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Abstract - This paper addresses the analysis of active constrained layer damping (ACLD) of smart laminated composite 
sandwich plates. The top and bottom layers of the sandwich plate are composed of fuzzy fiber reinforced composite (FFRC) 
facings containing straight carbon nanotubes CNTs. These CNTs are radially grown on the surface of the fibers which are 
then embedded in the matrix. The constrained viscoelastic layer is sandwiched between the substrate sandwich plate and the 
constraining 1-3 piezoelectric composite (PZCs) layer. The core of the sandwich plate is a HEREX honeycomb and 
honeycomb with foam fill material. Layer wise displacement fields have been derived considering the continuity between the 
individual layers of the sandwich plate using the first order shear deformation theory (FSDT) and a three dimensional finite 
element model has been developed by user generated MATLAB coding. The effect of radially grown CNTs of FFRC of the 
sandwich plate on the frequency responses of clamped-clamped boundary conditions has been studied. Emphasis has also 
been placed on investigating the effect of the variation of piezoelectric fiber orientation angle on the control authority of 
ACLD treatment has been thoroughly investigated. 
 
 
I. INTRODUCTION 
 
Due to advancement in material science technology, 
composite material application has gained 
prominence in engineering structures such as 
aerospace, marine and automobiles etc. Sandwich 
structure is a special type of composite which is a 
three layered construction with high specific strength. 
A flexible core   material is sandwiched between two 
thin stiff facings       (Altenbach et al. 2004). The 
purpose of the core is analogous to that of an I-beam 
which can resist appreciable bending loads. The top 
and the bottom facings are thin but stiff materials 
usually composed of unidirectional laminated FRP 
composites while the core is thick layer of a very 
low-density material, like foam polymer or aramid 
paper (nomex or Kevlar) (Khare et al. 2005). The 
advantages of such a construction are that the strength 
and the stiffness of the structure are greatly enhanced 
without any appreciable increase in weight (Nayek et 
al. 2006).The classical works in the field of the 
sandwich structure are limited to the in compressible 
core for many years the only cores used were metallic 
honeycomb. First time Kelsey et al. (1958) used 
energy method and evaluated the out-of-plane shear 
Moduli of the hexagonal honeycomb core .After  
Gibson and Ashby (1988)  found out expression of 
effective properties of both plane (in-plane and out of  
plane) of honeycomb core . Kant (1993) found in his 
findings that there is huge difference in elastic 
properties of fiber and matrix material resulting in 
high in plane young modulus to transverse shear 
modulus. Masters and Evans (1996) derived the 
expressions of tensile moduli, shear moduli and 
Poisson’s ratio of honeycomb cell by flexure, 
stretching and hinging method. Xu (2005) derived the 
analytical formula for calculating the elastic stiffness 
of honeycomb sandwich and also demonstrated the 

skin effect on elastic properties of honeycomb. 
Sadowski and Bec (2011) evaluated the properties of 
honeycomb sandwich structure with polymer foam 
filling and identified that polymer foam filling 
increases the elastic as well as vibration properties of 
sandwich structure.   
After discovery of piezoelectric material, Edward F. 
Crawley and Javier de Luisj (1983) stated that 
piezoelectric actuator can be used in the development 
of an intelligent structure.  The piezoelectric material 
has two basic effects i.e., the direct effect and the 
converse effect and based on these, the piezoelectric 
material can be used as an actuator or a sensor. 
Piezoelectric polymer that can be used as distributed 
actuator to control vibration of structure is called 
active vibration control (Bailey and Hubbard 1985). 
After a lot of research on active control methods, 
monolithic piezoelectric material were used as 
constraining layer with constrained viscoelastic layer 
that led to the development of a new system is called 
active constrained layer damping (ACLD) system. 
The control effort necessary for causing transverse 
shear deformations in the viscoelastic layer of the 
ACLD treatment is compatible with the monolithic 
piezoelectric materials. Hence, these piezoelectric 
materials perform much when used along with the 
constrained viscoelastic material. Also, ACLD 
treatment has the characteristics of passive damping 
mechanism integral to this treatment (B. Azvine et al. 
(1995) , M C Ray and A. Baz (1997). Since its 
inception, various studies performed to demonstrate 
the performance of ACLD treatment for active 
damping of plates (Y.S. Jeung et al. (2001) , C. 
Chantalakhana and  R. Stanway (2001). 
Jacob aboudi (1998) had predicted the effective 
constants like effective elastic, piezoelectric, 
dielectric constants of piezoelectric material by using 
micromechanical approach. The effective properties 
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of piezoelectric are depend on orientation of fiber 
(Ahmed Safri et al. 1998).  Rao and Prasad (2010) 
determined that volume fraction and fiber aspect ratio 
also affects the properties of piezoelectric material. 
Arafa et al., (2000) used finite element method to 
identify the effect on the performance of Active 
Piezoelectric Damping Composites due to angle 
inclination of piezoelectric fiber. Ray and Pradhan 
(2007) has used vertical reinforced 1-3 piezoelectric 
composite as distributed actuator on laminated beam 
and studied the performance of smart structure and 
revealed that vertical / oblique 1-3 piezoelectric 
actuation is better than in- plane actuation due to 
lower acoustic impendence and higher coupling 
(Wallace Arden Smith 1991). Therefore now-a-days 
1-3 piezoelectric composite is used mainly in active 
constrained layer damping system. 
In 1991, the researchers had discovered carbon 
nanotube (CNT) which opened new era in material 
science and especially in composite structures. These 
type of structures have incredible properties in 
mechanical, electronic and magnetic field. Iijima 
(1991) had proposed CNT structure where he 
prepared a carbon structure with needle carbon tube. 
Treacy (1996) has proved that carbon nanotube has 
high stiffness, axial strength and also young modulus 
up to terapascal (TPa). According to Lu (1997) single 
wall nanotube should increase the tensile stiffness 
without in hence the weight. Young’s modulus of 
carbon nanotubes has been influenced by tube 
diameter and helicity (Xiao et al. 2005). Bing Jiang et 
al. (2008) had seen that elastic properties of 
composite with CNT has been depended on the ratio 
of surface-to-surface distance of adjacent carbon 
nanotubes (CNTs) to the CNT diameter by using 
geometric and micromechanics method and also 
reported that elastic properties increase with decrease 
of this ratio. García (2008) proposed the carbon 
nanotube grown radially on the fiber surface, is 
beingcalled fuzzy fiber. Ray (2010) had calculated 
the effective piezoelectric and elastic properties of 
hybrid piezoelectric composite with radially aligned 
zigzag carbon nanotubes by using micromechanics 
method and also established that carbon nanotubes 
should increase the transverse properties. Kundalwal 
and Ray (2011) used two methods, one is Analytical 
models based on the mechanics of materials approach 
and another is Mori–Tanaka method, from both 
method they found the mechanical effective elastic 
properties of fuzzy fiber reinforced composite. 
Kundalwal and Ray (2014), used finite analysis 
method to investigate the effect of waviness of CNT 
on the damping properties of fuzzy fiber reinforced 
laminated composite plate with ACLD treatment. 
Sang KwonLeeet al. (2016) had found out the effect 
of acoustic and vibration response on the rectangular 
carbon fiber reinforced plastic plate by classical thin 
plate theory. 
A lot of research has been carried out in the vibration 
analysis of composite structures. Firstly Leissa (1973) 

