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Abstract- In this study, we simulated unsteady natural/mixed convection in different boundary conditions for square cavity 
with rigid body motion using an incompressible smoothed particle hydrodynamics (ISPH) method. Here, ISPH tool showed 
a good performance for simulating fixed and movingrigid body inside cavity with different boundary conditions. In the 
natural convection case, we investigated the effects of the inner sloshingbaffle, fixed and moving circular cylinder on the 
heat transfer and fluid flow. In the mixed convection case, free falling of circular cylinder in free surface cavity and circular 
cylinder inside cavity are simulated. The results from this investigation show that the presence of fixed or moving rigid body 
inside cavity results clear effects on the heat transfer rate and fluid flow.The heated sloshing baffle have clear effects on the 
heat transfer rate compared to cooled sloshing baffle and its effects appeared clearly at high Rayleigh number Ra ≥ 10 . It is 
found that the flow pattern and rate of heat transfer inside the cavity are affected by the current physical parameters such as 
Grashof number, Reynolds number and Richardson parameter in mixed convection case and Rayleigh number in natural 
convection case. We validated the numerical results with previous published work with a reasonable agreement. 
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I. INTRODUCTION 
 
The mixed/natural convection happens in a numerous 
industry applications. Such applications include 
cooling electrical components, cooling reactors, solar 
power and heat exchangers [1].In the literature, there 
are several attempts to improve the heat transfer 
efficiency by implementing a wide spectrum of 
technics. The numerical simulation is widely used as 
un expensive method to provide insights to the heat 
transfer mechanism. In numerical simulation, 
simplified geometries like a square cavity are used to 
investigate the effect of design parameters on the heat 
transfer.Lee et al.[2]studied the natural convection in a 
horizontal enclosure with a conducting body. Their 
physical model is a horizontal layer of fluid heated 
below and cold above with a conducting body placed 
at the center of the layer. Kim et al. [3]carried out 
numerical calculations for natural convection induced 
by a temperature difference between a cold outer 
square enclosure and a hot inner circular cylinder.For 
mixed convection studies, Khanafer and Chamkha 
[4]studied unsteady, laminar, mixed convection flow 
in an enclosure filled with a Darcian fluid-saturated 
uniform porous medium in the presence of internal 
heat generation. The two vertical walls of the 
enclosure are insulated while the horizontal walls are 
kept at constant temperatures.The top surface is 
moving at a constant speed.Islam et al. [5]performed a 
numerical simulation on a lid-driven cavity with an 
isothermally heated square blockage..  
 
In numerical method perspective, most of the studies 
were carried out using the mesh methods which 
require much attempt to deal with the free surface 
modeling, multiphase flow or rigid body motion inside 
the fluid domain. Mesh free methods become an 

powerful tool to compensate for the disadvantage of 
mesh methods. Lucy [6]and Gingold & Monaghan[7] 
presented independently smoothed particle 
hydrodynamics (SPH) for the aim of simulating 
astrophysical problems where its grid-less nature is 
obviously advantageous. But over the years, SPH was 
successfully applied to many other fields. The SPH 
was originally developed in compressibleflow and 
then some special treatment was required to satisfy the 
incompressible condition. Cummins and Rudman [8] 
introduced a new formulation for enforcing 
incompressibility in Smoothed Particle 
Hydrodynamics (SPH). Asai et al. [9]proposed 
stabilized ISPH to simulate free surface flow 
problems. In their ISPH algorithm, pressure evaluation 
is stabilized by introduce both of velocity divergence-
free and density invariance conditions in solving 
pressure Poisson equation using a semi-implicit 
algorithm based on the projection method.Recently, 
Aly et al. [10]have adapted stabilized ISPH method to 
simulate highly nonlinear liquid sloshing problems. 
They found that by applying Neumann boundary 
condition when solving pressure, the performance of 
the present ISPH method is enhanced significantly. 
 
