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Abstract— The ground scanning object studied here is to scan and find a target moving on the ground. An IR sensor 
installed at the scanning object detects a moving target on the ground. A specially designed platform makes the object fly 
along a parabolic path with precession. The precession makes the IR sensor plotting a footprint on the ground. In this study, 
the nutation angle of the object and the footprint are determined for various shapes of the main body. How the scanning 
capability can be affected by the shape of the main body is investigated. When D/H ratio is 1.1, the nutation angle becomes 
larger than 90°. In this case the sensor orientation is parallel to the horizontal line, and proper dectection cannot be made.  
 
Index terms— Dynamic, Governing Equation, Ground Scanning Object, Scanning Characteristics. 
 
I. INTRODUCTION 
 
The ground scanning object studied here is to scan 
and find a target moving on the ground. As shown in 
Figure 1, the scanning object consists of a main body 
and an IR sensor. Since the sensor searches only 
targets in the line because of the sensor characteristics, 
precession motion should be added additionally for 
wide area detection. Discharged from a platform, the 
object flies a parabolic trajectory with precession. 
The precession makes the IR sensor scan a wide 
range following a trajectory on the ground. The 
trajectory, called footprint, is shown in Figure 1. The 
footprint represents the detecting capability, which 
depends on the precession motion. A dynamic 
analysis was done to investigate the characteristics 
using program[1] and a motion stabilization was 
studied through variable control[2]. 
In this study, the nutation angle of the object and the 

footprint are determined for various shapes of the 
main body. How the scanning capability can be 
affected by the shape of the main body is investigated.  
 

 
Figure 1: Flight object and footprint 

 
II. GOVERNING EQUATION 
 
Equation (1) represents angular momentum for a rigid 
body having 3D motion, and differentiating equation 
(1) yields equation (2).  

 

 
where , ,

xx yy zz
I I I are moments of inertia, and , ,

xy yz zx
I I I

are products of inertia. Moments and angular 
momentum have the following relation.  
 

 
Figure 2: Global and local coordinates 

 

 
Figure 2 shows the scanning object and a coordinate 
system. The coordinate system XYZ shown in Figure 
2 (a) is a global coordinate system, independent of the 
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object, and the xyz system is a relative coordinate 
system fixed on the object and moves with it. Without 
translational motion, the relative coordinate system 
can be expressed by Eulerian angles , ,    with 
respect to the global system.   is the precession 
angle,   is the nutation angle and   is the spin angle. 
Using Eulerian angles, angular speeds and 
accelerations can be expressed as  
 

 
Putting equations (1),(2),(4) and (5) into equation (3), 
moment equations can be obtained for ideal state.  
 
III. NUMERICAL ANALYSIS 

 
If the object flies without any aerodynamic loads, all 
the loads are zero. In order to solve the ordinary 
differential equations, , ,     are expressed as 
functions of , ,    and , ,    . Using MATLAB, 
numerical analysis was done. The initial condition is 
shown in Table 1, and Figure 3 shows the nutation 
angle affecting the detecting most. 
When the object is discharged from a platform[3,4], it 
flies with translation and rotation. Since the 
translational and rotational motions are independent, 
they can be solved independently. The ideal motion of 
the object can be determined when the translation 
motion is obtained additional to the rotational motion. 
Under gravitation, the object flies following a 
parabolic motion. The parabolic motion can be 
obtained from the following equations. 

 
Table 1: Initial conditions 

 

 
Figure 3: Numerical analysis result of   
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where  is a discharge angle between discharge 
direction and horizontal line, 

0
V  is initial speed. The 

values of   and 
0

V  are 40° and 40m/s, respectively. 
The two sensor points as shown in Figure 4 were used 
to obtain footprint. The line connecting the two points 
intersects the ground when Z=0. The X and Y 
coordinates are determined from equations (8) and (9).  
 

 
Figure 4: Flight object and sensor point 

 

 
Figure 5: Footprint 

 
Since the scanning object has translation and 
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rotation, the sensor points are constant at the local 
coordinate system (body fixed coordinate), but 
change in the global coordinate system. Therefore, in 
order to find the sensing trajectory, the sensor points 
should be transformed to those with respect to the 
global coordinate system. From the X and Y 
coordinates, the footprint can be plotted, as shown in 
Figure 5. 

 
IV. EFFECT OF SHAPE OF MAIN BODY 
 
1. For fixed diameter 
With the dimension of the sensor part fixed, analysis 
was done for various main body shapes. Since the 
main body has a cylindrical shape, the diameter is D 
and the height is H. Firstly, analysis was done with 
the diameter fixed.  

Figure 8 shows the nutation angle( ) for various 
D/H ratios. When D/H=1.1, the maximum value of   
is about 125°. This means that the object turns too 
much.  

Figure 9 shows the deviation of sensing trajectory 
for various D/H ratios. When D/H=1.1,   crosses 90°. 
When  =90°, the sensor is oriented parallel to the 
horizontal direction. If this happens, scanning cannot 
be made properly. Except near this value, all others 
show similar results. In order to detect a target 
effectively, the nutation angle should be in a proper 
range. If the nutation angle is larger than a certain 
value, detection cannot be done. Thus, the D/H ratio 
should be away from 1.1.  
 

  
D/H=0.5      D/H=0.7 

 
D/H=0.9      D/H=1.0 

 
D/H=1.1      D/H=1.3 

 
D/H=1.5      D/H=1.7 

Figure 8: Max amplitude and D/H ratio 
 

 
D/H=0.5      D/H=0.7 

 
D/H=0.9      D/H=1.0 

 
D/H=1.1      D/H=1.3 
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D/H=1.6      D/H=1.8 

Figure 9: Footprint for various D/H ratios 
 
2. For fixed height 
 
With the height L fixed, similar analysis was done. 
Figure 10 shows the nutation angle for various D/H 
ratios. The result is similar to Figure 8, but the values 
are much larger. Like the previous result, the value 
becomes very large near D/H=1.1. For other ratios, 
the values are similar.  
Figure 11 shows the footprint for various D/H ratios. 
For D/H=0.5, the deviation becomes dominant, but 
for large D/H ratio the footprint seems symmetric. 
Compared with Figure 9, similar tendency is shown, 
but the value is much larger. When D/H is close to 1.1, 
the nutation angle becomes very large, and the 
footprint becomes abnormal and detection cannot be 
done well.  
 

 
D/H=0.5      D/H=0.7 

 
D/H=0.9      D/H=1.0 

 
D/H=1.1      D/H=1.3 

 
D/H=1.5      D/H=1.7 

Figure 10: Max amplitude and D/H ratio 
 
CONCLUSION 
 
For ideal state, governing equations of motion was 
derived from angular momentum, angular speed and 
angular acceleration equations. With the dimension of 
the sensor part fixed, the shape of the main body was 
changed, and analysis was done. The following 
conclusions were drawn in this study: 
 
- From the governing equations, the footprint was 
obtained.  

 
D/H=0.5      D/H=0.7 

 
D/H=0.9      D/H=1.0 

 
D/H=1.1      D/H=1.3 
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D/H=1.5      D/H=1.7 

Figure 11: Biased amplitude and D/H ratio 
 
- Near D/H=1.1, the nutation angle becomes larger 
than 90, and the footprint becomes abnormal and 
detection cannot be done well. 

- The sensing characteristics is different for small 
D/H ratio, when D changes or H changes.  
- The shape change in the main body can affect the 
sensing significantly.  
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