
International Journal of Mechanical And Production Engineering, ISSN(p): 2320-2092, ISSN(e): 2321-2071 
Volume- 5, Issue-12, Dec.-2017, http://iraj.in 

 Modeling and Optimization of Submerged Friction Stir Welding of AA 2219-T6 Alloy 
 

24 

MODELING AND OPTIMIZATION OF SUBMERGED FRICTION STIR 
WELDING OF AA 2219-T6 ALLOY 

 
1WISAM AL-WAJIDI, 2FANTAHUN M. DEFERSHA, 3IBRAHIM DEIAB 

 
School of Engineering University of Guelph Guelph, Ontario, Canada 

E-mail: 1walwajid@uoguelph.ca, 2fdefersh@uoguelph.ca, 3ideiab@uoguelph.ca 
 
 
Abstract- In many fields, such as the aerospace industry, acquiring high-quality weld is considered challenging with 
conventional joining techniques. This issue appears at some materials, especially those that have low melting temperature. 
Friction stir welding (FSW) is a promising joining technique for welding lightweight materials. FSW is an environmentally-
friendly technique, which involves versatility and energy efficiency used to generate a good collection of mechanical 
properties and microstructure. This process is an innovative solid-state joining technique. FSW processes were first applied 
on aluminum alloys because of their low melting temperatures; and were found to be an effective technique. Submerged 
Friction Stir Welding has been conducted successfully in joining different alloys. The objective of the present paper is to 
develop a model, optimize the submerged FSW process, and compare with experimental data published in the literature.  The 
optimization problem is formulation using the Lagrange multiplier method and the optimality conditions are verified using 
Karush-Kuhn-Tucker (KKT) theorem. 
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I. INTRODUCTION 
 
Friction stir welding process (FSW) avoids the usual 
problems that occur when using conventional welding 
to join low melting point materials or dissimilar 
materials [1]. In FSW, metals are welded without 
attaining melting temperature of the metals [2]. 
During the FSW processes, the rotating probe slowly 
moves into a butt joint line between two rigidly 
clamped plates or sheet metalsas shown in Figure 1. 
Improvement of the strength of common friction stir 
welded joints is possible by careful control of 
temperature. In several solid state welding techniques 
external liquid cooling has been used to improve weld 
performance. Controlling the temperature level is one 
important way to improve weld properties. To 
perform that, water was used to submit an in-process 
cooling effect during FSW due to its excellent heat 
absorption capacity and widespread distribution. 
Submerged Friction Stir Welding has been conducted 
successfully in joining many ultra-high strength 
aluminum alloys and spray formed aluminum alloys 
via modification of the thermal cycle using the water 
environment. The tensile properties of the UFSW 
joint have been compared to the traditional method 
[3], microstructure [4], corrosion resistance [5, 6] and 
thermal cycle [7]. Wang et. al [8] investigated on 
spray formed AA 7055, the adjustment strategy of 
UFSW factors have been examined by three groups 
of joining experiments in this investigation with 
different rotation and welding speed. Results showed 
that besides presenting viable properties, the 
submerged weld full weld nugget was shown to have 
wider and deeper RZ. This demonstrates that spindle 
speed has a wider adjustment range than the welding 
speed. Zhang et al. [9,10] conducted submerged FSW 
of AA 2219-T6. Here, the whole workpiece was 
immersed in the water environment in order to take 
full advantage of the heat absorption capacity of 

water. The tensile strength of the submerged weld 
was higher than the corresponding normal weld. A 
mathematical connection between tensile strength and 
welding factors was proposed by Zhang et. al [11] to 
calculate the tensile strength of submerged friction 
stir welded 2219-T6 aluminum alloy. For the three 
inspected process factors, the difference analysis 
shows that the spindle speed and the forward speed 
are the main factors that affect the tensile strength. 
The results show that a maximum tensile strength of 
360 MPa can be gained through submerged FSW.  

 
Fig. 1: Schematic illustration of friction stir welding 

 
This improvement is 6% higher than the maximum 
tensile strength obtained in normal FSW. The 
controlling of microstructural evolutions and 
temperature histories is found to be responsible for 
the improved strength.Constraints on parameter 
values arise due to a variety of mathematical, 
physical, and resource limitations. They are also an 
essential part of many optimization problems. Here, 
they can require much work depending on 
complexity. To uncover the solution for optimization 
problems constrained to one or more equalities, the 
Lagrange Multipliers method is used. When 
constraints also have inequalities, the method must be 
extended to the KKT conditions. The Karush-Kuhn-
Tucker (KKT) Theorem is the central theorem in 
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constrained optimization. KKT was first formulated 
in Karush (1939) and later in Kuhn and Tucker 
(1951). Karush’s contribution was not recognized for 
many years and it is usual to hear KKT referred to as 
Kuhn-Tucker. The KKT conditions build on the ideas 
of Lagrange multipliers in order to deal with equality 
constraints and inequality constraints. In present 
paper, by using same parameters with same levels, 
will compare the results of numerical optimization 
via applying KKT Optimality Conditions to those 
obtained by Zhang et. al [11]. 
 
