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Abstract - Densification of powder materials is complicated process where the main role to achieve high quality pressings 
play pressure conditions in the pressing chamber. Compaction of the particulate matter in the pressing chambers of different 
geometries causes different pressure conditions. The geometry of the chamber is defined by its shape and dimensions, which 
can be generalized to the design parameters of the compaction process. In the paper, mathematical models of pressure 
conditions depend on the design parameters of pressing chambers of different geometry are investigated; namely for the 
cylindrical chamber, the conical chamber, the combined geometry "cylinder-cone" and "cone-cylinder". Derived mathematical 
models are generally valid for compaction of particulate matter. Their practical importance lies in their application in 
optimizing the design of the pressing chambers in terms of minimizing the energy costs for pressing. Meaning and examples 
of optimization are detailed in the work.1 
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I. INTRODUCTION 
 
Research is based on the energy optimization of the 
densification process of biomass into solid biofuels. 
After a comprehensive analysis of the world scientific 
literature [2, 3, 4, 5, 6, 7, 9, 10, 11], it can be concluded 
that there are not many mathematical models 
describing the densification process (briquetting and 
pelleting) of biomass. In particular, the models 
describing the influence of design parameters on the 
compaction process and the final quality of the 
pressings are absent. It is obvious that a detailed study 
of the impact of all design parameters on the process 
and the final quality of the pressings is a very extensive 
task and it requires a detailed mathematical and 
physical analysis of this issue. Since compacted 
biomass is a particulate matter, the sought 
mathematical models will be valid to particulate 
matter in general. However, the most significant 
influence on the pressing process has the geometrical 
parameters of the pressing chamber, i.e., shape and 
dimensions (diameter, length, conicity) [1]. It should 
be noted, that in the vast majority of cases this is a 
pressing by extrusion of the material by an open 
chamber. The geometry of the pressing chambers 
currently used for the production of solid biofuels by 
extrusion is very diverse. It consists of a cylindrical 
and in most cases also a conical section. Also, surveys 
and analyses of compaction tools for the production of 

solid biofuels show that a combination of several 
cylindrical and conical parts of the pressing chamber is 
often used (Fig.1, Fig.2).  The length of the cylindrical 
part provides the necessary counter pressure through 
the friction forces. It also provides a high-quality, 
smooth surface for these biofuels. The conical part of 
the chamber causes a spatial movement of the particles 
of the compacted material and thus it causes a higher 
degree of compaction, resulting in a higher quality of 
production [1, 8]. If the material is extruded through 
the conical part of the chamber, pressings obtain a 
higher density and strength. However, the friction and 
pressing conditions in the conical pressing chamber 
significantly increase the required compacting 
pressure, and thus energy requirements for production. 
The shape and dimensions of the pressing chamber 
have a direct impact on the achieved quality of 
production and on the size of the required compacting 
pressure. It is therefore necessary to create a 
mathematical description of the whole physical 
process of compaction of the particulate matter by 
extruding through the cylindrical shape of the 
chamber, the conical shape of the chamber and also 
through the combined shape of the pressing chamber. 
The basis for the creation of mathematical models in 
this work are the pressure conditions in the pressing 
chambers of various shapes and their combinations. 
Obtained mathematical models will be further used to 
optimize the geometry of the pressing chamber in 
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terms of achieving high quality pressings while 
minimizing the energy input into the process. The 
proposed mathematical models described in this study 
allow us to understand the whole compaction process 
and the influence of each design parameter on it. 
 

 
Fig. 1  Specification of pressing chamber geometry in the biomass 

pelleting process [1] 
 

 
Fig.2  The pressing chamber geometry of a screw briquetting 

press [1] 
 

II. MATHEMATICAL MODEL OF PRESSING 
CONDITIONS IN CYLINDRICAL CHAMBER 
 
The pressure conditions in a closed cylindrical 
pressing chamber at uniaxial pressing are shown in 
Fig. 3. Auxiliary back pressure is caused by the lower 
stopper. Pressure conditions in the pressing chamber 
between the piston and the stopper can be explained by 
the element dx of pressed material, while its weight 
during the compaction is neglected. 