applied Ritz method for analysing the free vibration 
of rectangular plates for finding natural frequency 
and mode shapes. IRIE et al. (1979) used Mindlin 
equation for the first time to study the flexural 
vibration characteristics and derived first- order 
differential equations with help of transfer matrix of 
the plate. Reddy (1982) used an exam form of spatial 
variation method to analyze the rectangular 
composite plate and showed that the effect of plate 
side to thickness ratio, material orthotropy, aspect 
ratio and lamination scheme. Bhat (1984), carried the 
vibration analysis for determining the natural 
frequencies of rectangular plate by applying Rayleigh 
– Ritz method by using a gram- Schmidt process for 
generation of orthogonal polynomials.  Yang et al., 
(1966) used First order shear deformation theory on 
the heterogeneous plate assuming that the shear strain 
is constant throughout the thickness of plate. But as 
per the three dimensional elastic theories which are 
exact state that shear strain varies quadratically and 
not linearly throughout thickness. So in order to 
account for that, a one term shear correction factor 
has been introduced in shear force to equalize first 
order shear deformation theory with 3D elasticity 
theories. After that many researchers have discovered 
higher order shear deformation where shear 
correction factor is not required (Kant (2002), Nayak 
(2002), Khare (2005)). But due to easy method and 
fast calculation, FSDT is still widely used in the 
analysis of composite plates and shells in one form or 
in the modified form. Kumar and Ray (2012) have 
used finite element method based on first order shear 
deformation theory to analyse the ACLD of sandwich 
structure. Abedi et al. (2016) used the first order 
shear deformation theory and considered the legendre 
polynomials as the basis functions of displacement 
field and obtained the natural frequencies and mode 
shape of rectangular laminated composite plate by 
analytical calculation.  Shankar  Ganesh et al. (2016) 
used first order shear deformation theory for vibration 
analysis of delaminated composite plate. Marija et al. 
(2016) has developed dynamic stiffness matrix based 
on combination of first order shear deformation and 
higher order shear deformation theory which is not  
depend on boundary conditions. The present work is 
an extension of the work done by Kumar and Ray 
(2012) intended at investigating the effect of radially 
grown straight CNTs on the control authority ACLD 
treatment.   
In this paper, the authors intend to investigate the 
performance of the ACLD treatment for active 
damping of Sandwich plates composed of FFRC 
facings. For such investigation, three-dimensional 
analysis of sandwich plate integrated with patches of 
ACLD treatment with top and bottom layers of the 
substrate sandwich plate are made up of FFRCs while 
the flexible core sandwich between them has been 
carried out by the finite element method. The 
mechanical properties of the core and the facings are 
directly taken from the existing literature and a 
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MATLAB program was derived to investigate the 
behavior of sandwich plates integrated with the 
ACLD patches considering the clamped-clamped 
boundary conditions. The effects of various 
parameters such as the volume fraction of straight 
CNTs on the frequency characteristics of plates have 
been studied. Also, the variation of the piezoelectric 
fiber orientation angle on control authority of ACLD 
treatment for such has been thoroughly investigated.  
 
