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Abstract—This study investigates a steady state oscillatory flow of a viscous fluid due to the in-plane oscillation of a flat plate 
coated with magnetic fluid of uniform thickness.  The solution to the unsteady flow problem in the normal and magnetic fluids 
which satisfies the boundary conditions and the interface conditions are obtained analytically and then the velocity and the 
shear stress distributions are determined. Special attention is paid to the effect of frequency on the time evolution of interface 
velocity as well as the profiles of velocity and shear stress. For the combination of fluids with the density ratio of 0.8 and the 
viscosity ratio of 40, the results show that the spatial and temporal variations of the flow field rapidly decrease with the 
increase of oscillation frequency. 
 
Index Terms— Flat plate, Frequency, Magnetic fluid coating, Steady state oscillation, Uniform thickness. 
 
I. INTRODUCTION 
 
Magnetic fluid, sometimes termed as ferrofluid, is a 
deliberately synthesized colloidal suspension of 
nanoscale magnetic particles dispersed in a liquid 
carrier such as water or organic solvent and strongly 
reacts to the externally applied magnetic field [1]-[2]. 
To avoid a clumping each magnetic particle is coated 
with a surfactant. There has been an increasing number 
of researches and applications of magnetic fluids, for 
instance, zero-leakage sealing, magnetic bearing, 
actuator, sensor, printer, tracing of blood flow, and 
control of drug delivery [3]-[5]. In particular, when the 
solid wall in a flow field is coated with magnetic fluid 
and the flow is controlled by an external magnetic field, 
a reduction of drag or enhancement of heat transfer is 
possible. In a study of a two-dimensional steady flow 
past a circular cylinder coated with magnetic fluid, 
Krakov and Kamiyama [6] showed a possibility of 
reducing drag up to 40% depending on the Reynolds 
number and viscosity ratio. In this case the reduction of 
drag resulted mainly from the decrease of a form drag 
by a delayed flow separation. Koet al. [7] investigated 
a two-dimensional stagnation flow toward a plane wall 
uniformly coated with magnetic fluid and showed the 
magnetic coating reduces the drag. Bashtovoiet al. [8] 
experimentally investigated the heat transfer and the 
flow structure in a flat channel with sinusoidal 
magnetic fluid coating and observed a simultaneous 
occurring of drag reduction and heat transfer 
enhancement. Enhancement of heat tranfer owing to a 
magnetic fluid coating in a channel with a fin was 
studied by Krakov and Zelikovskaya [9]. 
A viscous flow due to the oscillation of a plane wall is 
often called Stokes’ second problem [10]. It is not only 
interesting but also important since it occurs in many 
application problems. Among others two notable 
recent studies of the problem are [11] and [12], in 
which time evolutions from rest state to steady state 
oscillatory flow are investigated using the Laplace 

transform method. An exact solution to the 
corresponding problem for non-Newtonian fluids was 
obtained by Rajagopal [13]. 

In this study a Stokes’ problem is considered for a 
viscous fluid over a magnetic fluid which is uniformly 
coated on a flat plate oscillating in its own plane. For 
several parameters including the ratios of density and 
viscosity, the steady state oscillating flow is obtained 
in a closed form from which the velocity and shear 
stress distributions are readily determined. Special 
attention is paid to the effect of the oscillation 
frequency on the flow characteristics such as the flow 
field modulation and the time evolution of interface 
velocity for a particular set of density and viscosity 
ratios. 
 
II. FORMULATION AND ANALYSIS 
 
The schematic of the flow problem is shown in Fig. 1. 
A normal fluid rests above a magnetic fluid which is 
coated on a flat plate with uniform thickness of b.  
 

 
Fig. 1 Schematic of the flow problem 

 
Two fluids do not mix because an external magnetic 
field of enough strength holds the magnetic fluid with a 
constant height. A unidirectional flow in the direction 
parallel to the plate (x direction) sets up by a harmonic 
oscillation of the flat plate in its own plane. The flow is 
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assumed incompressible and laminar. In this case the 
magnetic force acting on the magnetic fluid only 
affects the pressure field. As in the Stokes’ second 
problem, the pressure field can be decoupled from 
velocity field since neither modified pressure (sum of 
mechanical pressure and magnetic pressure) of the 
magnetic fluid nor pressure of the normal fluid changes 
in the x direction. 
As the unidirectional flows automatically satisfy the 
mass conservation equation, the equation governing 
the flow and the boundary and interface conditions can 
be written as follows: 

