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Abstract: Cooling towers are heat rejection devices widely used in the industry due to the growing need to cool process 
water coming out of a condenser instead of replacing it by cool water from the environment. The development of renewable 
energy is subject of many research and has not been exploited well enough, but increasing the performance of the existent 
plants is also be a way to save energy and resources .The range of cooling that occurs in a cooling tower impacts importantly 
on the overall COP (coefficient of performance) and overall performance of a plant, there for the sizing and selection of this 
device is of great importance. There for it is important to find a correlation that links its performance in terms of 
effectiveness and its size or Number of transfer units (NTU) in terms of the fill volume needed. The complexity in this case 
comes from the variation in the two dimensions hence finding an approximate solution that can be solved as a one dimension 
problem may be an approximate solution to whether size the tower or perform a rating on a device already in service. A final, 
one-dimensional correlation is found relating the known parameters involved in the performance of a cooling tower allowing 
the industry to size or rate the tower. A numerical study is performed by solving differential equations in the two dimensions 
and deriving an equation to reach a final correlation is made. Validation will be made using previously tabulated 
experimental results to conclude. 
 
Keywords: Cross flow, cooling tower, effectiveness, Merkel number, number of transfer units. 
 
I. INTRODUCTION 
 
Cooling towers are devices that utilize the principle 
of heat and mass transfer. Widely spread in the 
industry due to the rising cost of cooling water, they 
are mainly used to cool process water coming out of a 
condenser. The towers may be also classified 
according to the kind of draft or the kind of air 
movement if it is natural, forced or induced. Counter 
flow and Cross-flow are the classification according 
to the flow type. Merkel [1] was the first one to study 
the performance of cooling towers, by making a 
series of simplifications and taking a set of 
assumptions on the counter flow type. Merkel 
assumed that the flow rate of water remains constant 
regardless the evaporative cooling and Lewis number 
equal to unity, which is an indicator of the ratio of 
heat to mass transfer. Merkel also considered the 
difference between the enthalpy of air and enthalpy of 
saturation to be the driving force considering it the 
motor of the heat transfer that occurs. Based on the 
Merkel theory, many studies were examining the 
performance of a cooling tower, Poppe [2] has 
created a model were none of the simplifications 
made by Merkel were involved, and a more detailed 
numerical analysis was made, using a rigorous 
approach. The results achieved were at a very close 
tolerance from Merkel’s. Later, Baker and Shryock 
[3] proposed an integral solution and explained the 
Merkel’s approach, pointing out the flaws in this 
theory.  Navarro.  [4] discussed an effectiveness and 
number of transfer units (ntu) simulation using a 
mathematical model for heat exchangers. While Jaber 
and Webb [5] used the effectiveness-ntu method used 
in heat exchangerson cooling towers. in 2003and 
2004, Kloppers and Kroger [6] & [7] compared the 

Merkel, Poppe and the different -Ntu approaches 
and concluded that the Poppe approach gives more 
accurate predictions, especially in terms of the rate of 
water evaporation.  

 
The saturation curve equation - relating saturated 
enthalpy of air with the bulk water temperature – has 
different assumptions throughout the literature.  
Threlkeld[8] proposed a linear relation between the 
saturation of air enthalpy  and bulk water 
temperature. This assumption was later used by M.K., 
Mansour and M.AHassab. [9]& [14] to analyze its 
impacts on the Merkel numbers found for counter 
flow cooling towers. The saturation curve is also 
proposed to follow a third order equation, as 
proposed by Stoecker [10].  

