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Abstract - The electro gravitational instability of an oscillating streaming fluid cylinder surrounded by a self-gravitating 
tenuous medium pervaded by transverse varying electric field is discussed under the action of self gravitating, capillary and 
electro dynamic forces.  This has been done for all modes of perturbation.  A second order integro-differential equation of 
Mathieu type has been drived.  Several published works are obtained as limiting cases from the present general one.  The 
model is stable due to the stabilizing effect of the transverse electric field in all modes of perturbation.  The capillary force 
has a strong destabilizing influence on the self gravitating instability of the model.  The streaming has a strong destabilizing 
effect in all kinds of perturbation. 
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I. INTRODUCTION 
 
The stability of the full fluid cylinder under the 
influence of the self gravitating force has been 
studied, for the first time, by Chandrasekhar and 
Fermi [1].  More extensions along this problem and 
others acting upon different forces were studied by 
Chandrasekhar [2].  Stability of fluid layers or 
cylinders have gained considerable importance 
because of their applications in industries and 
biophysical laboratories, such as medical applications 
of electro hydrodynamic and Magneto hydrodynamic 
stabilities as injection of drugs inside the vessels, 
electric shock to treat the heart attack and effect of 
the magnetic resonance on blood flow.  Sudo et.al. [3] 
have developed the generator of the capillary 
magnetic fluid jet by conducting the experiments on 
magnetic fluid sloshing and found that the magnetic 
fluid droplets and capillary jet are formed by the 
generator.  In the recent decades, many advanced 
works concerning stability of different models 
influenced by several external forces have been 
documented by Hasan [4],[5],[12] and [13].   Hasan 
[4] has studied the stability of a oscillating streaming 
fluid cylinder subject to the combined effect of the 
capillary, self-gravitating and electro dynamic forces 
in all modes of perturbation.  He [5] has studied the 
instability of a full fluid cylinder surrounded by self-
gravitating tenuous medium pervaded by transverse 
varying electric field under the combined effect of the 
capillary, self-gravitating and electric forces for all 
modes of perturbation.  Ellingsen and Brevik [6] have 
discussed the behavior of a dielectric fluid-fluid 
interface in the presence of a strong electric field 
from a point charge and line charge, respectively, 
both statically and ,in the latter case, dynamically.  
Chand[7] has investigated the rotation in a 
magnetized ferrofluid with internal angular 
momentum, heated and soluted from below saturating 

a porous medium and subjected to a transverse 
uniform magnetic field.  He [8] has discussed the 
triple-diffusive convection in a micropolar 
ferromagnetic fluid layer heated and soluted from 
below and considered in the presence of a transverse 
uniform magnetic field.  Yin et.al. [9] have studied a 
linear stability analysis for thermal convection in a 
two-layer system composed of a fluid layer overlying 
a porous medium saturated with an oldroyd-B fluid 
heated from below.Ezzat et.al. [10] have studied 
some mathematical models of generalized magneto-
thermo-viscoelasticity for isotropic media by using 
Laplace-transform technique. Balsara et.al. [11] have 
discussed the two fluids interact collectively with the 
full set of Maxwell's equations and obtained a 
solution strategy for that coupled system of equation. 
Hasan [12] has studied the linear stability of self-
gravitating compound dielectric immiscible jets under 
the influence of an axial electric field.  He [13] has 
discussed the self-gravitating instability of a rotating 
fluid layer sandwiched between semi-infinite layers 
of a fluid with a different density. Yang [14] has 
applied Cantor-type cylindrical-coordinate method in 
order to investigate a family of local fractional 
differential operators on Cantor sets. 
 
In this article, we aim to investigate the stability of an 
oscillating streaming fluid cylinder surrounded by 
self gravitating tenuous medium pervaded by 
transverse varying electric field under the combined 
effect of the capillary, self gravitating and electro 
dynamic forces in all axis ymmetric and non 
axisymmetric perturbation modes.  
 