 
 
Here, u(y, t) is the fluid velocity and y and t denote the 
coordinate normal to the plate and time, respectively. 
In addition  and mean the density and the viscosity 
of the fluids in which the subscripts 1 and 2 refer to the 
magnetic fluid and the normal fluid, respectively. Re 
means the real part and u0 and  are the amplitude and 
the frequency of oscillation of the wall velocity. The 
interface conditions in (3a) and (3b) are the 
requirement of the continuity of velocity and shear 
stress, respectively. 
For the convenience of calculation and presentation, 
the system of equations are transformed to a 
dimensionless form using the following dimensionless 
variables. 

 
 
The dimensionless system of governing equations is as 
follows: 

 
 

Here Rej= jb2/j (j= 1, 2) is the Reynolds number 
and r= 2/1 is the viscosity ratio of the two fluids. 
Considering the linearity of the system and the 
boundary condition, (8a), the steady state solution to 

the system of equation from (7a) to (9b) can be sought 
in the following form [14]. 

 
 
Substitution of (10) into the system of equations for U 
and a little tedious calculation lead to the final solution 
for the velocity filed: 

 
 
From this solution additional flow variables such as 
shear stress and interface velocity can be readily 
calculated. The dimensionless shear stress is defined 
and calculated by differentiating the velocity given in 
(11a) and (11b) as follows. 

 
 
The velocity of the magnetic fluid and that of the 
normal fluid must be same at their interface. Hence the 
interface fluid velocity can be calculated more easily 
from (11b) and is equal to 

 
 
The shear stresses at the wall and at the interface also 
can be calculated by a similar process. 
 
III. RESULTS AND DISCUSSIONS 
 
In this study an oscillatory flow of a viscous fluid 
above a flat plate coated with a magnetic fluid of 
uniform thickness is investigated. The flow is caused 
by the oscillation of the flat plate in its own plane. The 
steady state oscillating flow is obtained by using a 
complex exponential function. The final flow field 
depends on three independent parameters of density 
ratio r, viscosity ratio r, and frequency parameter 1. 
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The Reynolds number Re1 based on the characteristic 
velocity of b is equal to 21

2. 
For the special case of r = r = 1 so that = 1, = 0, 
the velocity and shear stress fields both in the magnetic 
field and the normal fluid reduce to the conventional 
solutions of the Stokes’ second problem as 

 
 
Hereis the same value of kinematic viscosity of 
the magnetic fluid and the normal fluid. 
Because of the space limitation, attention is paid to the 
effect of oscillation frequency on the oscillating flow 
in terms of the parameter 1. The values of the density 
and viscosity ratios are taken to be those of the 
representative combination of the fluids: r = 0.8, r = 
40. These values correspond to the combination of 
water based magnetic fluid (= 1220 kg/m3, = 
4x10-6 m2/s) and the silicone oil (PMS-200, = 973 
kg/m3, = 1.95x10-4 m2/s), which were used in the 
experiment of [6]. The frequency parameter 1 is 
considered for a range of 0.1 to 5 and the case of 1 = 1 
will be referred to a base case. When the thickness of 
the water based magnetic fluid coating is 1 mm, the 
frequency of oscillation for the base case is 8 rad/s = 76 
rpm. 
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Fig. 2 Velocity profiles shown for /6 increments over a half 

period for the base case of = 1. 
 

The velocity profiles are shown in Fig. 2 with a time 
increment of  /6 over a half period for the base case of 
= 1. As the normal fluid is 40 times viscous than the 
magnetic fluid, variation of velocity in the upper 
region is by far smaller than in the magnetic fluid layer. 
Moreover, at the interface (Y = 1), velocty gradient is 
discontinuous and drops to a small value at every 
instant. The effects of amplitude modulation, exp(-jY), 
and the phase modulation, jY + const., are comparable 

as is easily observed in the lower region. 
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Fig. 3Shear stress profiles shown for /6 increments over a 

half period for the base case of = 1. 
 

Fig. 3 depicts the profiles of shear stress shown for 
increments of  /6  over a half period for the base case 
of = 1. Since the shear stress is directly proportional 
to the viscosity of a fluid, the shear stresses in the upper 
and lower regions have comparable magnitude, in spite 
of a big difference in viscosities. In contrast to the 
velocity profile, the shear stress profile at any time 
does not show a sharp discontinuity of gradient. Like 
the velocity field, the modulations of amplitude and 
phase affect the shear stress distribution with a 
comparable magnitude, which are clearly seen in 
normal fluid as well as in the magnetic fluid. 
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Fig. 4Velocity profiles shown for /6 increments over a half 

period for the base case of = 0.2. 
 