 
The cross flow cooling tower is characterized by 
complexity when it comes to predicting the output 
temperatures and enthalpy of water and air 
respectively. Zivi and Brand [11] developed 
differential equations for cross flow cooling tower, 
assuming a non-linear relationship between water 
temperature and saturated air enthalpy. Fisenko& 
Brin[12] presented a two-dimensional model pointing 
out the degree of difficulty of the cross flow tower 
simulation.This is because of the variation of 
watertemperature in the vertical direction as it drops 
from top to bottom but also in the horizontal 
direction.Therefore, there is a need to find a final 
simple one dimensional correlation for the industrial 
purposes.In this work, the equations for mass and 
energy balance were used to predict the temperature 
distribution within the tower. A mathematical model 
was developed to numerically solve governing 
equations. A final correlationbetween the 
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performance of the tower and its size was proposed. 
The resulted correlation was then simplified using 
different assumptions, in order to reach the final one 
dimensional correlation, relating the tower’s size to 
its performance. Different approaches can be made, 
whether it is a problem related to the sizing of the 
tower for manufacturing purposes and for selection, 
or rating a cooling tower already working and 
running in different ambient conditions. 
 
II. MATHEMATICAL MODEL 
 
2.1. Assumptions 
The assumptions made are that in the cross-flow 
cooling tower water flows from top to bottom while 
air flows horizontally across the tower. The schematic 
diagram given Figure (1) and Figure (2) shows the 
increment of volume for the cooling tower.  

 
Figure 1: Increment of volume dV of tower. 

 
The assumptions used for the mathematical modeling 
and developing the equations are: 

(1) The heat and mass transfer occurs in the two 
dimensions for air and for water. 
(2) The heat and mass transfer coefficient remain 
constant through the tower height. 
(3) Constant value of the Lewis number through 
the tower height. 

   (4)  Enthalpy at saturation follows the saturation 
curve, and is the driving force for heat transfer 
between air and interfacial film between air and 
water with a heat transfer coefficient hca. 
(5)  No heat transfer is considered from the tower 
to its surrounding. 
(6)  The interfacial temperature between air and 
water is considered saturated at bulk water 
temperature following the saturation curve 
equation. 
 

2.2. Equation development 
The amount of heat transferred to the air passing 
through an increment of volume dV can be written as 
follows: 
퐺 = −퐺 퐶푝          {1} 

Integrating: 
  퐺 (ℎ − ℎ ) = −퐺 퐶푝 퐿 {2} 
From the definition of the Lewis number, we know 
that:퐿푒 =  ≈ 1  
ℎ = 퐶푝 ℎ                                                                {3} 

 
Figure 2:The grid allowing a code generation to solve 

numerically. 

 
 
From heat and mass balance equations, arranging we 
obtain the following: 

푑푚̇ ∗ (ℎ푎 − ℎ푎 ) = 퐿푒 ℎ 푎푑푉(ℎ − ℎ )
− 1− 퐿푒 (1
− 푆퐻퐹)푚̇ 퐶푝 푑푇         {4} 

We can evaluate the value of the mean air enthalpy 
ham by: 

   ℎ푎 =
ℎ푎 +  ℎ푎

2  {5} 

푑푚̇ ∗ (ℎ푎 − ℎ푎 ) =
훿푄
2 {6} 

ℎ푎 = ℎ푎 +
훿푄

2푑푚̇      {7}       

It is known that 푑푚̇ = 퐺 푑푦푊 hence 

  푚̇ = 퐺 푊 푑푦 = 퐺 푊퐿             {8} 

From heat balance, it is obtained: 
−(푑푦 ∗푊) ∗ 퐺 퐶푝 퐿 = 퐿푒 ℎ 푎푑푉(ℎ −

ℎ )푚− 1− 퐿푒 (1− 푆퐻퐹)푚̇ 퐶푝 푑푇         {9} 
It is known that 푑푚̇ = 퐺 푑푦푊 hence 

  푚̇ = 퐺 푊 푑푦

= 퐺 푊퐿                                              {10} 
 
Substituting {10} in {9} we get: 

−푚̇ 퐶푝 푑푇 = 퐿푒 ℎ 푎푑푉(ℎ푠 − ℎ푎 )

+ 퐿푒 ℎ 푎푉
푚̇ 퐶푝 푑푇         

2푚̇
− 1− 퐿푒 (1
− 푆퐻퐹)푚̇ 퐶푝 푑푇         {11} 

 



