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Abstract- The approximate analytical method Shear lag is used to show  the influence of the type of glue on the behaviour of 
the interfacial stresses and debonding lengths in two plate’s ceramic-metal structure. The plates (with/without normal crack) 
are bonded together by an interfacial zero thickness adhesive layer and subjected to thermal loading. The   occurrence of 
thermal peeling stress is due to the elastic and thermal mismatch of the structure, and it is determined via the interfacial shear 
stress. Under critical shear stress the interface is assumed to exhibit brittle failure. For selected bi-material structures 
composed of a recycled material (recycled titanium scrap) the values of the peeling stress and the interfacial delamination are 
calculated and compared accounting for two different types of adhesive layers (glues). 
 
Index Terms- Delamination of adhesively bonded structures, Recycled Materials, Thermal loading, Interfacial thermal 
stresses.  
 
I. INTRODUCTION 
 
Adhesively bonded composites are widely used in 
machinery construction, car industry, aircraft and 
space ship design and electronics. 
In particular, adhesively bonded bi-material plates are 
preferred to those fabricated via conventional methods 
of joining, such as riveting, welding, bolting and 
soldering [1]. In many applications adhesive bonding 
of the layers of a multi-layered structure is more 
suitable than traditional layer-joining techniques such 
as mechanical fastening, since it provides uniform 
distribution of load resulting in better damage 
tolerance and excellent fatigue life [2]. Other 
advantages of adhesive structures over conventional 
ones are the ability to join dissimilar materials and 
damage-sensitive materials, attain better stress 
distribution and weight reduction etc. 
In order to explain the mechanical behaviour of 
adhesively bonded joints and develop failure 
prediction methods, it is useful to take account of the 
interfacial stresses (shear and peeling) emerging 
within the joint. Computational analytical and 
numerical stress analyses are important for the 
estimation of the service life of bonded structures as 
well as for repairs [3]. 
On the other hand, the thermal response of the 
interface is of essential importance in the design of 
multi-layered structures. Interfacial stresses occurring 
in an adhesively bonded metal-ceramic layered 
structure undergoing thermal and other loads were 
analysed in the works [4-6]. TiZrO 2  composites 
are attractive bi-materials for such structures, with 
wide application in various branches of industry [7].  
The combination between titanium and ceramic 
materials and their application in adhesively bonded 

multi-layered structures has a number of advantages 
over other materials in view of the specific properties 
of each structure material. For instance, resistance to 
extreme temperatures and corrosion is due to titanium 
high melting point and corrosion resistance. The ratio 
strength/weight of titanium is the highest one as 
compared to that of all other metals, determining 
material resistance to high stresses. 
Moreover, 2ZrO attributes to the high fracture 
toughness of the end product (composite material) [8]. 
Another advantage of titanium, meeting the new 
requirements for natural resources preservation, is its 
eventual repeated usage, since it can be collected as 
titanium scrap when recycling titanium-containing 
components of airplanes and space ships [9]. Various 
types of industrial waste also contain titanium alloys, 
and economy and ecology can benefit from subsequent 
recycling and titanium extraction.  
 
We treat in the present study adhesively-bonded 
two-plate cracked/non cracked TiZrO 2  structures. 
Note that the understanding of the behavior of the 
interfacial layer (glue) is of extreme importance for 
their correct exploitation and service life. An 
approximate Shear Lag analysis is performed to 
evaluate the subsequent interfacial thermal stresses 
and delamination emerging under thermal loading. 
We assume also that plates behave linear- elastically 
under stresses below the critical limit. The proposed 
study is a continuation of previous ones [5-6]. Our 
main objective is to clarify and discuss how different 
adhesive layers, material mechanical properties and 
structure geometry affect the interfacial shear and 
peeling stresses and delamination.  
 
II. PROBLEM FORMULATION 
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A. Two-plate structure model and assumptions 
Consider two elastic plates A  and B  (with stress free 
boundaries) with different elastic moduli AE and BE  
and coefficients of thermal expansion A  and B , 

BA   , bonded along interface I and 
subjected to thermal loading T . Consider also plate 
A without and with a crack normal to the interface 

(see Figure 1.a and 1. b, respectively). 
 
Apply the modified Shear lag model. The interface is 
supposed to be with a negligible thickness and 
operating under shear, only. The axial stresses and 
strains are uniform over the cross section of each plate. 
Assume that at least one of the plates is thick and stiff 
enough, so that its bending (and that of whole 
structure) is neglected. 
 
In view of symmetry, only half pane solution is sought 
locating the origin of the Cartesian coordinate system 
at the centre of interface I . Plate length is denoted by 
L  and thickness - by Ah2  and Bh2 , respectively. 

The uniform temperature of plates is T . The 
interface is simulated as a zero thickness layer with 
shear response expressed in terms of displacement 
discontinuity on I  [5-6]. 