Numerical modeling of transient natural convection by 
using SPH method has also been investigated. 
Chaniotis et al. [11]presented an extension of the 
classical scheme of SPH by remeshing particle 
locations for the accurate handling of diffusion terms 
in the momentum and energy equation of viscous and 
heat conducting flows.Aly [12] adapted stabilized 
ISPH method to simulate multi-phase flow and natural 
convection in a square/cubic cavity using ISPH 
method in two and three dimensions. Aly 
[13]simulateddouble-diffusive natural convection in 
an enclosure by using ISPH method. 
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In this study, we widely adapted stabilized ISPH 
method to simulate natural/mixed convection with 
rigid body treatment inside a square cavity. In the 
natural convection case, we simulated both of sloshing 
baffleand fixed/moving circular cylinder inside cavity. 
In the mixed convection case, we investigated both of 
the free falling of circular cylinder over free surface 
cavity and alid driven cavity heated from below with a 
fixed circular cylinder inside. The results from the 
current study are presented in terms of isotherms, 
velocity vector fields and graphical representations for 
velocity, temperature and average Nusselt number. 
 
II. MATHEMATICAL FORMULATION 
 
The general form for the continuity, momentum, and 
energy equations for the unsteady natural/mixed 
convection in the two-dimensional cavity can be 
written in dimensional form as follows: 

 
 
In this study, we performed several numerical tests for 
natural/mixed convection in square cavity with rigid 
body motion. The initial schematic diagram for the 
current numerical tests have been shown in Figs. 1 and 
2. Initial schematic diagram for natural convection in 
cavity with a circular cylinder and a sloshing baffle 
have been shown in Fig. 1(a), (b), respectively. In the 
case of natural convection in square cavity with fixed 
and moving circular cylinder, the radius of circular 
cylinder is taken as R1 = 0.2L with center position at 
the center of the cavity. The circular cylinder has hot 
temperature 푇 . All cavity wall sides have zero 
velocity and isothermal temperature 푇 . In the case of 
natural convection in square cavity with sloshing 
baffle, the length of cavity is taken as 3L where L is 
the height of the cavity. We imposed hot temperature 
푇 at right side and cool temperature 푇 at left sides of 
the cavity. The sloshing baffle with height 0.5L is 
positioned initially at the center of bottem wall with 
two different cases of isothermal temperature 푇  and 
푇 . The baffle is force to move with the horizontal 
velocity 푢 = 퐴휔	푐표푠(휔푡).  
 

 

 
Fig. 2 Presents initial schematic diagrams for mixed convection 
in cavity with (a) free falling of circular cylinder and (b) fixed 

circular cylinder. 
 
In figure 2(a), (b), we introduced initial schematic 
diagrams for mixed convection in cavity with the free 
falling of circular cylinder and fixed circular cylinder 
inside the cavity, repsectively. In the case of free 
falling of circular cylinder, the radius of circular is 
taken as R2 = 0.08L and it locates at height of 1.1 L. 
The isothermal circular cylinder is maintained at hot 
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temperature 푇  or cool temperature 푇 . The bottom 
side of the cavity has horizontal velocity 푈  and 
temperature 푇 . The top side of the cavity has cool 
temperature푇 . The left and right sides of the cavity 
have adiabatic temperature. In the case of fixed 
circular cylinder, the circular cylinder has two 
different boundary conditions isothermal (푇 ) and 
adiabatic with radius R3 = 0.2L.   
 
A. Natural convection in a square cavity 
The following variables are introduced to convert 
equations (1)-(4) to nondimensional forms in the 
natural convection case as follows: 

 
 
where, 푇  is the maximum temperature, 푇  is the 
minimum temperature, 푃푟 is the Prandtl number and 
푅푎 is the Rayleigh number. Then equations (1)-(4) 
can be written in a dimensionless form as:  

 
 
The dimensionless boundary conditions for 휏 ≥ 0 are 
expressed as followings: 
 
Fixed and moving circular cylinder inside cavity 
Sloshing baffle inside cavity 

 
 
B. Mixed Convection in a Square Cavity 
The following variables are introduced to convert 
equations (1)-(4) to nondimensional forms in the 
mixed convection case as follows: 

 
 
where, 퐺푟 is the Grashof number. Thenequations (1)-
(4) can be written in a dimensionless form as: 

