, the profile accuracy of the gear is directly dominated by the wheel 
profile, which is calculated by the corresponding gear flank. The dressing points of the wheel are determined by the nodes on 
the gear flank. Usually, the nodes on the gear flank are selected with an equal radial increment about its gear center. In this 
study, we proposed a method for selecting the nodes on the flank by an equal rolling arc of the involute profile, which is similar 
to the relative motion in involute gear measuring. To analyze the results, a mathematical model for calculating the error 
between the theoretical involute and node path which is form by the connecting the nodes with linear sections. We compared 
the errors of the node paths which are form by the different node-selecting methods, the equal radial increment and the equal 
rolling arc increment, respectively. The numerical examples show that the nodes selected with an equal rolling arc provide 

better profile accuracy nearby the gear base circle. However, the nodes with an equal radial increment provide better profile 
accuracy near by the gear tip circle. Finally, we combined the previous method to get a better and smoother profile error 
distribution. 
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I. INTRODUCTION 

 
The involute gear is one of the most popular 

component in gear transmission and reducing. It is 

widely applied in lots of areas because of its 

significantly advantages like high efficiency, high 

reliability, high accuracy, high torque transmission 

and low noise. Since it is such an important component 

in transmission systems, the relative theories [1-3] and 

methods of manufacturing [4-6] were accomplished 

very well. 

There are two major methods for high accurate gear 

manufacturing. The generating gear grinding and the 
form grinding. The gear generating grinding is highly 

efficient and is already applied in mass production of 

gears for decays. But the gear form grinding is highly 

flexible in high accurate gear manufacturing. 

Moreover, in the case of fewer teeth gear, the undercut 

area may damage the generating worm wheel but the 

form grinding could easily avoid it, since it is dressed 

by the dresser and is easy to control the dressing path. 

In the last century, the CNC technology had not 

developed well, it’s difficult to have a finished gear by 

form grinding, since the machine could not provide the 

dressing path accurate enough for the grinding wheel. 
Tsuda et al. [7] used the circular arc to approach the 

involute curve and applied it on the form grinding 

wheel in 1974. In 1980’s the CNC machine tools 

began to integrate with the computer. The numerical 

control technology was getting powerful. Grinidharan 

et al. [8] proposed a method to reduce the effect of 

grinding wheel wearing. The dressing path of the 

wheel profile were getting much precise. Stephen [9] 

used the form grinding wheel to modify the tooth 

surface with topological modification for a plunge 

type shaving cutter. Not just the involute gear, the 
form grinding method are applied to grind the Rotors. 

Holmes [10] developed a closed-loop profile control 

model to grind the helical rotors and gears and also 
applied on a CNC form grinding machine. The 

dressing path of the wheel were getting more and more 

accurate in the modern CNC machine in the beginning 

of this century. Wu and Fan [11] proposed a model for 

the screw rotor grinding with a multi-axis grinder. 

Gong et al. [12] analyzed the effect of the setting 

errors in gear form grinding then compensated it with 

the sensitivity matrix. 

The previous studies focused on the applications, 

controls and compensations for form grinding. Ren et 

al. [13] proposed the methods for interpolating the 
nodes for the internal involute gears for a CNC 

machine. However, they did not study the effect of the 

nodes interpolation on the accuracy of the dressing 

path. In our study, we proposed the methods for 

planning the dressing path. Then we combined two 

different methods of node selection to control 

inaccurate area and reduce the error. 

 

II. METHODS 

 

The dressing path is formed by several relatively short 

linear sections which connect the “nodes”. Here, the 
nodes are the points of the gear flank, selected to 

calculate the corresponding form grinding wheel, on a 

certain transverse plane of the gear. Since the 

mathematical to calculate the wheel profile had been 

developed very well some of them even became the 

text books [1-3] in universities and colleges. In the 

general case, the dressing path of the form grinding 

wheel had uniform distribution dressing points which 

are calculated by the nodes on the gear flank. To 

achieve this, the nodes on the gear flank are selected 

by an equal radial increment with respective to the 
center of the gear, Shown in Figure. 
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Form grinding wheel

Dressing points Nodes

 
(a)           (b) 

Figure1. (a) diagram of a form grinding wheel with uniform dressing points; (b) diagram of the nodes with the equal radial 

increment. 

The nodes on the involute selected by equal radial increment can be determined by the Eqs. (1-3). In Eq. (1), ix  

and iy  are the components of node position vector which can be easily determined by the involution function 

[13]. The geometrical relationship of the nodes is shown in Figure1. Here, iR  is the radial position of the 

nodes;   is the involute extension angle;   depicts the angle between the involute starting positon and the 

Y-axis which passed through middle of the tooth space; In Eq. (2), sR  depicts the starting node which is usually 

the nearby the base circle; l  is the increment of the nodes. 
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Figure1. Diagram of an involute and its nodes. 
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Here 

( ) taninv      

,            0,1,2...i sR R i l i                                         

(2) 

It seems reasonable for a form grinding wheel to 

dress by the nodes selected by Eq. (2). However, 

Figure2 shows the micro scope of the involute and 

the nodes. Although the nodes are perfectly located 
on the involute, the error between the node path, 

connected by the nodes, and the involute exists, 

especially on the middle area of section. Figure3 

shows the active line of a mating gear pair. Obviously, 

the length of the active line does not proportion to the 

curve length of the profile. Figure3 also shows the 

gear flank profile below the mating point is relative 

short compared with the above part, but the active 

line below the mating point is just slightly shorter 

than the above side. Therefore, the profile nearby the 

gear base circle needs more nodes to make the 

dressing path more approach to the involute. 