II. GOVERNING EQUATIONS 
 
Figure 1 illustrates a schematic diagram of a smart 
FFRC sandwich plate where the substrate is a 
sandwich plate. The top and the bottom facings of the 
sandwich plate are composed of ‘N’ number of FFRC 
layers which are separated by a flexible core which is 
isotropic HEREX honeycomb (soft) structure. The 
top surface of the substrate sandwich plate is 
integrated with the patches of the ACLD treatment. 
The constraining layer of the ACLD treatment is 
composed of the vertically/obliquely reinforced 1-3 
PZC layer. The length, the width and the thickness of 
the sandwich plate are denoted by 푎, 푏	and	퐻, 
respectively. The thickness of the constraining PZC 
layer and the constrained viscoelastic layer of the 
ACLD treatment are ℎ 	and	ℎ ,	respectively. The 
thicknesses of each facing and half of the thickness of 
the core areℎandℎ 	(2ℎ = ℎ), respectively. For the 
purpose of modeling, the core is assumed to be a 
solid continuum (E.F. Crawley and J.D. Luis (1987), 
B. Azvine et al. (1995)). As the properties of the 
individual layers of the overall plate differ, a single 
displacement theory cannot be used to describe the 
deformations of the overall structure. Hence, layer 
wise displacement fields have been developed 
considering the continuity between the layers of the 
sandwich plate. The kinematics of deformations of 
the transverse normal in the	푥푧 − plane has been 
illustrated in Fig. 2. From the above figure,	휃 , 휙 , 
훼 , 훽 and	훾  represent the rotations of the portions of 
the transverse normal lying in the core, the top face, 
the bottom face, the viscoelastic layer and the 
piezoelectric layer, respectively in the 푥푧 − planeand 
the similar ones with suffices 2 represent the same in 
the 푦푧 − plane. The gradients of the transverse 
normal displacements at any point in the core, the top 
face, the bottom face, the viscoelastic layer and the 
piezoelectric layer are represented by the variables 
	휃 , 휙 , 훼 , 훽 and	훾 . The displacement fields 
satisfying the continuity at the interface between the 
adjacent layers are as follows: 
Displacement fields	푢	 	(푖 = 1, 2	and	3) along 
푥, 푦	and	푧 directions, respectively for the top face 
sheet: 

푢 (푥,푦, 푧, 푡) = 푢 (푥,푦, 푡) + ℎ 휃 (푥, 푦, 푡) + (푧 −
ℎ )훼 (푥, 푦, 푡)                                               (1)   

Displacement fields	푢 (푖 = 1, 2	and	3) along 
푥, 푦and푧directions, respectively for the bottom face 
sheet: 

푢 (푥,푦, 푧, 푡) = 푢 (푥, 푦, 푡)− ℎ 휃 (푥,푦, 푡) +
(푧 + ℎ )휙 (푥,푦, 푡)                                              (2) 

Displacement fields	푢 (푖 = 1, 2	and	3) 
along푥,푦and푧 directions, respectively for the core: 

푢 (푥,푦, 푧, 푡) = 푢 (푥,푦, 푡) + 푧휃 (푥,푦, 푡)                                                     
(3) 

Displacement fields 	푢 (푖 = 1, 2	and	3)along 
푥, 푦and푧 directions, respectively for the viscoelastic 
layer: 
푢 (푥,푦, 푧, 푡) = 푢 (푥, 푦, 푡) + ℎ 휃 (푥,푦, 푡) +
ℎ훼 (푥, 푦, 푡) + (푧 − ℎ )훽 (푥,푦, 푡)                      (4) 
Displacement fields	푢 (푖 = 1, 2	and	3)	along 
푥, 푦and푧directions, respectively for the 1-3 
PZClayer: 

푢 (푥, 푦, 푧, 푡) = 푢 (푥,푦, 푡) + ℎ 휃 (푥, 푦, 푡) +
ℎ훼 (푥, 푦, 푡) + ℎ 훽 (푥, 푦, 푡) + (푧 − ℎ )훾 (푥,푦, 푡)           

(5) 
In Eqs. (1) - (5),  푢 (푖 = 1, 2	and	3) denote the 
translational displacements at any point on the mid-
plane of the core along 푥,푦and푧 −directions, 
respectively.  For the ease of computation, the 
translational displacement variables and the 
corresponding rotational variables are separated as 
follows: 

{퐝 } = [푢 푢 푢 ] 	and		{퐝 }
= [훉][훟][훂][훃][후] 																							(6) 
Where 
[훉] = [휃 	휃 	휃 	], [훟] = [휙 휙 휙 ], [훂]

= [훼 훼 훼 ], [훃]
= [훽 훽 훽 ], and	[후] = [훾 훾 훾 ].				 

 
In order to implement the full order integration and 
reduced order integration for avoiding the shear 
locking,  the state of strain at any point in the overall 
plate is divided into the following two strain vectors 
{훆 } and{훆 }: 

{휀 } = [휀 휀 휀 	휀 ] and		{휀 }
= [휀 휀 ] 																																									(7) 
where휀 (푖 = 1, 2	and	3) are the normal strains along 
푥, 푦and푧 directions, respectively;	휀 	is the in-plane 
shear strain and 휀 , 	휀  are the transverse shear 
strains. By using the displacement fieldsand strain-
displacement relations, the strain vectors 
{훆 } , {훆 } , {훆 } , {훆 } 	and{훆 } defining the state 
of in-plane and transverse normal strains of 
individual layers of the can be expressed as: 

