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Abstract— This paper present work provides design and analysis for a typical comb-driven capacitively sensed 
microgyroscope. The general approach pursured in this paper is to show the reduced order modeling of vibratory gyroscope 
by using mathematical tool MATLAB.    
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I. INTRODUCTION 
 
The development process of a MEMS system is 
complicated, involving product design, 
manufacturing, packing. Like an IC circuit and its 
common mechanical structures, MEMS devices can 
use computer aided design (CAD) to facilitate their 
performance, reliability, reduce the development 
cycle and costs. For mechanical products design, 
MDA (Mechanical Design Automation) has 
numerous and large-scale common software to aid 
design, manufacturing, and analysis. A linking device 
between EDA and MDA is required for MEMS CAD 
to determine multiple physical coupling effects, 
which increases the development difficulties of 
MEMS CAD. Numerical simulation of MEMS 
devices mainly uses numerical methods, such as the 
finite element method, the boundary element method, 
and can simulate the actions of various structural 
components with high accuracy. Its drawbacks are 
high computation complexity and low analysis 
efficiency. Therefore, related studies have explored 
how to reduce the large amount of computations. 
Typical form of finite element equation   

 

 
Figure 1.  Decomposing domain Integrals in to a sum of 

Element Integral. 
 
At any rate, given an element, its material data, its 
nodal positions and its shape functions the finite  

 
element method discrietizes the PDE into a relatively 
small element matrix system of ODEs. The FEM uses 
a special technique to form the complete discretized 
equations. In essence, the FEM ensures that the error 
of approximation, measured over the whole element 
domain, is minimal in a special way, mathematically 
it is called the weighted residual method. An 
assembler program passes over all the elements of the 
mesh, passing relevant information to an appropriate 
element subprogram, and receives back the small 
ODE coefficient matrices. 
Reducing the spatial granularity of the constituent 
model in a system simulation is important in order to 
complete simulations in a reasonable time. Model-
order reduction techniques are also often called 
macromodeling. The most common approaches to 
macromodeling for MEMS are semi-analytical   
modeling and numerical model order reduction; they 
perform fitting of observed input-output data to a 
specified linear transfer function, system 
identification is popular in applied control 
engineering and a toolbox covering many techniques 
is available in MATLAB.  
 
II. SIMPLE  OUT-OFF PLANE SENSING 

MEMS GYROSCPE 

 
Figure 2.  A generic MEMS conventional vibratory rate 

gyroscope. 
Design and analysis of poly-silicon and single crystal 
silicon gyroscopes have been carried out. Designs 
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that utilize in-plane and out-of-plane sensing are 
studied. The operation principle of the vast majority 
of all existing micro-machined vibratory gyroscopes 
relies on the generation of a sinusoidal Coriolis force 
due to the combination of vibration of a proof-mass 
and an orthogonal angular-rate input. The proof mass 
is generally suspended above the substrate by a 
suspension system consisting of flexible beams. 
The overall dynamical system is typically a two 
degrees-of-freedom (2-DOF) mass-spring-damper 
system, where the rotation-induced Coriolis force 
causes energy transfer to the sense-mode proportional 
to the angular rate input. In most of the reported 
micro-machined vibratory rate gyroscopes, the proof 
mass is driven into resonance in the drive direction by 
an external sinusoidal electrostatic or electromagnetic 
force.  
Fel-comb =  4 N ε0 (t/y) VdcVac                       (1) 
Where ε0 = 8.854 X 10-12 F/m  is the dielectric 
constant, N is the number of the fingers of the comb 
drive, t and y is the thickness and gap of the comb 
fingers and V is the applied voltage across the comb 
fingers. When the gyroscope is subjected to an 
angular rotation, a sinusoidal Coriolis force is 
induced in the direction orthogonal to the drive-mode 
oscillation at the driving frequency. Ideally, it is 
desired to utilize resonance in both the drive and the 
sense modes, to attain the maximum possible 
response gain, and hence sensitivity. This is typically 
achieved by designing and electrostatically tuning the 
drive and sense resonant frequencies to match. 
Alternatively, the sense-mode is designed to be 
slightly shifted from the drive-mode to improve 
robustness and thermal stability. 
Consider a single proof mass with a structure of 500 x 
500 µm2 area which is suspended by four beams.  

 
Figure 3.  Guided Beam. 