International Journal of Mechanical and Production Engineering, ISSN(p): 2320-2092, ISSN(e): 2321-2071 
Volume- 6, Issue-9, Sep.-2018, http://iraj.in 

A Study of The Performance of a Cross Flow Wet Cooling Tower 
 

72 

Define, 퐿푒∗ =
( )

= 1− 퐿푒 −

1 푆퐻퐹 {12} 
Substituting Eq. {26} in Eq. {25}, to obtain: 

ℎ 푎푑푉(ℎ푠 − ℎ푎 )
= −푚̇ 퐶푝 푑푇  [퐿푒∗

+
ℎ 푎푉
2푚̇ ]                    {13} 

푑푇  

(ℎ푠 − ℎ푎 ) = ̇
푑푉

퐿푒∗ +
̇

{14} 

Integrating Eq.{27} over the entire tower fill volume: 
 

퐶푝 푑푇  

(ℎ푠 − ℎ푎 ) =  
ℎ 푎
푚̇ 푉 ∗ [퐿푒∗ +

ℎ 푎푉
2푚̇ ] {15} 

 
If it is considered that 푀푒 =

̇
푉 

 
Hence the following relation is obtained: 

퐶푝 푑푇  

(ℎ푠 − ℎ푎 ) = 푀푒 ∗ [퐿푒∗ +
푀푒
2
푚̇
푚̇ ] {16} 

As seen above, this final relation is between the inlet 
of air, and mass flow rates of both water and air 
according to the dimensions of the tower. From this 
equation the temperature of water desired can give a 
direct indication of the volume of the cooling tower 
required. 
Knowing the mass flow rates and the mean saturation 
temperature we can easily predict the delta T of water 
in the cooling tower. 
 
In real cooling towers, the Lewis number ranges 
between 0.90 and 1.25. At the meantime, the SHF is 
generally less than 0.25 in wet cross flow cooling 
towers, as a result, the parameter Le*  is then very 
close to unity and it differs at the mostby 3% . 
Therefor Le* is considered unity, then we obtain the 
following: 

퐶푝 푑푇  

(ℎ푠 − ℎ푎 ) = 푀푒[1 +
푀푒
2
푚̇
푚̇ ]   {17} 

 
The Merkel number can also be named number of 
transfer units knows as NTU and which gives an 
indication of the size of the heat exchanger and in this 
study the cooling tower. 
The effectiveness which is expressed as 휀 =  
can be achieved as well by this relation. 
 
III. APPROXIMATE SOLUTION DERIVATION 
 
Equation {18} can be solved analytically assuming a 
linear relation between saturated enthalpy hs and 
water temperature given in dimensionless form as: 
          Hs = w    {18} 

  

푤ℎ푒푟푒,퐻 =
ℎ − ℎ
ℎ − ℎ &    휃 =

푇 − 푇푤푏
푇 − 푇푤푏  

The linear relation {19} satisfies the tower inlet state, 
(at Tw=Twi , hs= hsi ) and the condition at wet bulb 
temperature (at Tw= Twbi   , hs= hwbi) 
Then, 푑푇 = (푇 − 푇푤푏 )푑휃     & 

(ℎ − ℎ )퐻푠 = (ℎ − ℎ )    {19}           
 
Introducing Eqs{19&20} into Eq.{18}, the equation 
simplifies to: 

(푇 − 푇푤푏 )
(ℎ − ℎ )

푑휃
퐻푠

=
1

퐶푝푤푀푒[1 +
푀푒
2 푚푟 ]  {20} 

Where 푚푟 = ̇
̇

&define퐶푝∗ = ( )
( )& assume: 

Cro= Cp*/Cpw,  then equation {19} converted into 
dimensionless form as: 

푑휃
휃 = 퐶푟표 푀푒[1 +

푀푒
2 푚푟 ]     {21}        

As is known: 

휃 =
푇 − 푇푤푏
푇 − 푇푤푏 =

(푇 − 푇 ) + (푇 − 푇푤푏 )
(푇 − 푇푤푏 )