II. MATHEMATICAL FORMULATION 
 
Consider a gravitational dielectric fluid cylinder of a 

uniform cross-section with radius oR   permittivity 
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coefficient 
 i  surrounded by a gravitational 

tenuous medium of negligible motion of permittivity
 e .  The fluid is assumed to be inviscid, 

incompressible, selfgravitating and pervaded by the 
uniform electric field 

  
The surrounding selfgravitating tenuous medium is 
being penetrated by the transverse varying electric 
field

 

 

where oE  is the intensity of the electric field in the 

fluid while   is some parameter to satisfy certain 

condition.  The components of    and
i e

o oE E  are 

considered along the utilizing cylindrical coordinates 

 , ,r z  system with the z-axis coinciding with the 

axis of the fluid cylinder.  The  fluid of the cylinder 
streams with a periodic velocity 

 
 

where U  is the uniform streaming at time 0t   and 

  is the oscillation frequency of the velocity. (see 
figure (1)).  

 e
oE   

 
Figure (1)

 
Sketch for EHD fluid Cylinder 

 
The required fundamental equations appropriate for 
studying such a problem may be formulated as 
follows: 
In the fluid cylinder 
 

 

On the surface of the fluid cylinder 

 

where 1 2andr r  are the principle radii of curvature 

and  T  is the surface tension coefficient.  sN  is, the 

unit outward vector normal to the surface, given by 
 

 
 In the surrounding tenuous medium 

 
Here , andu P  are the fluid mass density,velocity 

vector and kinetic pressure, 
   and
i e

E E  are the 

electric field intensity of fluid and of tenuous medium 

surrounding the fluid cylinder.  
   and
i e

V V  are the 

selfgravitating potential of fluid and of tenuous 

medium surrounding the fluid cylinder and G  is the 
gravitational constant. By applying the balance of the 

pressure across the fluid tenuous interface at or R  ,  

we finally obtain 
 

 
 

III. PERTURBATION ANALYSIS 
 
For small departures from the initial state, every 
physical quantity could be expressed as 
 

 
 

where Q  stands for 
   , , and
e i

u P E E  while,

 t  is the amplitude of the perturbation with 0 , 

the value of   at 0t , is the initial amplitude and 

 is the growth rate or rather, if  i  is 

imaginary, the oscillation frequency   concerning 
the stability states, (cf. Chandrasekhar (1981)).
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where  rkIm and  rkKm  are the modified 

Bessel functions of the first and second kind of order 

m , while 
( )iA , 

( )eA , 
( ), iB C  and 

( )eC  are 

constants of integration to be determined. 
 
IV. STABILITY CRITERION 
 
The solutions (18)-(22) satisfy certain boundary 
conditions across the fluid-tenuous medium interface 

at 0Rr  . These appropriate boundary conditions 

could be applied as follows. 
 

1. The Kinematic conditions are 

 
2. Selfgravitating conditions are 

 

 

 
Applying the foregoing boundary conditions (i)-(iii) 
we find that 

 

where 0Rkx   is, dimensionless, the longitudinal 

wave number.Using the above results and applying 
the stress condition we obtain.  
Equation (34) is a total second order integro-
differential equation in the deflection amplitude   of 

the perturbation. It relates   with  the modified 

Bessel functions of the first and second kind of order 
m, the wave numbers x and m, the oscillation 

frequency of the streaming , the uniform streaming 
velocity U, the transverse varying magnetic field 

parameter   and with the other parameter  , G , ,

oE ,   and R o  of the problem. Assuming that 

)exp( t  where is the growth rate, Since the 

present problem is somewhat more general than other 
studied problem, stability criteria of numerous 
problems of different character may be obtained from 
the general dispersion relation (34) as limiting cases 
with appropriate choices.A lot of simplifications, like 

0G , 0 0E   and 0m , are essential to get the 

following dispersion relation from (34) 

 
which is obtained by Rayleigh [15] for a naïve model. 

However, for 0G , 0 0E   and 0  while 

1m , the relation (34) reduces to 
 

 
which is derived and studied by Chandrasekhar [2]. 

If we suppose that 0T , 0 0E  , 0  and 

0m , the relation (34) degenerates to 
 

 
that coincides with the dispersion relation derived, for 
first time, by Chandrasckhar and Fermi [1]. 

However if 0T , 0 0E   and 0  while 

1m , the relation (34) will be 

 
which is derived and discussed by Chandrasekhar [2]. 

If 0G , 0T  while 0m , the relation (34) 
yields 

 
which is the electrodynamic dispersion relation of 
fluid cylinder surrounded by transverse varying 

electric field, valid for all axisymmetric mode 0m  

and non-axisymmetric modes 1m . As a limiting 
case one can deduce a dispersion relation from such 
case in the rotationally axisymmetric disturbances by 

just putting 0m  in equation (39). 
 