 
Fig. 3  Pressure conditions in the cylindrical pressing chamber at 

uniaxial pressing 
Where: 
pa – axial pressure of piston (MPa), 
dpa – pressure change between the piston pressure and 

the pressure on the lower stopper (MPa), 
pr – radial pressure  (MPa), 
d – diameter of pressing chamber (mm), 
μ – friction coefficient  (-), 
L – length of the pressing chamber  (mm), 
dx - infinitely small height of the cylinder element; 
(dx>0), 
Sv - the base area of the cylinder (mm2), 
S - surface area of the cylinder (mm2). 
Suppose that 1 2F F

 
. Then, from the pressure 

conditions in the pressing chamber, it can be written 
the following equation (1) for the balance of forces 

1 2 3 0F F F  
  

              (1) 
By simple calculation it is possible to express the force 
(2) acting on the upper base of the cylindrical element 

2 2

1 . . . .
2 4a v a a
d dF p S p p      

 


,     (2) 

and the force acting on the lower base (3) 

     
2 2

2 . . . .
2 4a a v a a a a
d dF p dp S p dp p dp         

 

  

(3) 
The friction force 3F


 is a special case. Friction 

coefficient and axial force was used for its expression. 
 

3 . . . . . . .N r rF F p S p d dx     


    (4) 
 
Physical description of bulk material densification 
mostly results from anisotropy of pressure (higher 
pressures are in the direction perpendicular). The ratio 
of main stresses (radial σr / axial σa) is referred to as 
residual pressure coefficient or horizontal compression 
ratio λ., The λ values are from 0 to 1 for dispersive 
materials. 

r r

a a

p
p




  ,    (5) 

where r  represents radial stress and a  axial stress. 
After we put the relation (5) into equation (4), we get 
the shape to express the friction force. 

3 . . . . .N aF F p d dx   


       (6) 
Based on the equilibrium equation (1) and after 
substituting relations (2), (3), and (4) it is possible to 
derive the differential equation for expressing the 
change of pressure between the two bases of the 
cylindrical element (7). 

 
2 2

. . . . . . . 0
4 4a a a a
d dp p dp p d dx            (7) 

Assuming 0dx   and 0adp  , then it is valid 

. . . 0
4

a
a

dpd p
dx

   .                     (8) 
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The size of axial pressure in a particular position of 
compacting material is dependent on the distance of 
this position from the piston. To determine its size, it is 
necessary to determine this position on the cylinder 
axis. Then it is possible to express the size of the axial 
pressure by functional relationship (9). 

. ' ( ) . . ( ) 0
4 a a
d p x p x   . (9) 

Through linear differential equations with constant 
coefficients, it is possible to find a solution in the form 
of 

1( ) . k x
ap x c e ,  (10) 

where k  is the constant expressed by the relation 
4. .k

d
 

 . (11) 

The result is consistent with the physical phenomenon 
when the pressure decreases depending on the distance 
from the beginning of coordinates. Based on the 
established system of coordinates according to Fig. 3, 
it is valid: 
x = 0 the initial position in the pressing chamber (the 
position between the piston and the pressed material), 
x = L the end position in the pressing chamber (the 
position between the pressed material and the stopper). 
Consequently, it is possible to solve the Cauchy 
problem with initial conditions pa(x) = pap, where pap  
is constant pressure of the pressing piston acting on the 
compacted material during the pressing process. I tis 
valid: 

.0
1 1( ) . (0) .k x k

a a app x c e p c e p      

1app c  
4 .

( ) .
x

d
a app x p e

 


  (12) 

The output pressure at the L position can be expressed 
by relation (13) 

4 .
( ) .

L
d

a app L p e
 

 . (13) 

It is also possible to express the relation of the input 
axial pressure of the pressing piston pap to the 
compacted material depending on the output pressure 
by the resulting equation 

4 .
( ).

L
d

ap ap p L e
 


 . (14) 

This equation (14) indicates the relationship between 
the piston pressure and the backpressure applied to the 
compacted material. This relationship can be applied 
to compaction in the open pressing chamber, where the 
backpressure is constituted by a static frictional 
resistance between the already compacted material 
extruded through the pressing chamber and the walls 
of the chamber. From this relationship, it is also 
possible to determine the size of the required 
backpressure for the compacting operation and to 
determine the static friction resistance of the extruded 

column, which has already been compacted. The 
equation can be interpreted in principle as the 
relationship between the compacting pressure and the 
individual design parameters determining the 
geometry of the pressing chamber. 
 
III. MATHEMATICAL MODEL OF PRESSING 
CONDITIONS IN CONICAL CHAMBER 
 
The mathematical expression of the pressure 
conditions in the frustoconical pressing chamber is 
much more complicated than in the cylindrical 
chamber. The cylinder is only a special case of a 
truncated cone with an angle of inclination of the wall 
to the axis α = 0. In the expression of the pressure 
conditions in the conical chamber, the same 
procedures and the same marking as in the cylindrical 
chamber was used (Fig. 4).  