{ε } = {ε } + [Z ]{ε }, {ε }
= {ε } + [Z ]{ε }, {ε }
= {ε } + [Z ]{ε } 

{ε } = {ε } + [Z ]{ε }	and	{ε }
= {ε }
+ [Z ]{ε }																												(8) 

Similarly, the strain vectors 
{훆 } , {훆 } , {훆 } , {훆 } and{훆 }  defining the state of 
transverse shear strains can be expressed as: 
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{ε } = {ε } + [Z ]{ε }, {ε }
= {ε } + [Z ]{ε }, {ε }
= {ε } + [Z ]{ε },	 

{ε } = {ε } + [Z ]{ε }and{ε }
= {ε }
+ [Z ]{ε }																																(9) 

The various matrices appearing in the above 
equations have been defined in the Appendix, while 
the generalized strain vectors appearing in Eqs. (8) 
and (9) are given by 

                                                           
   b t 1 td   and   st 2 td  

                                        
(10) 

                                       

           
TT T T T T

br 3 3 3 3 3
             

                         
(11) 

                                  

           
TT T T T T

sr 4 4 4 4 4
             

                       
(12) 

In consistent with the state of strains given by Eq. (7), 
the state of stresses at any point in the overall plate is 
described by the two stress vectors as follows:   

                                            

   1 2 312
T

b      and

   13 23
T

s                                (13) 

where, ( 1,  2 and 3)i i =  are the normal stresses 

along and x, y z  directions, respectively; 12  is the 

in-plane shear stress; 13 , 23 are the transverse 
shear stresses. The constitutive relation for the 
materials of the different layers of the top and the 
bottom face of the sandwich plate and that of the 
flexible core are given by 

           k k k k k k c c c
b b b b b b b b bcoret b

,   and            C C C     
 

           k k k k k k c c c
s s s s s s s s scoret b

,  and            C C C       

; (k=1, 2, 3...N)                 (14) 
Where

k k k k
11 12 16 13

k k k k k k
12 22 26 23 55 45k k

b sk k k k k k
16 26 66 36 45 44

k k k k
13 23 36 33

C C C C

C C C C C C
, ,  

C C C C C C

C C C C

 
 

  
               

  

C C

 

c c c c
11 12 16 13
c c c c c c

c c12 22 26 23 55 45
b sc c c c c c

16 26 66 36 45 44
c c c c
13 23 36 33

C C C C
C C C C C C

,  ;
C C C C C C
C C C C

 
                 
  

C C

                 

(15) 
withC (i, j=1, 2, 3…6)being the transformed elastic 
coefficients of the FFRC facings with respect to the 
reference co-ordinate system. The constrained 
viscoelastic layer is assumed to be linearly 
viscoelastic and isotropic and is modeled by the 
complex modulus approach and the corresponding 
relations are given by.  

G = G′(1 + iη)	and	E
= 2G(1
+ υ)																																											(16) 

In which, G is the shear modulus and E is the 
Young’s modulus ofthe viscoelastic material,G′ is the 
storage modulus,  is the Poisson ratio and  is the 
loss factor at any particular operating temperature and 
frequency. Employing the complex modulus 
approach, the constitutive relations of the viscoelastic 
layer can also be represented by Eq. (14) with C (i, 
j=1, 2, 3…6)being the complex elastic constants (J. 
Ro and  A. Baz (2002), M.C. Ray and J.N. Reddy 
(2004)). 
The constitutive relations for the constraining 1-3 
PZC layer of the ACLD treatment compatible with 
the present method of finite element formulation are 
given by 

{σ } = [C ] {ε } + [C ] {ε } − {e }E , {σ }
= [C ] {ε } + [C ] {ε }
− {e }E 	and 

D
= {e } {ε } + {e } {ε }
+ ϵ E 																																											(17) 
Here, 퐄 and퐃 represent the electric field and the 
electric displacement along the z-direction, 
respectively and 훜 is the dielectric constant.The 
forms of the transformed elastic coefficient matrices 
[퐂 ]  and [퐂 ] are similar to those of [퐂 ]and [퐂 ], 
respectively. It may be noted from the above form of 
constitutive relations that the transverse shear strains 
are coupled with the in-plane stresses due to the 
orientation of piezoelectric fibers in the vertical xz- or 
yz-plane and the corresponding coupling elastic 
constant matrix[퐂 ] is given by 

[C ] =

C 0
C 0
0 C
C 0

or[C ]

=

0 C
0 C
C 0
0 C

																																														(18) 
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according as the piezoelectric fibers are coplanar with 
the vertical xz- or yz-plane. Note that if the fibers are 
coplanar with both thexz- and the yz-planes, this 
coupling matrix becomes a null matrix. Also, the 
piezoelectric constant matrices{퐞 } and {퐞 }  
appearing in Eq. (16)contain the following 
transformed effective piezoelectriccoefficients of the 
1-3 PZC: 

                                           {퐞 } =
{푒̅ 		푒 	푒̅ 		푒 } and{퐞 } = {푒̅ 푒̅ }                                     

(19) 
The total potential energy Tpand the kinetic energy Tk 
of the overall plate/ACLD system are given by 

T =
1
2

({휀 } {σ } + {휀 } {σ } )dΩ
	

Ω

+ ε
	

σ
	

Ω

+	 ε
	

σ dΩ + 

ε
	

σ +	 ε
	

σ
	

Ω

dΩ

+ {ε }	 {σ }
	

Ω

+	 {ε }	 {σ } dΩ + 

{ε }	 {σ } +	 {ε }	 {σ }
	

Ω

dΩ− D E dΩ
	

Ω

− {d} {f}
	

dA									(20) 