V. STABILITY DISCUSSIONS 
 
In order to discuss the stability of the present model 
under the combined effect of the capillary, self-
gravitational and electric forces, it is found more 
convenient that we should study some behavior of the 
modified Bessel functions appearing in the criterion 
(34).For non-zero real value of x , the recurrence 
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relations of the modified Bessel functions  
Abramowitz and Stegun  [16] are given in the form 
 

 
 

Since for each non-zero real value of x that  xIm  

always positive and monotonic increasing while 

 xKm  is monotonic decreasing but never 

negative, we see that 
 

 
Therefore, for each non-zero real value of x , we 
have 

 
 

in all axisymmetric mode 0m  and non-

axisymmetric modes 1m . 
 
A. Capillary instability 
The dispersion relation of the present model under the 
action of the capillary force is given by equation (36). 
By an appeal to the recurrence relation (40) and the 
inequalities (42) and (43), the discussion of the 
dispersion relation (36) reveals that the behavior of 

the non-dimension growth rate   213
0 TR  is 

mainly depend on the quantity  221 xm   since 

the associated function  
 

'
m

m

x I x

I x

 
  
 

 is positive 

for each non-zero real values of x . We see that: 

I. 02   as 1m  for all values of x  in the range 

 x0 , 

II. 02   as 0m  in the domain  x1  

where the equality corresponds to the marginal stability 
state, 

III. 02   as 0m  in the domain 10  x . 

This means that the main stability domains are

 x1  as 0m  and  x0  as 1m . 

While the only unstable domain is 10  x  as 

0m . The marginal stability state which is a 
transition from stability to instability states is given as 

0  which is occurred at 1x  for 0m . 
 
We conclude that the fluid cylinder is capillary stable 

to all non-axisymmetric modes 1m  and also to 

axisymmetric (sausage) mode 0m  for 

perturbation whose wavelength k 2  is shorter 

than the circumference 02 R  of the fluid cylinder. 

While it is unstable to sausage mode whose   is 

longer than 02 R . Clearly if 02 R  in the 

sausage mode 0m , we get neutral stability. 
 
B.  Self-gravitating instability 
The dispersion relation of a self-gravitating fluid 
cylinder surrounded by self-gravitating tenuous 
medium is given by equation (38). Based on the 
relations (40) and (41) and the inequalities (42) and 
(43) concerning Bessel functions, the relation (38) is 
discussed and we found the following.The 

determining of the sign of   G42
 could be 

determined if the sign of the quantity 

     
2

1
 xKxIxQ mmm  is known for 

different values of m  and x . 
 

In the non-axisymmetric modes 1m , it is found 

that  xQm  is negative for all non-zero values of 

x . This means that   will be imaginary and 
consequently the fluid cylinder will be stable in 

1m  modes for all short and long wavelengths. In 

the axisymmetric mode 0m , it is found that the 

quantity  xQm  may be positive or negative 

depending on the non-zero values of x .This means 
that the fluid cylinder may be unstable or stable in 
some states. Numerical and analytical studies of the 

relation (38) for 0m  show that the fluid cylinder 
is gravitational unstable in the domain 

0667.10  x  while it is stable in the domains 

 x0667.1  and the transition from the 
oscillation state to that of instability occurred at 

0667.1x . 
 
We conclude that the self-gravitating fluid cylinder 
surrounded by self-gravitating tenuous medium is 

unstable only in the range 0667.10  x  as 

0m  while it is stable in all other axisymmetric 
and non-axisymmetric states. 
 
C.  Electrodynamic stability 
In absence of the combined effect of the capillary and 
self-gravitating forces and assuming that the fluid 
cylinder is acted by the electrodynamic forces in 
addition to the pressure gradient force, the dispersion 
relation of this case is given by equation (39). 
Upon using the identities (41)—(43), the discussion 
of the relation (39) reveals that the electric fields 
pervaded through the fluid cylinder and in the region 
surrounding the cylinder have strong stabilizing 
effects. 
D.  Electrodynamic gravitating instability 
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In this general case the self-gravitating fluid cylinder 
surrounded by tenuous self-gravitating tenuous 
medium of negligible motion is acted by the 
combined effect of the capillary, self-gravitating and 
electrodynamic forces. The dispersion relation of this 
general case is given by equation (34). The discussion 
of this relation leads to the following. 