 
The ratio of  is the mixed convection parameter. It 
is called Richardson number 푅푖which is a measure of 
the relative strength of the natural convection and 
forced convection for a particular problem. The 
dimensionless boundary conditions for 휏 ≥ 0 are: 
 
Free falling of circular cylinder over free surface 
cavity 

 
 
Fixed circular cylinder inside square cavity 

 
 
C. Rigid body treatment 
In this study, we treated the rigid body motion by 
using ISPH method. First, the solid particles are 
solved withthe same calculation procedures as fluid 
particles. The following variables are introduced to 
convert equations (1)-(4) to non-dimensional forms 
case as follows: 

 
 
Then equations (1)-(4) can be written in a 
dimensionless form as: 
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An additional constraint derived from the conservation 
of momenta in a rigid body to treat the solid 
particles.To impose these constraints, we use the 
current velocity of the solid particles to compute a 
center-of-mass velocity and an angular velocity for the 
solid object as followings: 
The number of solid particles is 푛푠. The center of the 
mass for the solid object is defined as: 

 
 
and the relative coordinate of a solid particle to the 
center 풓  and moment of inertia of the solid object 
퐼 are defined by: 

 
 
The center of mass velocity and an angular velocity 
for the solid object: 

 
 
Finally, the velocity of each particle in the solid body 
is replaced by: 

 
 
Then the motion of free moving object can be tracked 
as a complete rigid body. Aly et al. [14]showed that 
the current treatment for rigid body works very well 
for free falling and water entry/exit of circular 
cylinder compared to experimental results. Aly and 
Lee [15] performed numerical simulations of impact 
flows with incompressible smoothed particle 
hydrodynamics.They studied impact pressure on 
various positions of the solid boundary for the rigid 
body and temporal evolution of free surface profiles.  
 
III. SPH FORMULATION 
 
A.  SPH Interpolation 
The SPH technique computes hydrodynamics 
properties of a fluid through a smoothing function to 
account for the effects of surrounding particles. 
Throughout the present simulations,quintic spline 
function is utilized as a kernel function for two-
dimensional problems [9, 12, 13, 15, 16]. 

An integral representation of any function can be 
written as:  

 
 
For SPH method, the above integral equation is 
approximated by a summation of contributions from 
neighbor particles in the support domain. 

 
 
where, the subscripts 푖  and 푗 indicate positions of 
labeled particle and 휌 ,	m  means representative 
density and mass related to particle 푗.  
B. Gradient and Divergence Operators 
The divergence and gradient of the arbitrary function 
can be assumed by using the above defined SPH 
approximation as follows:  

 
In this study, the divergence operator is only corrected 
by using kernel gradient normalizationas: 

 
 
C. Laplacian Operator 
In this paper, the second derivative of a function 푓  can 
be computed approximately according to Morris et al. 
[17]by an approximation expression as follows: 

 
 
where,휂 is a parameter to avoid a zero dominator, and 
its value is usually given by 휂 = 0.0001	ℎ .  
 
IV. AN ISPH ALGORITHM BASED ON 
PROJECTION METHOD 
 
In the present incompressible SPH method, the 
gradient of pressure and the divergence of velocity are 
approximated as follows: 
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The second derivative for the velocity, pressure and 
temperature in the current study will be written as:  

 

 
 
In this study, the classical projection method [18] is 
used to solve the velocity-pressure coupling problem. 
The discretized form of dimensionless governing 
equations (6)-(9), (13)-(16) and (20)-(22) are split into 
two parts; the first being the prediction step based on 
viscous and external forces. For simiplicity and 
without loss of gernerality, we will introduce the 
equations only the case of natural convection. 