 

involute

Nodes

Node 
Path

 
Figure2. Diagram showing the nodes, node path and the involute. 

 

Active line above 
mating point

Profile  above 
mating point

Active line below 
mating point

Profile  below 
mating point

 
Figure3. Diagram showing the gear flank and the active line of a mating gear pair. 

 

To increase the nodes path accuracy nearby the base 

circle, we change the nodes selection method to an 

equal rolling arc, shown in Eq. (3), which is similar to 

the relation motion of involute gear profile 

inspection. 

 
22 ,            0,1,2...i bR R i l i      

     (3) 
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In Eq. (3), the radial position of a node iR  is 

determined by the increment l and the base circle bR  

of the gear. The equal rolling arc distribution nodes 

and the form grinding wheel is shown in Figure4. 

Obviously, by the equal rolling arc increment method, 

the nodes on the involute and the dressing points on 

the wheel profile are relatively intensive nearby the 
base circle of the gear and the outside diameter of the 

wheel, respectively. 

 

Nodes

Figure4. Diagram of the equal rolling arc increment nodes of a 

gear. 

 

To identify the effect of the proposed method, a 

mathematical model for the error analysis is needed. 
We used the geometrical model to analyze the involute,  

shown in Figure5. In Figure5, jR depicts the points 

on the node path and are linearly interpolated by the 

nodes iR  and 1iR  ;   determined by Eq. (4) 

depicts the angle between the positon vector jR  and 

the starting point of the first node, the one located on 

the base circle; where jx  and jy  are the 

components of the jR  shown in Eq. (5). g  can be 

obtained by Eq. (6) since j jR T  equals to 0 jR T , 

here jT  is the tangent point of the base circle and 

jR .   can be determined Eq. (7). By the 

characteristic of the involute, the extending arc of the 

corresponding involute, can be determined by the 

bR   in Eq. (8). Therefore, the error can be easily 

obtained by Eq. (8). 
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Figure5. Diagram of the geometrical analysis of the involute. 

 

Finally, we combined the methods mentioned above 

by Eq. (9). The node under the pitch circle will be 

selected by the equal rolling arc increment, the others 

will be selected by the equal radial increment. In Eq. 

(9), pR  is the pitch circle radius. 
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III. RESULTS 

 

2 numerical examples are provided here verifying the 

results of the conventional, the equal rolling arc 

increment and the combined nodes distribution. It 

should be note that the diagram shown here are the 

profile error of the node path and the error of the nodes 

are zero, since they are on the theoretical involute. 
The design parameter is shown in Table 1, the results 

corresponding to different nodes selected methods are 

shown in (a)                     (b)                       

(c) 

Figure 6. In CNC form grinding machines, the dressing 
points of the wheel are usually related by the module 

of the gear. Here we take the usual rate 10 times of the 

module. (a)                     (b)                       (c) 
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Figure 6(a) shows the error of the conventional 

distribution and the maximum profile error here is 
1.73μm. And it occurs nearby the base circle. The 

result of equal rolling arc distribution is shown in (a)                     

(b)                       (c) 

Figure 6(b) and the maximum profile error is 0.93μm 

which occurs nearby the tip circle. (a)                     

(b)                       (c) 

Figure 6(c) shows the error of the case combined by Eq. 

(9) and the maximum profile error here is 0.81μm. It 

occurs near by the pitch circle. 

 

GEAR PARAMETERS 

No. of Teeth 18 

Module 2.8 mm 

Normal Pressure Angle 20° 

Pitch circle Diameter 50.4 mm 

Base circle Diameter 46.3606 mm 

Tip circle Diameter 56 mm 

No. of Nodes 28 

Table 1.Design parameter of the 1
st
 numerical example 
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(a)                     (b)                       (c) 

Figure 6. Numerical results of 1
st
 example: (a) error of the node 

path with the equal radial increment; (b) error of the node path 

with the equal rolling arc increment; (c) error of the node path 

for the combined method. 

 

The design parameter of the 2nd example is shown in 

Table 2, the results are shown in Figure7. Figure7(a) 

shows the error of the conventional distribution and 

the maximum profile error here is 1.42μm which 

occurs nearby the base circle. The result of equal 

rolling arc distribution is shown in Figure7(b) and the 

maximum profile error is 0.65μm occurs nearby the tip 

circle. In Figure7(c), the error of the case combined 

by Eq. (9) and the maximum profile error here is 

0.62μm. It is nearby the pitch circle 

 

GEAR PARAMETERS 

No. of Teeth 10 

Module 4.5 mm 

Normal Pressure Angle 20° 

Pitch circle Diameter 50.4 mm 

Base circle Diameter 46.3606 mm 

Tip circle Diameter 56 mm 

No. of Nodes 45 

Table 2. Design Parameter of the 2
nd

 Numerical Example 
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(a)                     (b)                       (c) 

Figure7. Numerical results of 2
nd

 example: (a) error of the node 

path with the equal radial increment; (b) error of the node path 

with the equal rolling arc increment; (c) error of the node path 

for the combined method. 

 

For the conventional case, the profile error nearby the 

base circle is relatively larger than the other; in the 
case of the equal rolling arc increment, the profile 

error is relative large near by the tip circle of the gear. 

The combined case provides better profile accuracy 

since we can operate the number of nodes separate by 

two method of distributions and the length of the 

increments and the separate position on the profile. 

 

IV. CONCLUSION 

 

By the model we proposed here, the profile error of the 

nodes path can be easily obtained and illustrated in 
figures. Obviously, the error distribution directly the 

effected by the methods we used. By combining the 

methods, the error can be further reduced and the 

position with lager error can be changed without 

changing the number of the nodes. 
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