 
(a) 

 
(b) 

Fig.1 Model of a bi-material structure from: (a) homogeneous 
plates; (b) plates, one of which having a normal (transversal) 

crack to the interface 
 
III. DETERMINATION OF THE SHEAR 
STRESS 
 
B. Basic Equations for the Elastic Debonding 
Zone  
Denote )()()( xuxuxu BAI  , where )(xu A  and 

)(xuB  are the displacement fields in plates A  and 
B . 
According to [5-6] uniform temperature fields and 
constant thermal expansion coefficients of plates A  
and B are assumed. Then, the general solution of 
equation for )(xuI  has the form 

)sinh()cosh()( 21 xAxAxuI   ,           (1) 
 
where 1A  and 2A  are integration constants, IG  is 
the representative shear modulus of the interfacial 
adhesive layer (glue) and    
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Integrating (1) and satisfying the boundary conditions 
for the plates [5-6] we find the following solution for 
the interfacial shear stress: 
 
 For homogeneous plates: 
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 For plates with a normal (transversal) crack with 
respect to the interface: 
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C. Length of the Elastic Debonding Zone 
The length of the elastic debonding zone el , which 
gives the brittle crack magnitude along the interfacial 
layer can be calculated from (2) and (3) respectively, 
assuming that IcrcreI Gulu /)(  , 

crIII xuGx   )()( , where cru  and cr  are the 
critical values of the interfacial displacement and 
shear stress. In this way we can calculate the 
debonding lengths for the two structure types [5-6]: 
 
 For homogeneous plates: 
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 For plates with a normal (transversal) crack with 
respect to the interface: 

]exp[,]sinh[]cosh[

)1(

)1(
ln1

222

LB
TG

LLA

B

BBBAAB
Ll

I

cr

e




















 


    (5) 



International Journal of Mechanical And Production Engineering, ISSN: 2320-2092,        Volume- 5, Issue-6, Jun.-2017 
http://iraj.in 

The Influence of Material Properties and Geometry on the Thermal Behaviour of Adhesively Bonded Ceramic-Metal Structure 
 

82 

IV. DETERMINATION OF THE PEELING 
STRESS 
 
D. Basic Equation 
Following the very detailed analysis and calculations 
presented in papers [5-6], we obtain the following 
basic equation for the peeling stress: 

)(2)(4)( 44 xEhxpxp IBA
IV           (6) 

 
where 4 4/ ADK  is a parameter of the peeling 
stress, K  is a spring constant and 
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is the flexural rigidity of plate A . 
The peeling stress function is set forth by an equation 
of a beam lying on a continuous elastic foundation. We 
seek its solution in the form: 
 For homogeneous plates: 
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where )4/()2( 444   ThEGB ABI . 
  
Functions 2,0),( ixVi   are expressed as follows: 
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We obtain the following system of two algebraic 
equations for the integration constants 0C  and 2C  
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 For plates with a normal (transversal) crack with 
respect to the interface: 
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We obtain the following algebraic equations for the 
integration constants 0C  and 2C :  
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V. NUMERICAL EXAMPLES AND RESULTS 
 
We consider two bi-material structures (with and 
without a normal crack) composed of two elastic plates 
A  and B , fabricated from 2ZrO  and recycled 

titanium scrap - Ti , respectively.  
We choose two different types of adhesive layer (glue) 
- Epoxy thermoset (polymer) and Polyacrylate 
thermoplastic glue. The material properties of the 
adhesively bonded structure are listed in Table I 
[10-11]. 
Plate lengths and thicknesses are mmL 1202  , 

mmhh BA 222   and mmhhh BA 2 . 
The structures undergo thermal loading 
with ]1000100[ KKT  .  
We analyse: (i) the interfacial shear and peeling 
stresses along   elLx  ;0  for the case without a 
crack and  Llx e ; for the case with a crack; (ii) the 
behaviour of the peeling stress for different thermal 
loading and for two different adhesive layers 
regarding one and the same geometry; (iii) the 
behaviour of the peeling stress for fixed T , for 
different values of parameter BA hh /  and for two 

different adhesive layers. 
Table I Material properties of the structure 

 
 

The analytically calculated Interfacial stresses (shear 
and peeling) in a two-plate structure without crack for 
two types of glue (a) and (b), are plotted in Figure 2.  
As shown in these figures, shear stress increases from 
zero to its critical value at crelLx   )()( . 
At the beginning of the debonding zone, peeling stress 
has a positive value, increasing to a maximum value 
(less than the critical shear stress value), which is 
higher in case (b) when the chosen glue has 
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higher cr .  
The analytically calculated Interfacial stresses (shear 
and peeling) in a two-plate structure with crack for 
two types of glue (a) and (b), are plotted in Figure 3.  
As shown, the interfacial shear stress is equal to the 
critical shear stress at crelx   )()(  (the length 
of the debonding zone el in case (b) is smaller as 
compared to that of case (a)). 
Opposite to shear stress, interfacial peeling stress 
attains its maximum at the end of the interfacial layer 
- )()(max Lpxp  . At the beginning peeling is 
negative and then increases to its maximum value. 
Positive peeling stress indicates tension, and negative 
peeling stress indicates compression.  