 
In the second step, the pressure is calculated using the 
stabilized pressure Poisson equation corresponding to 
Asai et al. [9], which includes density invariance and 
velocity divergence into pressure Poisson equation as 
follows: 

 
 
where 훾 is the relaxation coefficient, (0 ≤ 훾 ≤ 1)can 
be decided from pre-analysis calculation as Asai et al. 
[9].Then PPE after SPH interpolation is solved by a 
preconditioned diagonal scaling Conjugate Gradient 
PCG method [19] with a convergence tolerance of 
1.0x10-9. The numerical density 〈휌 〉 in SPH form is 
defined by: 

 
 
In the next step, the real velocity values are obtained 
using the following correction: 

 
 
For the thermal flow problems: In this step, the time 
discretization of the energy equation is introduced:  

 
 
Finally, the particle positions are updated at each time  
step as: 

 
 

Note that,in most of our simulations, using the relaxed 
density invariance in solving PPE is enough to avoid 
the particles clustering. However, in some cases such 
as high Rayleigh number in natural convection and 
low/high Richardson number in mixed convection, the 
current ISPH algorithm cannot avoid the particle 
clustering. Hence, we adapt the shifting technique 
according to Lind et al. [20] and Skillen et al. [21] to 
adjust the particle distribute. The particles are shifted 
slightly across their streamlines and the 
hydrodynamics variables at the new positions are 
corrected by the Taylor series approximation; 

 
 
where, 휙 is a general variable;	푖 and 푖′indicate the 
particle’s old position and new position, respectively. 
훿풓 ′ is the shifting distance vector between particle’s 
new position and its old position, The particle shifting 
distance can be found from:  

 
 
Note that, 풟 is a shifting coefficient and ∇퐶 is the 
particle concentration gradient. More detail can be 
found in the study ofLind et al. [20] and Skillen et al. 
[21]. 
V. BOUNDARY CONDITIONS 
 
In this study, we used the dummy particles to prevent 
penetration and reduce the error of the truncated 
kernel. Dummy particles are regularly distributed at 
the initial state with zero velocity as Lee et al. [22]. 
The dummy particles have similar hydrodynamic 
properties as wall cavity sides such as velocity, 
temperature and pressure. In this study, we solved the 
pressure Poisson equation for all of dummy boundary 
particles. 
 
VI. VALIDATION TESTS 
 
In this section, we checked the accuracy of the present 
results by comparison of the natural convection in a 
square cavity with circular cylinder inside it with the 
results from Kim et al. [3]. Fig. 3 presents comparison 
of the isothermal lines between Kim et al. [3] (left) 
and current results by ISPH method (right) at different 
values of Rayleigh numbers Ra=103, 104, 105 and 106, 
respectively. It is clear that, the present numerical 
results agree well with the results of Kim et al. [3]. 
Therefore, we are confident that the results presented 
in this paper are accurate. Moreover, the current ISPH 
scheme is validated several times during our previous 
studies in natural/mixed convection in cavity using 
ISPH method [12, 13, 16, 23, 24]. 
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Fig. 3 Present comparison of the isothermal lines for natural 

convection in square cavity with circular cylinder between Kim 
et al. [3] (left) and present work (right) at Rayleigh numbers 

Ra=103, 104, 105 and 106, respectively. 
 
VII. RESULTS AND DISCUSSION 
 
In this section, we studied in details several numerical 
simulations for natural convection and mixed 
convection in cavities including fixed or moving rigid 
body.   
 
A. Natural Convection Case 
Here, we performed two numerical tests concerns the 
natural convection case in a square cavity. In the first 
numerical test, we studied natural convection around a 
sloshing baffle inside cavity. The second numerical 
test deals with natural convection in a square cavity 
with a moving circular cylinder inside it.   
Sloshing baffle inside cavity  
 

 

 
 
Fig. 4 shows the time histories for temperature 
distributions of sloshing baffle inside cavity under the 

effects of Rayleigh numbers	푅푎 = 10 , 10  and 10 . 
Two different boundary conditions are applied for the 
sloshing baffle inside cavity. In the first case, the 
baffle is maintained at hot temperature 푇 . In the 
second case, the baffle is maintained at cool 
temperature 푇 . The baffle is sloshing inside cavity 
with horizontal velocity 푈 = 퐴	휔	푐표푠(휔	푡), where the 
amplitude 퐴 is 0.4L, and the excitation frequency 
is  휔 = 0.43 rad/s. It is observed that, at the 
beginning, hot layers of fluid are formed around both 
of the left hot side of the cavity and hot sloshing baffle 
in the center of the cavity. These hot layers then travel 
horizontally into the center of cavity from the left side 
of the cavity and also towards the right side of the 
cavity around the heated sloshing baffle. As times 
goes, the baffle starts to move towards the right side 
of the cavity with increasing the hot layers around it. 
It is seen that, the area of the hot layers increase 
strongly as the Rayleigh number increases.  