In the case of a frustoconical chamber, the expression 
of the equilibrium equation is the following 

1 2 3cos . 0F F F  
  

.    (15) 
After expressing the individual forces from Fig. 4, we 
get the equation 

 1 2 3. . cos . 0a a ap S p dp S F   


        (16) 

where S1 represents the area of upper base and S2 
represents the area of lower base. The co-ordinate 
system was used the same as for the cylindrical 
chamber.  
The force acting on the upper base can be expressed by 
the equation 

2
2

1 1
2. . .

2a a
d vF p S p      

 


                     (17) 

where d2 is diameter of the lower base and v  is width 
of the upper base annulus. The force acting on the 
lower base can then be expressed by the equation 

   
2 2 2

2 2 2
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 (18) 
The final equation for expressing frictional forces (19) 
is 

2 2
3

21. . . . . . .
cos 2 2 cosN a

d v d dxF F p   
 

    
 

    

(19) 

 
 

Fig. 4  Pressure conditions in the conical chamber 
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Substituting relationships (17), (18) and (19) into the 
equilibrium equation (15) and after further 
adjustments it is possible to express the output pressure 
in the L position by the relation (20). 

2 2

2
2

12. (2d 2 d sin )
cos

d
.

( ) .

v
L

a app L p e

    


 


  (20) 

It is also possible to express the relationship of the 
input axial pressure of the pressing piston app  to the 

compacted material depending on the output pressure 
by the equation (21). 

2 2

2
2

12. (2d 2 d sin )
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  (21) 

 
IV. OPTIMIZATION OF THE PRESSING 
CHAMBER DESIGN IN TERMS OF 
MINIMIZING THE ENERGY DEMANDS OF 
COMPACTION 
 
The obtained results of the research and the detailed 
analysis of the proposed mathematical models make it 
possible to draw conclusions directly applicable in 
practice. In terms of energy costs for compaction, it is 
appropriate to compare the output pressure from the 
pressing chambers of different geometry while the 
other parameters are constant. The geometry of 
pressing chamber influences the nature of the stress in 
the compacted material in the pressing direction. 
Although the input pressure is constant, the inlet and 
outlet cross-sections of the chambers are identical, but 
the geometry of the chambers is different, the output 
pressure from the chambers will vary. This fact will be 
demonstrated on a specific example of compaction in 
pressing chambers with different combined geometry:  
A.  cylinder-cone (Fig. 5),  
B.  cone-cylinder (Fig. 6). 

 

 
Fig. 5  Geometry of analysed chamber "cylinder-cone" 

 
Fig. 6   Geometry of analysed chamber "cone-cylinder" 

 
The obtained relationship to expression of the axial 
pressure at the outlet of the pressing chamber of the 
"cylinder-cone" geometry takes the form: 

21
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(22) 
The equation expressing the axial pressure at the outlet 
of the pressing chamber of the "cone-cylinder" 
geometry takes the form: 

1 2
2

2 2
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(23) 
As an illustrative example, the case of the geometry of 
these two chambers will be considered, when the 
length of the cylindrical and conical part will be the 
same 1 2L L . The same input pressure, the same inlet 
diameter d1 and outlet diameter d2 are considered for 
both geometries. If only the output pressure from the 
chamber at position 1 2L L  is judged, other 
members are equal in the calculation. In this specific 
case, the resulting output pressure from the chamber is 
affected by the members: 

 1

4
de


    vs.    2

4
de


.  
These members differ only in the chamber diameters. 
If for the pressing chambers applies that the inlet 
diameter d1 is greater than the outlet diameter d2, then 

the function value 
.konšt

xe


 is for d1 greater than for d2. 
The member that affects the resulting output pressure 
from the chamber is growing function (Fig. 6). This 
specific example shows the fact that greater pressure 
on the outlet of the chamber is achieved with the 
"roller-cone" geometry.  
 