= 1 − 휀 
Where,  휀 =  {22}    
Obtaining a direct relation between ɛ and Me for a 
cross flow wet cooling tower in the form: 

ln(1− 휀) = −
푀푒 퐶푟표

1 + 푚푟표
                                   {23} 

Solve ɛ in terms of Me and to solve Me in terms of ɛ 
another form of correlation in derived from Eq. {23} 
in the form: 
푀푒 = −  ( )

 ( )
{24} 

The above equation for 휀 {23}is convenient when the 
performance is to be evaluated, while the equation for 
Me {24} is  used to calculate the size of tower, that 
not installed yet.To validate this work five case 
studies tabulated experimentally were used. 
 
IV. MODEL VALIDATION  
 
A Case study that has been tabulated and results were 
shown is used to compare the found results to show 
validation. 
CASE STUDY 01 

 Atmospheric pressure Patm=101712.27 Pa 
 Air inlet dry bulb temperature Tai=9.7 ̊ C 

(282.85 K) 
 Air inlet wet bulb temperature Twb=8.23 C̊ 

(281.38 K) 
 Dry air mass flow rate ma=4.134kg/s 
 Water inlet temperature Twi=39.67  ̊C(312.82 

K) 
 Water outlet temperature Two=27.77 ̊ C 

(300.92 K) 
 Inlet water mass flow rate mw=3.999 kg/s 
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The results are consistent with the previous model 
made by Poppe [2], Merkel [1], Kloppers and Kroger 
[6] & [7] and Merkel number was found in the same 
range as previous studies. 
It is shown in table 2 and 3 that the temperature 
distribution found with the cooling tower by solving 
numerically the equations developed previously, is in 
agreement with the model proposed by Baker and 
shryock [3]. It is shown in table 4 that the results 
found by the numerical solution are in close tolerance 
with the exact numerical solution proposed by Poppe, 
with a deviation around 3.2 % of the method 
proposed by Poppe. 
Solving the equations: 
Q=4.187*3.999*(Twi-Two)=198.8 kWatt 
Substituting by the mean value of delta T and the 
saturation at the mean water temperature equal to 
121.2 kj/kg and the mass of water evaporated equal to 
ma*(wo-wi) is found to be equal to 0.07618 kg/s. 

4.18 ∗ (39.67− 27.77)
121.2− 34.086

= 푀푒 ∗ [퐿푒∗ +
푀푒
2
푚̇
푚̇ ] {17} 

 
V. RESULTS AND DISCUSSION 
 
The temperature difference is at its maximum value at 
inlets of both water and air.This value decreases as air 
heats up horizontally, which confirms the temperature 
distribution profile proposed by Baker [3], and 
Hajidavalloo [13].  

To validate numerical work performed, experimental 
case study 01 is used to test the following model and 
results in temperature. For case study 01, air 
temperature doesn’t vary significantly although the 
approach is very large, where the air is introduced at 
very low temperature and also almost saturated. The 
numerical model proposing the exact solution is used 
to compute the values of total heat transfer (Q),mass 
of water evaporated (mevap), temperature of the air 
and exit (tao) and the dimensionless Merkel number 
Me for case study 01.These results are compared with 
previously published results for different methods [6], 
shown in table (1).The deviation of Merkel number 
found by the approximate solution and the ones 
previously published by Kloppers is within the range 
of 7 to 16%. It should be noted that the design 
conditions of the cooling tower taken in the case 
studies 01 to 05 is unrealistic considering the small 
range compared to the high approach. However the 
numbers found are in good agreement with the Poppe 
numerical solution. Table (2) shows the deviation in 
terms of temperature of outlet of water which is in the 
range accepted of 1.5 to 2 degrees.Figure (3) shows 
the Merkel number found by each method for each 
case, pointing out that when the Merkel number is in 
a low range (cases 03, 04 and 05) the various 
methods give similar results.The chart in figure(4) 
shown below shows the difference between the 
Merkel number by the proposed solution and the 
Merkel number expressed by the Poppe[7].

