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Abstract- This paper, presents a new approach to an analytical solution for the time-dependent heat conduction problems. 
Many of transient heat conduction problems are solved with method of separation of variables which is time-consuming. Thus 
the main objective of this article is converting a partial differential equation to an ordinary differential equation that it can be 
solved easier and faster. This can be happen with scale analysis which assuming that in semi-infinite bodies x = √αt , so time 
domain changes to space domain and in this way it can be solve a transient problem to a steady state one; however, the 
analytical solutions are quite different for each class of geometries. Also, deductions based on numerical simulations cannot be 
generalized. Therefore, a new method to calculate the thermal resistance of a constructal network with arbitrary configuration 
is needed which in this paper the formulation for transient mode has been provided. 
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I. INTRODUCTION 
 
In 1997 Bejan [1] proposed the constructal design 
method and optimized the problem of cooling a 
rectangular heat generating volume by conduction 
analytically. He started from the smallest (elemental) 
volume and optimized its geometrical features with 
respect to certain constraints. The process was 
continued by joining the smaller volumes to a new 
high-conductivity path and making higher order 
constructs followed by optimization. The resulting 
network of high conductivity links is often called a 
constructal tree. Since then, analytical [2–10] and 
numerical [11–14] studies have been performed to 
find and minimize the thermal resistance of 
constructal trees of high conductivity material cooling 
a rectangular volume. Ghodoosi and Egrican [2] 
criticized the simplification of an effective thermal 
conductivity in Bejan’s [1] solution and solved the 
temperature drop exactly based on one dimensional 
assumptions. Constructal rectangular heat trees at 
micro and Nano scales have also been analyzed by 
Gosselin and Bejan [3]. Besides, Ghodoosi [4] 
proposed an analytical method of calculating the rate 
of entropy generation in a rectangular tree 
configuration. Moreover, the two dimensional 
temperature distributions in a rectangular elemental 
volume was obtained by Kuddusi and Denton [5] 
analytically. In 2007, Wu et al. [6] modified the 
solution of Bejan [1] and obtained the same results of 
Ghodoosi and Egrican [2] by introducing a correct 
effective thermal conductivity. Also, a lower limit for 
the thermal resistance of the assemblies was found by 
Wu et al. [7] by letting the aspect ratio of the 
elemental volume 
change in higher order constructs. Effects of high 
conductivity links with variable thickness have also 
been studied by Zhou et al. [8] and Wei et al. [9]. 
Recently, Tescari et al. [10] revisited the problem on 

the basis of thermodynamics of irreversible 
processes. By minimizing the so-called entropy 
impedance, they have obtained optimum geometries 
similar to the previous publications. 
Many heat conduction problems encountered in 
engineering applications involve time as an 
independent variable. The goal of analysis is to 
determine the variation of the temperature as a 
function of time and position T(x, t) within the heat 
conducting body. In general, we deal with conducting 
bodies in a three-dimensional Euclidean space in a 
suitable set of coordinates (x ∈ R3) and the goal is to 
predict the evolution of the temperature field for 
future times (t > 0)[15]. 
 
A specific, useful and simple implementation of 
solving boundary value problems is known as the 
method of separation of variables. Nevertheless the 
method of separation of variables is hard to solve 
when the geometry is complex and thereby the 
suggestion proposed in this paper helps to convert 
two-variable equation into a one-variable one, and 
solve ordinary equation much easier. Therefore, the 
objective of the present research is to provide a 
general method that can be applied to find the 
transient thermal resistance of various constructal 
designs. 
 
II. PROBLEM DEFINITION AND 
MATHEMATICAL FORMULATION 
 
Suppose a one dimensional heat generating wall 
exactly like a link in Fig.1 which generates heat with 
time. Fig.1 shows a high conductivity link of length L, 
thickness D and thermal conductivity of kp. The heat 
generated in the area of arbitrary profile h(x) and 
thickness w surrounding the link is assumed to be 
conducted in y direction and collected by the link. 
Another task of the link is to transfer the heat that 
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might be generated downstream and entering at the tip 
by means of the other links (q = q′′′A w) [17-19]. 