1 1 2 2 1 2( ) ( )a ap L L p L L                     (24) 



International Journal of Mechanical And Production Engineering, ISSN(p): 2320-2092, ISSN(e): 2321-2071 
Volume- 6, Issue-1, Jan.-2018, http://iraj.in 

Pressure Conditions in the Pressing Chamber During Compaction of Powder Materials 
 

17 

 

Fig. 6  Function course 

.konšt
xe



 
 

Greater pressure on the outlet at constant inlet pressure 
represents lower friction losses in the chamber and 
hence its more efficient use. 
However, in practice, a similar specific situation, 
when 1 2L L , occurs rarely. The problem remains the 
evaluation of the pressing chamber with different 
lengths of the conical and cylindrical parts of the 
combined geometries. The application of these 
mathematical models will be demonstrated and then 
evaluated on a realistic example: 
 outlet diameter of the chamber d1 = 100 mm, 
 outlet diameter of the chamber d2 = 50 mm, 
 coefficient of friction (steel-wood) μ = 0,35, 
 horizontal compression ratio λ = 0,25, 
 input axial compression pressure pap = 150 MPa, 
 the angle of inclination of the conical wall of the 
pressing chamber from axis α is a function of the 
length of the conical part of the chamber at fixed 
diameters of the start and end of the cone, 
 the length of the first part of the chamber L1 and the 
length of the second part of the chamber L2 are 
variables to allow wider assessment of the situation. 
By applying designed mathematical models 
expressing the pressure conditions in the pressing 
chambers of the "roller-cone" and "cone-cylinder" 
geometry, it is possible to evaluate the effect of the two 
geometries on the pressure at the outlet of the chamber. 
The 3D chart for the case shown in Fig. 7 was obtained 
using the Mathematica software. The chart shows the 
pressure dependence on the outlet of the pressing 
chamber from the length of the first L1 and the second 
L2 part of the chamber, integrating the both combined 
geometries ("roller-cone" - red, "cone-cylinder" - 
blue). The following can be deduced from the chart: 
1. The intersection of the surfaces is an equilibrium 
state when the same value of output pressure is 
achieved, at the respective lengths of the first part L1 
and the second part L2 of the pressing chamber, 
depending on the observed geometry "cylinder-cone" 
and "cone-cylinder".  
2. In the case of short first part of the chamber L1 and 
long second part L2, it is suitable to choose the 

"cone-cylinder" geometry to achieve a higher outlet 
pressure (Fig. 7).  
3.  In the case of very long first part of the chamber L1 
and very short second part L2, it is suitable to choose 
the "cylinder-cone" geometry to achieve a higher outlet 
pressure (Fig. 7). 
4. From Fig. 7 it is clear that for a specific example 
with specific values of variables in most combinations 
of lengths of the first and second parts of chamber, it is 
suitable to select a "cylinder-cone" geometry from the 
perspective of achieving a higher outlet pressure. 
Certainly for all combinations with a second part of 
chamber longer than 100 mm. 

 

 

 
Fig. 7 The pressure dependence on the outlet of pressing 

chamber from the length of the first L1 and the second part L2 of 
the chamber. The red area is valid for "roller-cone" geometry, 

the blue area for "cone-cylinder" geometry 
 
Expression of compression conditions in a simple 
geometry chamber (simple cylinder or simple cone) on 
specific examples is much easier due to the 
mathematical shape of their models. It should be noted 
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that the cylindrical chamber is only a special case of a 
conical chamber when the angle α of inclination of the 
wall to the axis is equal to zero. For the demonstration 
of the output pressure from the pressing chamber, 
depending on the design parameters for a specific 
example, the following parameters were defined: 
 

a. outlet diameter of the chamber d2, 
b. the angle of inclination of the conical wall of 

the                                                     pressing 
chamber from axis α, 

c. inlet diameter d1 is a function of outlet 
diameter d2 , length of chamber L2 and the 
angle α, 

d. coefficient of friction (steel-wood) μ = 0,35, 
e. horizontal compression ratio λ = 0,25 
f. input axial compression pressure pap = 150 

MPa, 
g. length of chamber L2 is a variable parameter. 

 
The task is to investigate the progress of the pressure at 
the outlet of the pressing chamber in relation to the 
length of the chamber for the concrete defined values 
of the diameter at the outlet and the angle of the wall of 
the chamber to the axis α. Fig. 8 shows a change in 
pressure at the outlet of the pressing chambers pa 
relative to their length L2 when changing the design 
parameters α and d2. 
 
CONCLUSION 
 
Derived equations describing mathematical models of 
pressure conditions for the different geometry of the 
pressing chambers (cylindrical, conical, combined 
roller-cone, and combined cone roller) are generally 
applicable to compaction of any particulate matter. 
Their practical application in optimizing the geometry 
of the real pressing chambers allows the production of 
high quality pressings while minimizing the energy 
costs for compaction process. These optimization 
procedures are also generally valid and directly 
applicable in practice. 
 

 
Fig. 8 The dependence of the output pressure from the simple 

chamber geometry on its length at the different values of design 
parameters α and d2 
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