II. DEVELOPMENT OF MATHEMATICAL 
MODEL 
 
The quadratic response yfor three variables [11]: 

 
 

 
 

   
The objective function is to maximize tensile strength 
TS. The welding parameters and their levels are 
illustrated in table in table1.The second-order 
polynomial formula determined after applying 
multiple regression analysis:                                                                               

 
 
Subjected to:  
900≤w≤1100, 150≤v≤ 250, 0.2≤p≤ 0.4  
 

 
Table 1: Welding parameters and their levels [11] 

 
III. KARUSH-KUHN-TUCKER (KKT) 
OPTIMALITY CONDITIONS: 
 
To write the KKT conditions, the optimum design 
problem must be written in the standard form as 
following: 

 
 
Inequality constraints: There are six inequality 
constraints that are written in the standard form: 

 
 
Lagrangian function for the problem written in the 
standardform:    

 
 
To use the KKT conditions, we introduce slack 
variables into the constraints and define the Lagrange 
function for the problem: 
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The switching conditions give sixty-fourcases for the 
solution to the KKT conditions. These cases can be 
identified using a systematic procedure, as: 
 

 
Case64: s_1=0,s_2=0,s_3=0,s_4=0,s_5=0,s_6=0  
 
Each case will be considered separately and solved; 
However, ¬the cases requiring all s_1=0 and  s_2=0, 
or   s_3=0 and  s_4=0,or  s_5=0 and  s_6=0  as zero, 
do not give any candidate optimum points because 
they violate the constraint of either Eqs. Therefore, 
these cases will not be considered. 
Case 1 u_1=0, u_2=0, u_3=0, u_4=0, u_5=0, u_6=0 
 
By using MATLAB to calculate the values of 
variables as following, this case gives: 
w=983.8, v=222.2, p=0.2896 
 
It is important to check the feasibility of this design 
point with respect to constraints before claiming it as 
a candidate local minimum point. Substituting 
w,vandp into Eqs. (16) to (21), will find that: 

  
 

 
 
IV. UNCONSTRAINED OPTIMIZATION 
 
It must find local minimum points for the function 
f(X) in equation (4): 

 
 
The necessary conditions for the problem give: 

 

 

 
 
Will try to compute the eigen values of H. However, 
the characteristic equation is |A - λI|. This equations 
(of order three with no obvious factorization) seems 
difficult to solve. 
Let us instead try to use the leading principal minors. 
They are: 

  
Now: H_1<0, H_2>0,H_3<0, so H_((983.8,   222.2,   
0.2896)) is negative semi-definitethat means this 
point is a sufficient condition for a local maximum. 
Then, using Eq. (3) to get the optimum solution 
(maximum tensile strength): TS=358.16 Mpa 
 
V. PERFORMANCE OF A POST OPTIMALITY 
ANALYSIS: 
 
By using Eq. (23), will get the change in the cost 
function; however, the Constraint Sensitivity 
Theorem and Eq. (24) tell us that, because u_1=0, 
u_2=0, u_3=0, u_4=0, u_5=0, u_6=0, will move 
away from that constraint toward the feasible region 
without affecting the optimum cost function value. 
Since  u_1=0, u_2=0, u_3=0, u_4=0, u_5=0, u_6=0, 
this means that any small change in the constraint 
limit does not change the optimum cost function 
value. 

 
 
CONCLUSIONS 
 
In the investigation of Zhang et. al [11], 2219-T6 
aluminum alloy was submerged friction stir welded 
and a mathematical model was developed to optimize 
the welding parameters for maximum tensile strength. 
They found that there exists an optimal window of 
operation for the FSW process.  In present paper, all 
the FSW parameter ranges, spindle speed (w),  
welding speed (v) and shoulder plunge depth (p) are 
the same as those taken by Zhang et. al [11]. They 
note that a spindle speed (w), welding speed (v) and 
shoulder plunge depth (p) of983 rpm,  223 mm/min, 
0.3 mm respectively, is ideal for their setup. These 
predicted results indicate that a maximum tensile 
strength of 360 MPa can be obtained through 
submerged FSW, which is verified by their 
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experimental result of 358 MPa. The optimal process 
parameters that founded in present paper via using the 
numerical optimization approaches (KKT Optimality 
Conditions - unconstrained) and MATLAB:983.798 
rpm rotational speed with a welding speed of 222.2 
mm/min and shoulder plunge depth of 0.2896 mm. 
This gives a tensile strength of 358 MPa, this is in 
very good agreement with the experimental findings 
of Zhang et. al [11]. The optimal parameters are on 
the edge of the operational window of the MATLAB. 
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