 
The four beams have a guided beam end condition as 
shown in figure 3. The parameters selected for 
suspension are listed in table I. Since all the four 
beams move in parallel in in-plane and out-of-plane 
directions, the stiffness of the individual beam is 
added to get the total structural stiffness.  The 
expression for stiffness and the effective mass of 
guided beam is taken as:  
Kx = 4E t b Wb

3/ l b3              and        Kz  =  4E Wb t b3/ l 
b

3 
Meff = (13/35)m (2) 
Material properties of Design-1 are selected for 
silicon with modulus of elasticity E = 169 GPa. 
Poisons ratio =0.22 and density of material as 2300 
Kg/m3. Area of proof mass is 500 X 500 µm2. Using 
the equivalent mass we compute the natural 
frequency of the structure with the formula: 
F = (1/2π) √ Keq/meq                                         (3) 

This design employs the hammock suspension. The 
main advantage of this suspension is that it is easy to 
design, as there are only two design variables, the 
width of the beam and the length of the beam. The 
thickness of the structure is decided by the process. A 
small mismatch in the natural frequencies is 
introduced by fixing the width of the beam to be 
lesser than the thickness. Results of the simulation 
show that for a design 1 gives a resolution of 1.03º/s 
with a scale factor of 0.0001. The bandwidth i.e the 
sensors useful frequency range observed is 378.3 Hz 
 

Table: Susspension Parameters of Design-1 

 
Table: Two Modes of Frequencies Of Design -1 

 

 
Figure 4.  Out-of-plane motion of proof-mass. (6700Hz). 

 
Figure 5.  In-plane motion of proof-mass. (6365 Hz). 

 
The percentage difference is calculated by 
normalizing the ANSYS data with the analytical 
values. As seen in Table II, the values of the 
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frequencies computed by the analytical formulas 
agree well with the values obtained in ANSYS. For 
the ANSYS analysis, the gyro structure was meshed 
with shell elements with the guided boundary 
conditions applied at the nodes connecting the flexure 
beams with the proof-mass. The bandwidth i.e the 
sensors useful frequency range observed is 378.3 Hz 
 
III. REDUCED ORDER MODELING OF 

DESIGN-1 
 
Simulink is a tool for time domain modeling. 
MATLAB provides the ability to use transfer 
functions, state-space objects, and frequency response 
(FRD) objects. The basic Simulink package allows 
modeling of all of these linear objects except the FRD 
(this requires the Control Design toolbox). 
The drive mode motion obtained by comb-drive of 
push-pull driving circuit is governed by equation: 

eddd FYKYBYM          (4) 

Where electrostatic force   
C

acdc
e g

VVNF 28.2
  

Coriolies force causes the proof mass to move in 
sense direction. The motion is described by equation:                      

CSSS FZKZBZM         (5)                       

Coriolies induced displacement lead to capacitance 
change. For out of plane sensing   capacitance change 
is:  

2g
ZAC e

b


                           (6) 

For in plane sensing it is:    
C

b g
ZtlC 

  

Ae is detection electrode area ‘g’ gap between proof 
mass and detection electrode, ‘l’ overlap length of 
comb, gc comb-finger gap, Z is sense displacement   
The overall transfer function is obtained using 
equation [4]. By taking Laplace transform of ratio of 
output to input as: 

))((
)(

22
321

SSSddd

b

KSBSMKSBSM
SGGGC





  

Where G1 = 2M, G2 = Fe,
2

03 /)( gAG e  

or cgltz /)( 0 , Md and Ms are the drive and sense 
mass. The coefficient of damping in drive mode is Bd 
and that for sense is Bs. The values of coefficient of 
damping and critical coefficient of damping are listed 
in table III. 

Dimensions of comb-drive actuators are listed in 
table IV. For driving voltages, Vdc = 5V and Vac = 
2V, The comb drive generates a maximum 
electrostatic force 269N The bottom electrode are 
designed with a length of 500µm and width of 
500µm. Taking into account the reduction of the 
effective area due to etch holes in proof-mass the 
base capacitance Cb = 0.7pF 
The gyroscope design-I is simulated in SIMULINK 
and compared with the ANSYS results for better 
performance. This simulation is carried out with large 
proof-mass dimension of mm  500500  . This 
accounts for the lower frequency values obtained in 
this analysis for gyroscope design-I compared to 
those reported in table II. The time domain response 
is shown in Figure 6. The frequency domain response 
plot is shown in Figure 7. 
 

Table: Damping parameters for simulink model. 