Fig. 4 shows a variation of velocity profiles for 
increments of  /6 over a half period for a frequency 
parameter of = 0.2. In this case oscillation frequency 
is 25 times lower than the base case, so that it will be 
about 3 rpm if the base case value is 76 rpm. For this 
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slow oscillation both amplitude modulation and phase 
modulation in the velocity field are small. The velocity 
profiles at all instants are almost linear in both fluid 
regions like a flow in a region bounded by two parallel 
infinite flat plates moving with different velocities. 
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Fig. 5Shear stress profiles shown for /6 increments over a half 

period for the base case of = 0.2. 
 

The corresponding shear stress profiles of the slowly 
oscillating case with = 0.2 are shown in Fig. 5 over a 
half period for increments of /6. Similarly to the 
velocity field, shear stress field shows weak 
modulations of amplitude and phase. Departure from 
the distribution of constant shear stress occurring in 
plane Couette flows is not so significant. As the value 
of  is also small for a magnetic fluid with high 
viscosity, the effect of the movement of the flat plate 
propagates quickly to the fluids through viscous 
diffusion. 
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Fig. 6 Velocity profiles shown for /6 increments over a half 

period for the base case of = 5. 
 

The results for the opposite extreme case when the flat 
plate oscillates fast or the viscosity of the magnetic 
fluid is low are illustrated in Fig. 6 and Fig. 7. As is 

clearly seen in Fig. 6 showing the velocity profiles for 
/6 increments over a half period for = 5, the fluid 
motion is almost confined in the lower region and the 
upper region remains still. If the thickness of the 
oscillating layer is defined where U = 0.01, it is less 
than one; in other words, the interface velocity is less 
than 1% of the velocity of the flat plate. The oscillation 
of the plate is 25 times faster than the base case, so that 
it will be about 1900 rpm if the base case value is 76 
rpm. The shape of the velocity profiles is very much 
similar to the case of the conventional Stokes’ second 
problem. The reason is because the constant term in the 
phase shift effect is dominated by the terms associated 
with T and Y. 
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Fig. 7Shear stress profiles shown for /6 increments over a half 

period for the base case of = 5. 
 

Fig. 7shows the shear stress profiles with a time 
increment of /6 over a half period for a frequency 
parameter of = 5. Since the fluid motion is almost 
confined in the magnetic fluid in this rapidly 
oscillating case, the upper region is nearly free of shear 
stress. The shear stress profile also exhibits a pattern 
similar to the conventional oscillatory flow caused by 
the oscillating plane wall. 
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Fig. 8 Time evolutions of the interface velocity over one period 

for varying values of . 
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Fig. 8 demonstrates the time evolutions of the interface 
velocity over a full period of oscillation for varying 
values of . As is already observed in Fig. 2, Fig. 4, 
and Fig. 6, and as is expected from (24), the 
instantaneous velocity at the fluid interface exhibits a 
harmonic oscillation with a phase shift depending on 
the frequency. The amplitude of oscillation 
monotonically decreases with . Except for the case 
of  = 5, the thickness of the oscillating layer is larger 
than one. This implies that the moderately oscillating 
motion of the flat plate propagates more or less to the 
normal fluid via magnetic fluid. 

 
CONCLUSIONS 
 
The steady state oscillating flow caused by the 
oscillation of a flat plate coated with a magnetic fluid is 
analytically investigated. The results show that the 
oscillatory flow depends on the density and viscosity 
ratios of the fluids and the oscillation frequency 
parameter. The modulations of amplitude and phase 
are small for low values of oscillation frequency. The 
fluid motion is almost confined in the magnetic fluid 
for high enough values of oscillation frequency. The 
amplitude of flow oscillation monotonically decreases 
with oscillation frequency. 
A more extensive analysis for a varying values of 
density and viscosity ratios of normal fluid and 
magnetic fluid is required to fully understand the 
oscillating flow due to the motion of the flat plate with 
a magnetic fluid coating. In spite of the mathematical 
difficulty a transient flow from arbitrary initial state is 
worth investigating. 
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