 
Fig. 5 Presents time histories for average Nusselt number under 

the effects of Rayleigh number at two cases of sloshing baffle 
inside cavity. 

Fig. 5 represents the time histories for average Nusselt 
number under the effects of Rayleigh number for two 
cases of boundary condition of sloshing baffle inside 
cavity. In this simulation, the initial the baffle is set 
initially at center of the cavity that is far from the left 
heated wall. Moreover, the baffle is moving towards 
the right side of the cavity at the considered time 
point. The baffle, hence, does not affect the average 
Nusselt number on the left side of the cavity at low 
Rayleigh number (Ra < 104). As the Rayleigh number 
increases, the average Nusselt number has the higher 
values for heating baffle compared to cooling baffle. 
Fig. 6 represents the horizontal and vertical velocity 
profiles at 휏 = 2.0 under the effects of Rayleigh 
number for a moving heated sloshing baffle inside 
cavity. It seems that, the horizontal velocity curves are 
symmetric, where the line Y=0.5 represents the 
symmetrical axis. As Rayleigh number increases the 
horizontal velocity at the mid-section of the cavity 
(X=1.5) increases clearly. On the other hand, the 
vertical velocity profiles along the X-axis are increase 
as the Rayleigh number increases. The vertical 
velocity profiles have several peaks along X-axis due 
to the effects of heating sloshing baffle inside cavity.  
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Moving circular cylinder inside cavity 
Fig. 7 shows the time histories for natural convection 
study of a moving circular cylinder inside cavity under 
the effects of Rayleigh number 푅푎 = 10 , 10  
and10 , respectively. Here, the initial schematic for 
the circular cylinder inside cavity is inspired from the 
study of  Kim et al. [3]. However, we treated the 
circular cylinder inside cavity as a moving rigid body 
by ISPH method. From figure 7, as 푅푎 < 10 , the 
circular cylinder slightly moves up and after time it 
returns back nearly to the center until the steady state. 
At high Rayleigh number 푅푎 = 10 , the circular 
cylinder initially move up clearly under the effects of 
temperature differences and as times goes the circular 
cylinder returns back to the center of the cavity.  

 
 
Fig. 8 shows the velocity vector fields for a moving 
circular cylinder inside square cavity at steady state 
under the effects of Rayleigh numbers, Ra=103, 
Ra=104 and Ra=105, respectively. It is clear that, the 
velocity vector has higher values at high Rayleigh 
number Ra=105 since the buoyant forces become 

stronger as increasing the Rayleigh number. 
Moreover, Fig. 9 shows the vertical velocity and 
temperature profiles for fixed and moving circular 
cylinder under the effects of Rayleigh number. It is 
observed that, at the steady state, when the cylinder 
has hot temperature, the moving circular cylinder has 
slight effects in terms of velocity profiles compared to 
fixed circular cylinder. The vertical velocity profiles 
increase strongly as Rayleigh number increases. The 
temperature profiles are increase for the case of 
moving circular cylinder compared to fixed circular 
cylinder and also the temperature profiles increase as 
Rayleigh number increases.  
 

