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Abstract - In numerous applications, the moving platform of a parallel manipulator is in contact with a stiff environment, 
and applies force to the environment. As the Jacobian transpose is a projection map between the applied force to the 
environment and the actuator forces causing this moment. In this area, we concentrate on the deflections of the manipulator's  
moving platform that are the consequence of the applied moment to the environment. This deflection is the function of the 
stiffness and the force applied, in this way the stiffness has the immediate effect on positional accuracy of the manipulator . 
In this paper we examine the stiffness analysis by analytical method and numerical method. The analytical model for the 3 
RPS parallel kinematic manipulator is inferred by putting the unit vectors of the fixed base, actuators, fixed leg and the 
moving platform into last jacobianmatrix. For the case study, the perfectly rigid links are considered and main sources of 

compliance come from the compliance of the actuators. 
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I. INTRODUCTION 

 

Stiffness is one of the fundamental performance 

specification in designing of the parallel 

manipulators. Higher stiffness is required in high 

accurate and application involving larger loads and 

forces. High speed machine tools needs high speed 

machining and accurate development of the moving 

platform. Stiffness of the planner and special 

manipulator initially investigated by Huang [1] in 
which he demonstrates the relation between the joint 

forces and torques with the end effector by the 

jacobian matrix. Stiffness of the diverse sort of 

parallel manipulator is found in literature [2, 3] for 

example Planar, shoulder manipulator and Stewart 

platform. Stiffness model of tripod based parallel 

mechanism were created in [4] by the method of 

equivalent stiffness for linear connected springs in 

series.  

 

They deteriorated the structure into two substructures. 
One of them is the machine frame structure and other 

is the actual mechanism structure. They combined the 

entire stiffness of the manipulator by principle of 

virtual work and linear superposition techniques. The 

stiffness matrix for the 3PUU kind manipulator was 

inferred by [5].They determined the stiffness by 

considering the actuator and constraints forced by 

passive joint. They also consider the compliance 

subject to involved legs and the actuators in the final 

stiffness matrix. Both Xu, Q. and Y. Li investigated 

the stiffness and mobility of the 3 PRC sort 
manipulator approach based on screw theory by 

considering the actuator and constraints [6]. Stiffness 

modeling for over-constrained sort manipulator is 

created by Pashkevich, et al.,[7] they generate the 

translational and rotational compliance by replacing 

the mechanism link into a 6-DOF virtual springs. The 

introduced model was applied to the 3PUU and PRPR 

mechanism. 

II. MECHANISM DESCRIPTION 

 

The model of the 3RPS manipulator is shown in 

Fig.1. The mechanism consists of fixed base, moving 

platform and the mechanism’s structure. Moving 

platform is connected with the fixed base by three 

kinematic chains. Each limb consists of Revolute, 

Prismatic and Spherical Joints in series. The prismatic 

joint is active by three actuators at each link. Total 

kinematic structure is based on three identical 
revolute, prismatic and spherical linkages. The 3-RPS 

mechanism has three degree of freedoms; one of them 

is the vertical translational movement and two 

rotations about two axes in horizontal plane. 
 

 
Fig.1 The model of the 3RPS manipulator 

 

The vector representation of the 3-RPS mechanisms 

are shown in Fig. 2. The fixed based triangle 

ΔA1A2A3 has the centre point O at which a Cartesian 
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reference frame O{x,y,z} is attached. Point P is 

attached to the centre of moving platform with the 
coordinate frame P{u,v,w} and the moving platform 

triangle ΔB1B2B3.vector ΔA1 is in the direction of x-

axis and the vector OB1 is in the direction of u-axis. 

 
Fig.2 Vector representation of the 3-RPS mechanism 

 

Point Ai lies on a circle with radius ‘a’ other 

parameters are listed below. 

a is the fixed base platform radius 

b is the moving platform radius 

αis the actuator layout angle 

P is the position vector {𝑃𝑥𝑃𝑦𝑃𝑧}ᵀfrom O to P 

qi is the vector from O to Bi 

Li is the vector fromAito Bi 

d is the set of actuated joint variables ={d1  d2  d3}ᵀ 

Φ, ψ, θ are the Euler Angles 

X is the set of Cartesian variables = {𝑃𝑥𝑃𝑦𝑃𝑧 Φ ψθ}ᵀ 

uv and w are the unit vectors of moving platform 
xy and z are the unit vectors of fixed base 

 

III. STIFFNESS ANALYSIS OF PARALLEL 

MANIPULATOR 

 

Let 𝜏 = [𝜏1 , 𝜏2 ,…… . , 𝜏𝑛 ]is the vector of actuators 

joint torque or force and the jointdeflection∆𝑞 =
[∆𝑞1 ,∆𝑞2 ,… . . ,∆𝑞𝑛 ].τ and ∆q can berelated by n×n 

diagonal matrix.Let 𝑥 = 𝑑𝑖𝑎𝑔[𝑘1 ,𝑘2 ,… . . ,𝑘𝑛 ]so the 

relation will become as. 