푇 =
1
2 ρ u̇	 + v̇ + ẇ dΩ

	

Ω

+ ρ u̇ 	 + v̇ + ẇ dΩ
	

Ω

+ 	 ρ u̇
	

+ v̇ + ẇ dΩ
	

Ω

 

+ 휌 u̇	 + v̇ + ẇ dΩ

+ 휌 u̇	 + v̇

+ ẇ dΩ				(21) 

 
in which ρ , ρ  and ρ  are the mass densities of the 
core, the viscoelastic layer and the 1-3 PZC layers, 
respectively;	ρ  and ρ are the densities of the kth 
layer of the top and the bottom face sheets 
respectively, {f}is the externally applied surface 
traction acting over a surface area A and  represents 
the volume of the concerned layer. Since, the 
thickness of the plate is very small compared to the 
lateral dimensions of the plate and the overall plate is 

very thin, the rotary inertia of the overall plate is 
neglected in estimating the total kinetic energy. 
 
III. FINITE ELEMENT MODEL OF 
SANDWICH PLATE INTEGRATED WITH 
ACLD PATCHES 
 
The overall plate is discretized using the eight 
nodedisoparametric quadrilateral elements and also 
with nine noded Lagrange elements. The generalized 
displacement vectors{d } and{d }associated with the 
i-th node of the 8 noded element can be written as 

{d } = [푢 푣 푤 ] and 
{d } =

휃 	휃 	휃 	휙 	휙 	휙 	훼 	훼 	훼 	훽 	훽 	훽 	훾 	훾 	훾
(22) 

Thus the generalized displacement vector at any point 
within the element can be expressed in terms of the 
nodal generalized displacement vectors 
{d }	and	{d }as follows  

{d } = [퐍 ]{퐝 }and{d } = [퐍 ]{퐝 }                                      
(23) 

in which[퐍 ] = [N 	] , [퐍 ] = [N ]  where i =1 to 8 
for eight noded element,  

퐍 = 푛 퐈 ,퐍 = 푛 퐈  
{퐝 } = [{d } {d } 	… 			{d } ] and{퐝 } =

[{d } {d } 	… 			{d } ] 		(24) 
where	퐈  and 퐈  are the (3 x 3) and the (15 x 15) 
identity matrices, respectively and 푛  is the shape 
function of natural coordinates associated with the ith 
node. Making use of the relation given by Eqs. (6)-
(12) and (22), the strain vectors at any point within 
the element can be expressed in terms of the nodal 
generalized displacement vectors as follows: 
{훆 } = [퐁 ]{퐝 } + [퐙 ][퐁 ]{퐝 },     {훆 } =
[퐁 ]{퐝 } + [퐙 ][퐁 ]{퐝 } 
{훆 } = [퐁 ]{퐝 } + [퐙 ][퐁 ]{퐝 } ,   {훆 } =
[퐁 ]{퐝 } + [퐙 ][퐁 ]{퐝 } 
{훆 } = [퐁 ]{퐝 } + [퐙 ][퐁 ]{퐝 } ,   {훆 } =
[퐁 ]{퐝 } + [퐙 ][퐁 ]{퐝 } 
{훆 } = [퐁 ]{퐝 } + [퐙 ][퐁 ]{퐝 }  ,    {훆 } =
[퐁 ]{퐝 } + [퐙 ][퐁 ]{퐝 } 
{훆 } = [퐁 ]{퐝 } + [퐙 ][퐁 ]{퐝 } ,    {훆 } =
[퐁 ]{퐝 } + [퐙 ][퐁 ]{퐝 }																																	(25) 
in which the nodal displacement matrices[퐁 ], 
[퐁 ], [퐁 ] and [퐁 ] are given by 
[퐁 ] = [퐁 퐁 … 		퐁 ]  ,  
[퐁 ] = [퐁 퐁 …		퐁 ]  ,  
[퐁 ] = [퐁 퐁 …		퐁 ] 
and[퐁 ] =
[퐁 퐁 … 		퐁 ]																																																																																																	
(26) 
The submatricesof [퐁 ], [퐁 ], [퐁 ] and [퐁 ] 
shown in Eq. (25) have been explicitly presented in 
the Appendix. On substitution of Eqs. (14), (17) and 
(25) into Eqs. (20) and (21) and recognizing that 
E = −푉/h  with V being the applied voltage across 
the thickness of the piezoelectric layer,the total 
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potential energy 퐓  and the kinetic energy퐓 of a 
typical element integrated with the ACLD treatment 
can be expressed as  

퐓 = {푑 } [퐾 ]{푑 } + {푑 } ([퐊 ]){푑 } +
{푑 } ([퐊 ] ){푑 } + {푑 } ([퐊 ]){푑 }−

2{푑 } {퐹 }− 2{푑 } 퐹 V − 2{푑 } 퐹 V −
휀 																																										(27) 

퐓 =
∫ ∫ 푚 푑̇ [푁] [푁] 푑̇ 푑푥 푑푦																																																					

(28) 
The elemental mass matrix [퐌 ], the elemental 
stiffness matrices ([퐊 ], [퐊 ],[퐊 ]), the elemental 
electro elastic coupling vectors( 퐅 , 퐅 ), the 
elemental load vector{퐅 }and the mass parameter 
(푚) appearing in Eqs. (27)and ( 28) are given by.. 
[퐌 ] = ∫ ∫ 푚[퐍 ] [퐍 ]d푥d푦, [퐊 ] = [퐊 ] +
[퐊 ] + 퐊 + 퐊  