 
 
B. Mixed Convection Case 
In this section, we performed mixed convection in 
square cavity with two different boundary conditions 
of free falling circular cylinder and also we studied 
mixed convection in a square cavity with two different 
boundary conditions for fixed circular cylinder. 
7.2.1 Free falling of circular cylinder 
Here, we treated mixed convection for free surface 
cavity under the effects of a free falling circular 
cylinder. In boundary treament of mixed convection 
for free surface cavity, we followed Kowalewski et al. 
[25]. From the volume of the falling circular cylinder, 
the location of free surface for the upper cavity gate is 
decided. Then, the free surface boundary is positioned 
at 푌 = 1.07 and (0.39 ≤ 푋 ≤ 0.61) with velocity 
푉 = 0 and  = 0. Note that, for the simulations of 
free falling circular cylinder, Gr = 100.0 is used. Fig. 
10 shows the time histories of mixed convection for 
two different boundary conditions of free falling 
circular cylinder at Richardson number 푅푖 = 1.0. The 
isothermal circular cylinder is maintained at hot 
temperature 푇  or cool temperature 푇 . The current 
snapshots show the clear effects of falling isothermal 
circular cylinder inside cavity in the temperature 
distributions. The current numerical results is strongly 
required for enhancement heat transfer using falling 
external bodies or particles. And such kinds of 
numerical tests have several applications such as laser 
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welding, glass processing and growth of high purity 
crystals. In the near future, we will focus more about 
natural/mixed convection for free surface flows. Fig. 
11 presents isothermal lines under the effects of 
Richardson number 푅푖 = 1 and 0.11, respectively 
with heating and cooling free falling circular cylinder. 
In this figure, the isotherms spread highly upward at 
the case of low Richardson number Ri = 0.11 
compared to the case of Richardson number 푅푖 = 1.0. 
In addition, the hot isothermal cylinder has the highest 
effect on the isothermal lines at low Richardson 
number 푅푖 = 0.11 compared to equivalence 
Richardson number 푅푖 = 1.0. And also the isothermal 
lines affected clearly by the free falling of hot cylinder 
compared to cool cylinder which can be neglected at 
equivalence Richardson number 푅푖 = 1.0.  
 

 

 
 

  

 

  
Fig. 14 shows the effect of varying Richardson 
number on the average Nusselt number and 
temperature profiles for two different boundary 
conditions of circular cylinder. Here, the average 
Nusselt number is measured along the bottom heated 
surface and it is seen that the average Nusselt number 
increases as Richardson number increases. For a given 
Richardson number 푅푖, the average 푁푢  for the 
isothermal wall case is higher than the adiabatic case. 
In addition, due to the lid-movement of the bottom 
surface with hot temperature, then it induces a 
clockwise flow effects from right to the left. This flow 
pattern has an interesting effect on the temperature 
gradient on the left and right sides of the cylinder. 
Then the temperature gradient is affected by 
Richardson number and boundary conditions. In 
general, the temperature profiles have higher values 
for the case of adiabatic cylinder compared to the 
isothermal cylinder as depicted in the second part of 
figure 15. On the bottom side of the cavity “lower of 
the circular cylinder”, the temperature has the higher 
value at lower Richardson number 푅푖 = 0.01 and at 
the top side of the cavity “over the circular cylinder”, 
the temperature has the higher value at high 
Richardson number 푅푖 = 1.0.  
 
CONCLUSION 
 
In this paper, stabilized ISPH method is used to study 
the unsteady natural/mixed convection for different 
boundary cases of cavities including rigid body 
motion. In the current ISPH scheme we prevented the 
particles anisotropic distributions by using shifting 
technique. The current ISPH tool showed a good 
performance for simulating natural/mixed convection 
in cavity with fixed, moving and free falling of the 
rigid body. For the case of natural convection, we 
investigated the effects of the inner sloshing baffle, 
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fixed and moving circular cylinder on the heat transfer 
and fluid flow in cavity. It is found that the heated 
baffle have clear effects on the heat transfer rate 
compared to 

 
on the heat transfer and fluid flow compared to fixed 
cylinder. In the mixed convection case, free falling of 
circular cylinder in free surface cavity and circular 
cylinder inside cavity are simulated. The isothermal 
lines are affected clearly by the free falling hot 
cylinder. The presence of the adiabatic circular 
cylinder inside cavity results an increase in the 
average Nusselt number compared with the case of 
isothermal circular cylinder.  
 
Finally, the current numerical ISPH method showed a 
robust technique for solving natural/mixed convection 
coupled with different structure treatments and then 
ISPHmethod can be used for laboratory scale 
simulations. 
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