Table (1): Comparison between the Merkel number found by the numerical work performed using the numerical model and by the 
previous tabulated results taken from experimental findings[6] 

Table (2): Comparison between the temperatures and the deviation in terms of temperature versus the deviation in the Merkel 
number found by correlation and the difference for outlet water temperatures. 

 
 

 
Figure (3): Comparison between the Merkel numbers found following different methods previoulsy tabulated resultsfor the five case 

study. 
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Figure (4): Chart showing the comparison between the Merkel 
number calculated by the correlation and that found by Poppe 

for the same case studies from 1 to 5. 
 

CONCLUSIONS 
 
Finally to conclude, this work proposes a novel 
relation between the number of transfer units (Ntu) or 
the Merkel number which is directly related to the 
size of the tower, and its effectiveness.  The results 
were compared with other studied models made by 
Kloppers and Kroger’s at different conditions of air 
using five case studies.  
The results found are at close tolerance with previous 
published values. The water distribution found for the 
two cases studied here show consistency with the 
water and air distribution shown by Baker and 
Shryock [3], but also with the results found in 
Hajidavalloo [13] showing that water temperature and 
enthalpies vary along the geometry of the tower. The 
correlation found serves the industry because it serves 
as an approximation and treats the cross flow tower 
as a one dimension problem simplifying the 
calculations.  
Finally it can also be concluded that the Lewis 
number has very little impact on the results tabulated 
and may be taken equal to one as it does not have 
much effect. A correction factor can be used to 
correct and overcome the percentage of deviation 
found. According to the weather properties this 
correlation can be corrected by using more 
experimental results. The term Cp* varies the most 
when using different equations for the saturated 
enthalpy function of the bulk water temperature. In 
the literature this may be studied to view how 
temperature variation affects the correlation found 
and how this problem can be overcome. 
 
The benefit of finding a one dimensional approximate 
solution is that the cross flow cooling tower has 
finally been reduced to a one dimension tower as the 
known counter flow cooling tower. 
 
In future studies the improving of this correlation 
may be a subject of upcoming research and gives an 
opening to more ideas in predicting the performance 
of the widespread cross flow cooling tower. A 
correction factor can be proposed in upcoming 

studies to reduce the deviation at high values of 
Merkel number.  
 
NOMENCLATURE 
 
a: cross sectional area per unit volume of the cooling 
tower.(m2/m3) 
Cp: Specific heat kj/kg.C̊     
Cp*: specific heat is defined as ( )

( )(kj/kg.K).                        
cro: dimensionless number equal Cp*/Cpw 
dV: volume of increment (m3) 
Ga: mass flow rate of air per unit area (kg/sec.m2)                             
Gw: mass flow rate of water per unit area (kg/sec.m2)     
H: height of the tower. 
ha: air enthalpy at any point (kj/kg) 
hc: Convective heat transfer coefficient (Kj/m2s) Or 
kW/m2 
hfg: water vapor enthalpy or evaporation enthalpy in 
taken 2501 kj/kg. 
hm: mass transfer coefficient (Kg/m2.s)                    
hs: saturated air enthalpy (kj/kg) 
Hs: dimension less number given by  
L: length of the tower 
Le: Lewis number 
ma: air mass flow rate (kg/sec)    
mw: water mass flow rate (kg/sec)  
mro: dimensionless number mw/ma 
Me: Merkel Number  
NTU: number of transfer units 
tw: water temperature (  ̊C) 
푇  :the mean water temperature over a strip of 
dimensions 
( dx, L, W). 
V: volume of the tower 
wsat:  saturated air humidity ratio at tw in kg vapor/kg 
dry air  
wa: air humidity ratio or moisture content in kg 
vapor/kg dry air  
Subscripts 
a: air or moist air 
w: water 
v: vapor 
s: saturated 
sat: saturated 
amb: ambient  
m: mass or mean 
Greek symbols: 
ɛ: Effectiveness 
Θw: dimensionless number defined as  
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