 
(a) 

 
(b) 

Fig.2 Interfacial stresses (shear and peeling) along x in a 
structure without crack for two types of glue (a) and (b) 

 

 
(a) 

 
(b) 

Fig.3 Interfacial stresses (shear and peeling) along x in a 
structure with crack for two types of glue (a) and (b) 

 

Figure 4 shows peeling stress behaviour for three 
different values of loading T and a fixed 
parameter  . 
Peeling stress increases with the increase of 
temperature and its maximum value is much lower 
than the critical shear stress values, accounting for 
each type of glue. 
Figure 5 shows peeling stress behaviour for   three 
different values of the thermal load and for fixed 
parameter  . 
Peeling stress again attains maximum at the end of the 
interfacial layer and it is negative at the beginning. 
The maximum value of the peeling stress decreases 
with the increase of temperature. When )(xp reaches 
the value exceeding the critical shear stress, 
delamination initiates along the interface, but in case 
(a) delamination occurs more rapidly and at a lower 
temperature in comparison to case (b). Fixing values 

][100.0 mhB   and ][600 KT  , the interfacial 
peeling stresses for three different values of thickness 

Ah  and parameter BA hh / are plotted as 

functions of axial distance x  in Fig. 6. We chose 
][600 KT   since at that temperature we obtained 

the maximum rate of critical shear stress, Figure 5. 
Thickness of material A varied in the chosen range 

 ][0008.0 mhA ][001.0 m  - we chose it to be less 
than one tenth of the structure length L . Peeling stress 

)(xp decreases with the increase of parameter   and 
its maximum value strongly depends on the thickness 
of plate A . The maximum peeling stress increases 
with the reduction of plate A  thickness, ,Ah while 
the area of the stress-affected region actually decreases 
with the increase of thickness .Ah  Note case (a), 
where the adhesive interfacial layer is weaker than 
that in case (b). So, when the first plate is very thin the 
weak glue cannot withstand the high thermal loading. 
The results shown in Fig. 7, concern a structure with a 
normal crack. For three values of parameter   and 
for ][600 KT  , peeling stress increases extremely 
rapidly and it is much closer to the critical shear stress 
value, and delamination of the interface is induced. 
Similar to the results for a structure without a crack, 
where the adhesive interfacial layer from polyacrylate 
thermoplastic glue is weaker than the epoxy thermoset 
in case (b), the first type of glue cannot withstand the 
high thermal loading. 

 
(a) 
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(b) 

Fig.4 Interfacial peeling stress )(xp along x in a 
structure without crack for three different T  and two 

types of glue (a) and (b) 

 
(a) 

 
(b) 

Fig.5 Interfacial peeling stress )(xp along x in a structure with 

a crack for three different T  and two types of glue (a) and (b) 
 

 
(a) 

 
(b) 

Fig.6 Interfacial peeling stress )(xp along x in a structure 

without crack for three different values of parameter  and two 
types of glue (a) and (b) 

 

 
(a) 

 
(b) 

Fig. 7 Interfacial peeling stress )(xp along x in a structure 

with crack for three different values of parameter  and two 
types of glue (a) and (b) 

 
CONCLUSIONS 
 
In this work, Shear lag method, Classical plate theory 
formulation and Elastic foundation theory were used 
to investigate the interfacial shear and peeling stresses 
in adhesively bonded bi-material non-cracked/cracked 
structures subjected to thermal loading. 
The results can be summarized as follows: 
1) Shear stress and length of the debonding zone have 
been found by means of a Shear lag analysis associated 
with damage constitutive equations. 
2) Next, peeling stress has been determined by the 
already found shear stress.  
3) Peeling stress displays strong sensitivity to material 
properties, structure geometry, type of the adhesive 
layer and applied thermal loading.  
3) Interfacial stresses due to thermal and elastic 
mismatch in layered structures are one of the major 
reasons for the mechanical failure and delamination of 
bi-material ceramic/metal structures. So, materials, 
geometry and adhesive layer should be appropriately 
selected.   
The novelty of the proposed paper consists in the 
involvement of peeling stresses in the stress analysis 
of bi-material non-cracked/cracked structures 
composed of recycled titanium scrap and ceramics. 
This gives a clearer idea of the overall behaviour and 
stability of the structure. The results found can be used 
to assess thermally induced stresses in different 
adhesively bonded composites with and without 
cracks. They can also be useful in the manufacture of 
newly designed ceramic-metal composites from 
recycled material with optimal material properties and 
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geometry. The composites and composite structural 
elements can be incorporated in new machine units 
and made use of by innovative, cost-optimal 
technologies integrating renewable energy sources on 
site or nearby. 
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