 
Fig1. Highly conductive link 

 

 
Fig2. Heat generating wall 

 
The general form of heat transfer equation is 

+
′′

= ∗                                           
(1)                                                                                                                         
And the boundary condition is assumed in general 
form as shown in below: 
 
 T = T 														@														x = 0															&		t > 0	           
(2)                                                                                
푇 = 푇 														@																푥 = 푙															&		푡 > 0  
     (3)                                                                                
푇 = 0															@																0 < 		푥 < 푙					&		푡 = 0              
(4)                                                                               
 
The procedure is first to solve equation (1) with 
method of separation of variable. 
 x = √αt                             (5)                                                                                                                    
Temperature distribution with two variables, x & t is 
shown in equation (6)  

(6) 

푇(푥, 푡) = 푇 + (푇 − 푇 ) + ∑ ∗

푠푖푛 푥[−푇 + 푇 푐표푠푛휋] 	+
′′

[−푥 + 푙푥]   

Fig3. Shows temperature distribution in 3 time steps 
and it is obvious that equation (6) is approximately 
independent of time. 

ABLE I Nomenclature 

 
 

 
Fig3.  The present results of temperature distribution in 3 time 

steps 
 
Then by substitution equation (5) in equation (6) it 
converts into a one-variable equation: 

(7) 
	푇(푥, 푡) = 푇(푥) = 2푇 + (푇 − 푇 ) +

∑ ∗ 푠푖푛 푥[−푇 + 푇 푐표푠푛휋] +
′′

[푙 − 푥]  
 
As it is shown, equation (7) is only dependent on “x”. 
For validating equation (5), we should draw both 
equation (6) and (7) and compare them to each other; 
thus Fig4. Shows that considering equation (5) and 
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substituting in equation (6) is a good and acceptable 
assumption for converting two variable equation into 
one variable equation. 

 
Fig4.  The present results of comparison between two 

temperature distributions, black, green and blue dependent on 
time and red independent on time  

 
Next substitute equation (5) with equation (1) in the 
first step of solving, so the equation is converted into 
an ordinary equation and solving it is easy and can be 
achieved temperature distribution. After solving this 
ordinary equation and substituting boundary 
condition in it, equation (8) is derived.  
 
푇(푥) = −

′′
푥 +

′′
푙 / + / 푥 / + 푇    (8)                                                                    

  
III. RESULTS AND DISCUSSION 
 
By comparing both temperature distribution and 
drawing diagrams, Fiq5. Shows that the trends of 
both temperature distributions are same and only 
have 6% error which is acceptable; and also this 
figure shows that it has the least error, thus the 
substitution of equation (5) with the general heat 
conduction equation and converting it to an ordinary 
equation is a good assumption and the solving trend 
becomes easier. 

 
Fig5.  The present results of comparison between two 

temperature distributions  

Both diagrams are drawn with following constant 
data: 
T = 30°C	, T = 50°C	, K = 11.1 W

m. K	 , α =
5.2 × 10 m

s 	 , q′′ = 200 W
m 	 , h =

10 W
m K		  

D = 0.2m	, l = 2m 
 
However, thermal resistance modeling is used only 
when steady state situation and it has no application 
in transient cases, thus with this methodology 
transient equation convert to ordinary and steady state 
one and then it is possible to modeled it with thermal 
resistance method. Therefore in this paper Eslami’s 
[17-19] method which is general and comprehensive 
method in modeling thermal resistance upgraded into 
transient one and after converts it into steady state 
equation modeled it with thermal resistance method; 
thus solve equation (1) after substitution equation (5) 
with new boundary condition[17]. 
 
T(0, t) = T                                                        (10) 
 

( , ) =
′′

                                             (11) 
 
푇(푥) =

′′
+ −푥 + 푥 / 푙 / + 푇                (12) 

∆푇 =
′′

+ −푥 + 푥 / 푙 /                           (13) 
 

 = ∆ = ∆
′′ ′ =

′′ / /

′′ ′ = h
′ 	 −푥 +

푥 푙 	
×
⇒	R = h

′ −푥 + 푥 푙 =

	 h
′ (−푥 + 푥 / 푙 / )R

→ R =

F(x)R                                                                         (14) 
        
R = =                                         (15) 
 
CONCLUDING REMARKS 
 
Considering x = √αt  in semi-infinite bodies is a 
simple method in order to achieve an ordinary 
differential equation and it also helps to solve 
transient heat conduction equations with only one 
variable. Moreover, the temperature distribution 
when substituting equation (5) with equation (1) at 
first step of solve, the temperature distribution 
becomes simpler. Finally because it is convert to 
steady state equation has capability of resistance-
modeling. 
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