[퐊 ] = [퐊 ] + [퐊 ]

+
1
2 퐊 + 퐊

+ 퐊
	
+ 퐊

	
 

[퐊 ] = [퐊 ] + [퐊 ]

+
1
2 퐊

	
+ 퐊

	

+ 퐊
	

	
+ 퐊

	

	
 

[퐊 ] = [퐊 ] + [퐊 ] + 퐊 + 퐊 ,          
퐅 = {퐅 } + {퐅 }  
퐅 = {퐅 } + {퐅 } ,									{퐅 } =
∫ ∫ [퐍 ] {푓}d푥d푦, 
푚 =
2휌 	h + ∑ 휌 (h − h ) +∑ 휌 	(h −
h )	+휌 h + 휌 h (28) 
Applying the dynamic version of the virtual work 
principle (J. Ro and  A. Baz (2002)), the following 
open loop equations of motion for the coupled plate 
are obtained: 

[퐌 ] 퐝̈ + [퐊 ]{퐝 } + [퐊 ]{퐝 } = {퐅 } +
퐅 퐕																																				(29) 

[퐊풕풓
풆 ] {퐝풕풆} + [퐊 ]{퐝 } =

퐅 퐕																																																			(30) 
  
It may be noted that since the elastic constant matrix 
of the visco-elastic layer is complex, the stiffness 
matrices of the element integrated with the ACLD 
treatment are complex. For an element without 
integrated with the ACLD treatment the electro-
elastic coupling matrices become null vectors and the 
elemental stiffness matrices will be real. It should 
also be noted that the stiffness matrices associated 
with the transverse shear deformations are derived 
separately such that one can apply the selective 
integration rule in a straight forward manner for 
alleviating the so called shear locking problem in the 

case of thin plates. Finally, the elemental equations of 
motion are assembled to obtain the open-loop global 
equation of motion of the overall plate integrated with 
the ACLD patches as follows: 
[퐌] 퐗̈ + [퐊 ]{퐗} + [퐊 ]{푿풓}	 = ∑ 퐅 푉 +
{퐅}																																																						(31) 
and 
[퐊 ]{퐗} + [퐊 ]{푿풓}	 =
∑ 퐅 푉 																																																																																					
(32) 
 
where [퐌] is the global mass matrix,[퐊 ], [퐊 ] and 
[퐊 ] are the global stiffness matrices, f , f  are 
the global electro-elastic coupling vectors,  {퐗} and 
{푿풓} are the global nodal generalized displacement 
vectors, {퐅} is the global nodal force vector, q  is the 
number of patches and 푉  is the applied voltage to the 
jthpatch. Since the elemental stiffness matrices of an 
element augmented with the ACLD treatment are 
complex, the global stiffness matrices becomes 
complex and the energy dissipation characteristics of 
the overall plate are attributed to the imaginary part 
of these matrices. Hence the global equations of 
motion as derived above also represent the passive 
(uncontrolled) constrained layer damping of the plate 
when the constraining layer is not subjected to any 
control voltage following a derivative control law. 
 
IV. CLOSED LOOP MODEL 
 
It is known that the ACLD treatment incorporates 
additional damping characteristics into the vibrating 
structures. This is accomplished by activating the 
constraining layer of the each patch of the treatment 
with a control voltage proportional to the negative  
transverse velocity of a point. The location of this 
specific point will be defined in the next section. 
Thus the control voltage for each patch can be 
expressed in terms of derivatives of the global nodal 
degrees of freedom as follows: 

																																																	푉 = −퐾 푤̇ =
−퐾 퐔 퐗̇ − 퐾 	ℎ/

2 퐔 퐗퐫̇ 																																(33) 
 
where, 퐾  is the control gain of the jthpatch, 퐔  and 
퐔  are the unit vectors for expressing the transverse 

velocity of a point concerned in terms of the 
derivative of the global nodal generalized 
translational displacements.Substituting Eq. (33) into 
Eqs. (31) and (32), the final equations of motion 
governing the closed-loop dynamics of the overall 
plate/ ACLD system can be obtained as follows: 
[퐌] 퐗̈ + [퐊 ]{퐗} + [퐊 ]{푿풓}	 +
∑ 퐅 퐾 퐔 퐗̇ +∑ 퐅 퐾 = {퐅}                     
(34) 
 
and 
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[퐊 ]{퐗} + [퐊 ]{푿풓} +∑ 퐅 퐾 퐔 퐗̇ +
∑ 퐅 퐾 	ℎ/2 퐔 퐗퐫̇ = 0            (35) 
 
V. RESULTS AND DISCUSSIONS 
 
In this section the numerical results obtained by 
applying the FE model have been presented. Clamped 
–clamped boundary conditions of the sandwich plate 
is consider for computing the numerical results. The 
material properties of the FFRC facings containing 
with and without radially grown straight CNTs and 
that of the flexible HEREX core are listed in Table 1. 
Two patches are placed on the top of the sandwich 
plates as shown in Fig.1. The length and the width of 
the patches are 50% and 25% of the length and the 
width of the sandwich plate, respectively. PZT-5 
H/spur epoxy composite with 60% piezoelectric fiber 
volume fraction has been considered as the 
constraining material of the ACLD treatment. The 
elastic and the piezoelectric properties of this 
constraining layer are (M.C. Ray and  A.K. Pradhan 
(2007)): 
C	