I. In 0m  mode: the capillary force is destabilizing in 

the domain 10  x , the self-gravitating force is 

destabilizing in the domain 0667.10  x  and the 

electrodynamic force is destabilizing  in all domains 

 x0 . 

This means that the model under consideration is 
purely unstable in the axisymmetric perturbation for 
all short and long wavelengths. 

II. In 1m  mode: both the capillary and self-gravitating 

forces are stabilizing while the electromagnetic force is 

stabilizing or destabilizing according to restriction. 
 

This means that for small values of  ,  the 

destabilizing action of the electrodynamic force could 
be neglected. Then the model under consideration 

will be purely stable in all 1m  modes for all short 
and long wavelengths. 
 
VI. RESULTS AND DISCUSSIONS 
 
In order to identify the stable and unstable domains 
and their characters of this model, we have to discuss 
the dispersion relation (34) numerically. This will be 
done also to determine the effect of the self-
gravitating and electrodynamic forces on the capillary 

force in the most important mode 0m  of 

perturbation. Equation (34) for 0m  reads 
 

 
where 

3
0

* RT  ,   TRGN 2
0

24   

and  2 2 ( )
0 0

iM E R T  are dimensionless 

quantities. 
The dispersion relation (44) has been computed, by 
using some computing programs, for all short and 

long wavelengths 30  x . The values of 
2*  

corresponding to the unstable domains and those of 
3
0

* RT   corresponding to the stable 

domains are collected, tabulated and represented 
graphically. Such calculations have been elaborated 

for different values of  , M  and N  for regular 

values of x  in the range 30  x . 

The numerical data are plotted graphically (see figs. 
(2)-(5)) from which we deduce the following. 

For    3.0,2.0, NM , 0 , 5.0 , 0.1 , 

0.5  and 0.10 : it is found that the unstable domains 

are 0 1.0812x  , 0 1.0621x  , 

0 1.1.0284x  , 0 0.9425x   and 

0 0.4565x   while the stable domains are 

1.0812 x  , 1.0621 x  , 

1.0284 x  , 0.9425 x   and 

0.4565 x   where the equalities are associated 
with the marginal stability states. See figure (2). 

For    , 0 .2, 0 .7M N  , 0 , 5.0 , 0.1 , 

0.5  and 0.1 : it is found that the unstable domains 

are 0 1.171x  , 0 1.1425x  , 

0 1.1241x  , 0 1.002x  , and 

0 0.4876x   while the stable domains are 

1.171 x  , 1.1425 x  , 

1.1241 x  , 1.002 x  ,  and 

0.4876 x   where the equalities are associated 
with the marginal stability states. See figure (3). 

For    , 0.6,0.3M N  , 0 , 5.0 , 0.1 , 

0.5  and 0.1 : it is found that the unstable domains 

are 0 0.9581x  , 0 0.9245x  , 

0 0.8372x  , 0 0.3145x   and 

0 0.1036x   while the stable domains are 

0.9581 x  , 0.9245 x  , 

0.8372 x  , 0.3145 x   and 

0.1036 x   where the equalities are associated 
with the marginal stability states. See figure (4). 

For    , 0.6,0.7M N  , 0 , 5.0 , 0.1 , 

0.5  and 0.1 : it is found that the unstable domains 

are 0 0.9841x  , 0 0.9623x  , 

0 0.8875x  , 0 0.3473x   and 

0 0.1216x   while the stable domains are 

0.9841 x  , 0.9623 x  , 

0.8875 x  , 0.3473 x   and 

0.1216 x   where the equalities are associated 
with the marginal stability states. See figure (5). 
  

 
Figure (2) 
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Stable and unstable domains for    , 0.2,0.3M N    

 
Figure (3) 

Stable and unstable domains for    , 0.2,0.7M N   


 

 
Figure (4) 

Stable and unstable domains for    , 0.6,0.3M N   

  

x  
Figure (5) 

Stable and unstable domains for    , 0.6, 0.7M N   

 
CONCLUSION 
 
From the foregoing numerical results we may deduce 

the following.   For the same value of N , it is found 
that the unstable domains are decreasing with 

increasing M values.  This means that the electric 

field  has a strong stabilizing influence on the 
capillary instability of the model.   For the same value 

of M , it is found that the unstable domains are 

increasing with increasing N values.  This means 
that the Selfgravitating force has a strong 
destabilizing influence on the capillary instability of 
the model. 
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