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Abstract— Mechanical structures are composed of combinations of different structural elements, such as beams, rods, 
flexible plates, disks etc. The nonlinear behavior of shells and plates is one of the challenges that the researches need to face. 
The FE methods are highly involved in the analysis of generic shells. They are effective in analyzing arbitrary geometries 
composed of linear, composite, or nonlinear materials. However, FE produces the discrete dynamics in the form of 
numerical databases that some information are hidden in. Based on that it is necessary to develop methodologies capable to 
process the FE discrete results and obtain -if possible- the structure properties. 
Here the POD transform will be applied to process the discrete dynamics of plate structures. Using the POD transform, 
numerical simulations of free motions of rectangular plates will be viewed in terms of POD modes. It will be examined 
whether the POD modes have any relations with the Normal modes of vibration (natural frequencies and shapes). 
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I. INTRODUCTION 
 
Thin plate structures are extensively used in modern 
engineering application. And usually they are 
subjected to severe dynamic loading (airplanes, ships, 
pressure vessels, rocket etc.). Due to their operation 
conditions, large amplitude vibrations are always 
expected to take place. If the vibration amplitudes are 
of the same order of the thickness of the plate, a 
significant geometrical nonlinearity will exist [12, 
13]. This will lead to a change in the dynamic 
properties (natural frequencies and mode shapes) of 
the system. 
 
The most widely used nonlinear equations of motion 
for thin plates are the von Karman dynamic equations 
of motion [13]. Due to the complexity of these 
coupled nonlinear partial differential equations there 
is no exact solution known yet. Hence, each problem 
has received a special treatment involving some 
particular approximations. 
 
Most of the studies that carried out on large 
amplitudes vibration of plates are done by assuming 
space modes or time functions. In the assumed space 
modes method, spatial functions that satisfy the 
related boundary conditions (usually the linear mode 
shapes) combined with Galerkin methods are used to 
eliminate the space variable from the governing 
equations. The problem is then reduced, in the case of 
single-mode approach, to the well-known Duffing 
equation in time. This equation may be solved in 
terms of elliptic functions [14], harmonic balance 
method [9] or the perturbation methods [4, 5]. 
 
A multiple-mode approach (three modes) has been 
presented in [13], in which the steady-state 
axisymmetric free and forced response of clamped 

circular plates has been investigated by using the 
Galerkin procedure and the harmonic balance 
method. Recently, the geometrically nonlinear free 
axisymmetric vibrations of clamped circular plates 
have been studied by using a multimode model, 
taking into account the coupling between the higher 
vibration modes [7]. The main feature of this 
multimodal model, which is based on Hamilton’s 
principle and spectral analysis, is that it makes the 
geometrically nonlinear effects appear, not only via 
the amplitude frequency dependence, which was the 
main purpose of most studies on nonlinear vibrations, 
but also via the dependence of the structure deflection 
shapes on the amplitude of vibration. This allows 
quantitative estimates of nonlinear stresses to be 
obtained in sensitive regions of the structure, which 
may be of crucial importance in the fatigue life 
prediction of structures working in or exposed to a 
severe environment. 
 
In the assumed time function method, a simple 
harmonic function in time is assumed and is then 
eliminated from the equation of motion using the 
Kantorovich averaging procedure [8]. The resulting 
nonlinear spatial boundary value problem is solved 
numerically. 
 
Some other studies are based on a simplified 
nonlinear equation, obtained using Berger’s 
hypothesis [1]. Also, different perturbation 
techniques were used in the study of nonlinear 
vibrations of circular plates [10, 11]. Another work 
was based on the invariant manifold approach, by 
showing the existence of a global nonlinear invariant 
manifold in the phase space. The invariant manifold 
carries a continuum of slow periodic motion [4]. 
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Fig.9: The amplitudes of the third (A), the fourth (B) and the 

fifth (C) POD modes. 
 

Table.2: The single frequencies of the POD modes 
versus linear natural frequencies. 

 
 
From the analysis of the coupled linear dynamics 
using the POD transform, we managed to extract the 
natural frequencies and the normal modes of 
vibration from the POD modes. These results were 
expected, since the system is linear and 
homogeneous. In the next part we will analyze the 
dynamics of the plate including the effect of 
nonlinearities. 
 

 
Fig.10: The third, fourth and fifth POD mode shapes. 

 
CONCLUSIONS 
 
There are similarities between the normal modes of 
vibrations and the POD modes obtained by 
processing the discrete free dynamics. 

The POD modes provides direct measure of the 
coupled dynamics through the norms of the POD 
mode shapes. 
This methodology can be expanded to analyze 
nonlinear dynamics aiming at obtaining optimum 
modes that may represent nonlinear normal of 
vibrations. 
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