	 = 9.29	GPa, C	
	 = 6.18	GPa, C	

	 =
6.05	GPa, C	

	 = 35.44	GPa,C	
	 = C	

	 
C	

	 = 1.58	GPa, C		
	 = 1.54		GPa, C	

	 = C	
	,  

e = −0.1902	C/m , e = 18.4107C/m  
The thicknesses of the constraining 1–3 PZC layer 
and the viscoelastic layer are considered to be 250 
µm, 200 µm, respectively. The aspect ratio (a/H) and 

the thickness of the sandwich plate are considered as 
100 and 0.003 m while the individual layers of the 
substrate sandwich plate are consider to be of equal 
thickness. The complex shear modulus, the Poisson’s 
ratio and the density of the viscoelastic constrained 
layer are used as 20(1+ i) MN푚 , 0.49 and 1140 
kg/푚 , respectively (C. Chantalakhana and R. 
Stanway (2001)). The boundary conditions of the 
plates are illustrated in Table 2.   

For the purpose of validation, the present 
finite element model has been used to analyze the 
laminated composite plates by replacing the core of 
the sandwich plate with an orthotropic layer. The 
non-dimensional frequency parameter 휔	 of the 
laminated sandwich plate integrated with the 
inactivated ACLD patches of negligible thickness are 
first computed and are compared with the existing 
analytical results (Reddy, J. N., (1996)) of the 
identical plates and the comparison are listed in 
Table 3. It may be observed from this table that the 
results are in good agreement with the same obtained 
by present FE model. Table 4 lists the non-dimension 
frequency parameter  휔	 of sandwich plates 
composed of FFRC facings containing radially grown 
straight CNTs for the first three vibration modes. 
These results can serve as future reference to carry 
out further research in the area of sandwich plates 
containing FFRC facings.  
 

 
Table 1 Material properties of FFRC 

 
Table 2 Boundary condition 

 
 

Table-3Comparison of Fundamental natural frequencies parameters 흎	 of simply-supported laminated plate 
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The frequency response functions (FRF) for the 
transverse displacement evaluated at a point (a/2,a/4, 
H/2) on the top surface of the substrate plate are 
studied here by considering the  open-loop and 
closed-loop control model. For the exciting first few 
modes of vibration, A time-harmonic point force of 
magnitude 2 N is considered to act at the same point. 
The control voltages supplied to the patches 1 and 2 
which are proportional to the point  velocities (a/2, 
b/4, H/2) and (a/2, 3b/4, H/2), respectively. The 
control gains are selected arbitrarily by maintaining  
the nominal value of the control voltage.  
 
Figures 3 and 4 illustrate the FRF of the clamped-
clamped  sandwich plates  (a/H=100, 	훙 =0o) 
containing FFRC (Vf=0.3 and VCNT =0.0344) with the 
top and the bottom layers composed of symmetric 
cross–ply (0o /90o/0o/Core/0o/90o/0o), single layers 
composite facing (0o /Core/0o) separated by HEREX 
(C70 130). The corresponding voltage for the same 
are displayed in figures 5 and 6. It can be observed 
from the above figures that  for the same control 
voltages, the passive damping  proves to be very 
effective over ACLD treatment for the principle 
mode of vibration while it is opposite when it comes 
to damping the higher modes. The FRFs of the 
clamped-clamped single layer (0o /Core/0o)  sandwich 
plates (a/H=100, 	훙 =0o) with FFRC facing (Vf=0.3 
and VCNT =0.0344) and (0o/90o /0o) FFRC laminated 
composite plate are displayed in figure 7. It may be 
observed from the figure that the frequencies of both 
the plates are almost same however, the amplitudes of 
the sandwich structure is lower compare to that of the 
laminated composite plate. The possible explanation 
may be due to the higher energy absorbing 
characteristic of the flexible core over stiff laminated 
composite layer. Figure 8 displays the FRFs of 
clamped clamped sandwich plates with facings 
containing no CNTs and with facings containing 
radially grown straight CNTs. It is evident from the 
above figure, the effect of the radially grown straight 
CNTs resulting in the increase in the frequencies of 
the sandwich plates. The FRFs of clamped clamped 
sandwich plates with different volume fraction (Vf )of 
the fiber and the volume fractions of radially grown 
straight CNTs (VCNT )are illustrated in figure 9. From 
the above figure it can be observed that the frequency 
increases with the volume fraction of fiber while the 
amplitude decreases with increase in the same. 
Figures 10 and 11 illustrate the effect of variation of 
fiber orientation angle  (훙) of constraining 1-3 PZC 
layer on the control authority of the ACLD patches 
for controlling the transverse displacement w (a/2, 
a/4, H/2) of a clamped-clamped sandwich plate 
(a/H=100 Kd = 0) and (a/H=100 , voltage =230V). It 
can be observed from the figures that for both the 
active and the passive mode of vibration, the best 
possible attenuation is observed when the fibers of 1-
3 PZC layers are orientated at  
 