𝜏 = 𝑥∆𝑞 
It is known that the joint deflection ∆q is related to 

end effector deflection ∆x by the jacobian matrix. 

∆𝑞 = 𝐽∆𝑥 

Where∆𝑥 = [∆𝑝𝑥 ,∆𝑝𝑦 , ∆𝑝𝑧 ,∆∅, ∆𝜓,∆𝜃] 

We know that the𝐹 =  𝑓, 𝑛 is the vector of output 

force and moment, which is related to the joint 

torque𝜏 by jacobianmatrix as. 

𝐹 = 𝐽𝑇𝜏 

we get 𝐹 = 𝐽𝑇𝑥𝐽∆𝑥 
 

Here𝐾 = 𝐽𝑇𝑥𝐽 called as the stiffness matrix for the 
parallel manipulator. Howeverthe stiffness matrix is 

symmetric positive semidefinite, and it depends upon 

the manipulator configuration. When all the actuators 

are the same type, the stiffnessconstant will also be 

same as𝑘 = 𝑘1 = 𝑘2 = ⋯ . . = 𝑘𝑛 then 

𝐾 = 𝑘𝐽𝑇𝑥𝐽 
 

IV. ANALYTICAL MODEL 

 
The analytical model of for the 3 RPS parallel 

kinematic manipulator is derived by putting the unit 

vectors of the fixed base, actuators, fixed leg and the 

moving platform into final jacobian matrix𝐽 = 𝐽𝑎 𝐽𝑟 . 

Where𝐽 = 𝐽𝑞
−1𝐽𝑥and 

 
Φ, ψ, θ are the Euler Angles 

To find the jacobian matrix 𝐽𝑎we need to put unit 

vector of 𝐽𝑥  and  𝐽𝑞  

𝐽𝑞 =  
𝐼10 .𝑑10 0 0

0 𝐼20 .𝑑20 0
0 0 𝐼30 .𝑑30

  

𝑑𝑖0is the position vector of the 𝑖𝑡 linear actuator 

𝐽𝑥 =  

𝐼10
𝑇 (𝑏1 × 𝐼10 )𝑇

𝐼20
𝑇 (𝑏2 × 𝐼20 )𝑇

𝐼30
𝑇 (𝑏3 × 𝐼30 )𝑇

  

 

The unit vector 𝐼𝑖0  for  𝑖 = 1,2,3 

𝐼𝑖0 = 𝐿𝑖 − 𝑑𝑖𝑑𝑖0 

𝑑𝑖 is the linear displacement of the ith actuator 

𝑑𝑖0is the unit vector of linear actuator 

𝐿𝑖 = 𝑞𝑖 − 𝑎𝑖  

 

V. SIMULATION RESULTS 

 

The architecture parameters for 3 RPS manipulator 

are given in table.1 
 

 
Table.1 
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The architecture parameters for 3RPS manipulator is 

shown in table.1 and stiffness constant is taken to be 
19500 N/m for each of the linear actuator. A 

MATLAB program is written to find the maximum 

and minimum stiffness of the general 3RPS 

mechanism. The results are shown in Fig.3 and 

Fig.4.Let we take 𝑃𝑍  = 0.59m and corresponding 

values for ψ and θare 0.751 and 0.089 respectively. 

The results shows the value of maximum stiffness at 

this points, is equal to be 14625 N/m and minimum 

stiffness is equal to 96.95 N/m 

 

 
Fig. 3 Maximum stiffness of 3RPS mechanism at height 

𝑷𝒁 =0.59m 

 

Fig. 4 Minimum stiffness of 3PRS mechanism at height 

𝑷𝒁 =0.59m 

 

VI. CONCLUSION 

 

Stiffness analysis of the 3RPS manipulator is derived 

and solved by numerical method. The minimum and 

maximum eigenvalues of the stiffness matrix are 

commonly used performance indices. These values 
can be used to estimate the stiffness of the 3 RPS 

manipulator. 
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