 
 

Table: Dimensions of comb-drive 

 
The damping coefficient in case of slid film is 
calculated by using equations for comb and proof 
mass from following equations (7) and equation (8) 
[6]. 

C (proof mass) = 
h
A

                                         (7) 

C (Comb) = 
C

combs

g
nA2

                                     (8) 

And total slid film damping is calculated by using 
equation combproofslide CCC     (9) 
The damping coefficient for squeeze film damping of 
mass and comb are calculated by using equations (10) 
and (11) 

4

222

423

4

Pr
)(8143)ln(4

8
3

h

hPhhP
massoof L

LLt
h
L

C
















         (10) 

 where Lp is the etch hole pitch, Lh is the etch hole 
length, t is the proof mass  thickness, h is the gap, η = 
Lp/ Lh and nh=number of holes. 
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(11) 
Where Ltc is the comb finger length, wc is the comb 
width, gc is the comb gap and cn  is the number of 
comb fingers. The rarefaction effect is embedded in 
the air viscosity term µ. The effective viscosity in 
rarefied air, is 

159.1638.91 n
eff K


  

Table: Comparison of Analytical, Ansys And Simulink Results 
Of Design-I 

 

 
Figure 6.  motion in drive mode(x-direction). 

 

The frequencies of the sense mode and drive mode by 
simulink compared with analytical and ANSYS 
results are listed in table V. 
 
IV. FREQUENCY DOMAIN MODELING. 
 
The transfer function can be graphed to produce a set 
of bode plots that will demonstrate the behavior of 
the system as the input drive frequency is swept . 
These plots are in Figure 7. 

 
Figure 7.  Bode plot-(a) for transform function of sense system 

(b) for drive system from above simulink model. 

 
Figure 8.  Results of Simulink model appeared in scope 

 
CONLUSION. 

 
The gyroscope of design-I was analyzed numerically 
in ANSYS for their natural frequencies and simulated 
using reduced order modeling in SIMULINK. The 
simulation results shows that the design-I gyroscope 
with hammock suspension is able to resolve a rate of 
1.03 º/s in a band width of 378.3 Hz. The 
displacement sensitivity is 0.0485 nm /( º/s) and the 
capacitance sensitivity is 0.0126 fF /( º/s).   
This reduced order modeling shows a accurate results 
with quick response as compared to numerical 
method for same design of gyroscope design-I. The 
generation of model in Simulink is quite easy than 
designing the model in ANSYS 
ACKNOWLEDGMENT 

 



International Journal of Mechanical And Production Engineering, ISSN: 2320-2092,    Volume- 2, Issue- 4, April-2014 

Reduced Order Modeling And Analysis Of Rotation Rate Sensor Modeling Of Vibratory Mems Gyroscope 
 

41 

I thanks to Dr. Mohite. S. S. for introducing me the 
amazing culture and philosophy behind MEMS. I also 
greatly appreciate the life-long support of my dear 
parents and continuous encouragement of my dear 
husband. 
 
REFERENCES 

 
[1]  Z.X. Hua, B.J. Gallacher, J.S. Burdess, C.P. Fell, K. 

Townsend, “A parametrically amplified MEMS rate 
gyroscope.” Sensors and actuators, volume 167, Pages 249-
260, 2011 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[2] Andrei M. Shkel,   Cenk Acar “Two Types of 
Micromachined Vibratory Gyroscopes” pp. 531-536, 2005 
IEEE Sensors. 

[3] S. Rajendran K.M. Liew. “Design and simulation of an 
angular-rate vibrating microgyroscope” School of 
Mechanical and Production Engineering, volume 116, no. 2, 
pp. 241-256, 21 April 2004. 

[4] “Modal analysis of MEMS gyroscopic sensors.” A thesis 
submitted to the Department of Mechanical & Materials 
Engineering by Marc Burnie Queen’s University Kingston, 
Ontario, Canada, May 2010. 

[5] Markus Egretzberger, Florian Mair, Andreas Kugi. “Model-
based control concepts for vibratory MEMS gyroscopes” 
University of   Technology, Automation and Control 
Institute, volume 22, Issue 3 April 2012, Pages 241–250 

[6] Minhang Baoa, “Squeeze film air damping in MEMS.” 
Journal: Sensor and Actuators A: Physical. ISSN: 0924-
4247  Volume 136, Issue 1, May 

 
 
 
 
 
 
 
 
 
 

 