CONCLUSIONS 
 
A study has been carried out to investigate the 
performance of the vertically/obliquely reinforced 1-3 
piezoelectric composite (PZC) materials as the 
materials for distributed actuators of smart sandwich 
plates with laminated composite face sheets separated 
by a flexible core. For this, the task of analyzing the 
ACLD of sandwich plates with the use of different 
core and face sheet materials has been undertaken. A 
three-dimensional finite element model has been 
developed to describe the dynamics of the sandwich 
plates integrated with the patches of ACLD treatment 
and the constraining layer of the ACLD treatment is 
considered to be composed of the vertically/obliquely 
reinforced 1-3 PZC material. Unlike the existing 
finite element models of smart structures integrated 
with the ACLD treatment, the derivation of the 
present finite element model includes the use of 
separate theories for the different continua of the 
sandwich plate, taking into account the transverse 
deformations of the substrate layers of the sandwich 
plates, the constrained viscoelastic layer and the 
constraining 1-3 PZC layer of the ACLD treatment 
along the thickness (i.e. z) direction such that the 
vertical actuationby the constraining layer of the 
patches can be utilized for active damping of the 
plates. Symmetric and antisymmetric laminated faces 
are considered for evaluating the numerical results.  
 
The numerical results reveal that the ACLD patches 
significantly improve the damping characteristics of 
the sandwich plates over their passive counterpart. 
Variation of piezoelectric fiber orientation angle in 
the active 1-3 PZC constraining layer affects the 
performance of the ACLD patches. The edge 
boundary conditions also influence the performance 
of the patches. In the case of simply supported 
sandwich plate if the constraining layer of the ACLD 
patches is made of the vertically reinforced 1-3 
PZCthenthe performance of the patch becomes 
maximum irrespective of the cases that the core is 
isotropic or transversely isotropic. For attaining the 
maximum attenuation of vibrations of clamped-
clamped sandwich plates with composites faces and 
isotropic core, the piezoelectric fiber orientation 
angle in the constraining layer of the ACLD patches 
should be 30owith respect to the z-axis while the 
piezoelectric fibers are coplanar with either the xz-
planeortheyz-plane. However, for the clamped-
clamped sandwich plates having transversely 
isotropic core with the axis of symmetry being the z-
axis, the vertically reinforced 1-3 PZC causes 
maximum damping of the plates. For a sandwich 
plate of particular thickness, the control authority of 
the ACLDpatches is not influenced by the core to 
face thickness ratio. 
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Fig. 1 Schematic diagram of (a) FFRC Sandwich plate integrated with ACLD treatment (b) composite facing with radially grown 

straight CNTs on base fiber 
 

                             
Fig. 2 Kinematics of deformation 

 

 
Fig. 3 Frequency response functions for the transverse displacement w (a/2, a/4, H/2) of a clamped- clamped sandwich plate 

(a/H=100, =0o) with HEREX core separated by FFRC (Vf=0.3 and VCNT =0.0344) symmetric cross-ply laminated composite 
facings. (0o/90o/0o/Core/0o/90o/0o). 
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Fig. 4 Frequency response functions for the transverse displacement w (a/2, a/4, H/2) of a clamped- clamped sandwich plate 

(a/H=100, =0o) with HEREX core separated by FFRC (Vf = 0.3 and VCNT = 0.0344)  single   layered cross-ply laminated composite 
facings. (0o/Core/0o) 

 

 
Fig. 5Frequency response functions for the control voltage for active damping of a clamped- clamped sandwich plate 

(a/H=100, =0o) with HEREX core separated by FFRC (Vf=0.3 and VCNT =0.0344) symmetric cross-ply laminated composite 
facings. (0o/90o/0o/Core/0o/90o/0o). 

 

 
Fig. 6Frequency response functions for the control voltage for active damping of a clamped- clamped sandwich plate 

(a/H=100, =0o) with HEREX core separated by FFRC (Vf=0.3 and VCNT =0.0344)  single  layered cross-ply laminated composite 
facings. (0o/Core/0o). 
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Fig. 7 Frequency response functions for the transverse displacement w (a/2, a/4, H/2) of a clamped-clamped sandwich plate 

(a/H=100, =0o) with HEREX core separated by FFRC sandwich and FFRC laminated composite plate (0o/90o /0o). 
 
 

 
Fig. 8 Frequency response functions for the transverse displacement w (a/2, a/4, H/2) of a clamped-clamped sandwich plate 

(a/H=100,훙 =0o) with HEREX core separated by FFRC symmetric cross-ply laminated composite facings (0o/90o/0o/Core/0o/90o/0o) . 
 

 

Fig. 9 Frequency response functions for the transverse displacement w (a/2, a/4, H/2) of a clamped-clamped sandwich plate 
(a/H=100,훙 =0o) with HEREX core separated by FFRC single layer cross-ply laminated composite facings. (0o/Core/0o) of  Vf =0.3, 

VCNT =0.0344 and Vf =0.5, VCNT =0.0269 
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Fig. 10 Effect of variation of fiber orientation (훙) on the performance of the patches for controlling the transverse displacement w 

(a/2, a/4, H/2) of a clamped clamped sandwich plate (a/H=100 Kd = 0) with HEREX honeycomb core separated by FFRC cross 
symmetric angle ply laminated composite facings. 

Appendix: 
 
In Eq. (28) , the matrices [Z ], [Z ], [Z ], [Z ],[Z ], [Z ], [Z ], [Z ], [Z ] and [Z ] are given by 
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