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Abstract- The purpose of the low-speed flying object studied here is to search a target on the ground. An IR sensor attached 
to the object senses a moving target on the ground. The object discharged from a platform flies with parabolic motion and 
precession. The IR sensor scans the ground, showing a certain trajectory on the ground. Therefore, the precession is the most 
important factor affecting the sensing capability. In this study, to improve the sensing capability of the flying object, governing 
equations are derived, and the characteristics are investigated by MATLAB numerical analysis. Also, the solution is presented 
for optimal sensing through variable control. 
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I. INTRODUCTION 
 
The purpose of a flying object is to search a target on 
the ground. Since this object searches a target in the 
air, it can sense a target accurately and can sense an 
even concealed target easily. The object is shown in 
Fig. 1, and sensing is done by an IR sensor attached to 
the target. Because the characteristics of the IR sensor 
is to sense a target as shown in Fig. 1, a precession is 
necessary.  
The object is discharged from a platform, and flies 
with parabolic motion and precession. Due to the 
precession, the IR sensor draws a certain trajectory on 
the ground which is the footprint shown in Fig. 1. The 
footprint presenting sensing capability is affected by 
the precession.  
 
Previously, the behavior was studied by a dynamic 
analysis program [1], and stabilization through 
variable control was done [2]. 
This study is done analytically. This is different from 
previous studies. Governing equations are derived 
under an ideal condition, and a solution is presented 
for optimal sensing. 
 
II. GOVERNING EQUATION 
 
A. Angular momentum equations 
The following equations show the angular 
momentums for a rigid body having a general 3D 
motion. 

 

 
 

 
 
 

 
Fig. 1 Flight object and footprint 

 
Differentiating equation (1) gives 
 

 
 
In equations (1) and (2), , ,xx yy zzI I I  are moment of 

inertia, and , ,xy yz zxI I I  are product of inertia. 

 
B. Moment equations 
When The relation between moments and angular 
momentums in x, y, and z directions is  
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C. Eulerian angle equations 
Fig. 2 shows coordinate systems used for the flying 
object. XYZ and xyz coordinate systems in Fig. 2 (a) 
represent the global and local coordinate systems, 
respectively. The global coordinate is independent 
from the object, and the local coordinate is fixed onto 
the object. 
 

 
Fig. 2 Global and local coordinates 

 
Without translational motion, any rotational angles of 
the local coordinate with respect to the global 
coordinate can be represented by Eulerian angles 

, ,   .   is a precession angle, rotation of the local 
coordinate with respect to the global Z axis.   is a 
nutation angle, rotation of the local coordinate with 
respect to the local x axis as shown in Fig. 2 (c).   is 
spin angle, rotation of the local coordinate with 
respect to the local z axis. Angular speed and angular 
acceleration in x, y and z axes are presented by 
Eulerian angles. 

 

 
 
D. Governing equations 
Equations (1), (2), (4) and (5) are substituted into 
equation (3). Then, moment equations are obtained for 
ideal condition. 

Table 1 Initial conditions 

 
 

 
Fig. 3 Numerical analysis result of   

 
III. NUMERICAL ANALYSIS 
 
Since the object flies without any constraint, the three 
moments are ‘0’. In order to solve the ordinary 
differential equation, , ,     are represented by 

, ,    and , ,     from the three equations. The 
equation is very complicated, and numerical analysis 
is done using MATLAB. The initial condition is 
shown in Table 1. Fig. 3 shows the result of   
affecting sensing most. 
 
IV. FOOTPRINT 
 
The flying object is discharged from a platform, and 
flies with parabolic motion and precession. If the 
precession does not affect the parabolic motion, the 
parabolic motion and precession are independent from 
each other. Thus, parabolic motion can be added to the 
rotational motion. The behavior of the object can be 
solved. With the gravitation, the parabolic motion is 
represented by the following equations.  
 

 
 
Where   is discharge angle, angle between 
discharge direction and the horizontal direction. 0V  is 
the initial discharge speed. The initial values of   
and 0V  are 40  ͦ and 40m/s, respectively. 
 



International Journal of Mechanical And Production Engineering, ISSN: 2320-2092, Volume- 3, Issue-10, Oct.-2015 

Variable Control For Improving Sensing Capability Of Flying Object 
 

78 

 
Fig. 4 Flight object and sensor point 

 
In order to find footprint, two sensor points are used as 
shown in Fig. 4. The line connecting the two sensor 
points reaches the ground when Z is ‘0’. The 
coordinates of X and Y are  
 

 
 
Since the object has parabolic and precession motions, 
the coordinates (a,b,c) and (d,e,f) of the sensor points 
are constant in the local coordinate system, but they 
vary in the global coordinate system. Therefore, the 
positions of the sensor points have to be obtained in 
the global coordinate system.  
In Fig. 2, five coordinate systems are used. There are 
three coordinate systems after rotations, global and 
one coordinate system with parabolic motion. Thus, 
four homogeneous transformation matrices from the 
local to the global coordinate system are needed, and 
they are multiplied orderly. Fig. 5 shows the result 
with the initial condition shown in Table 1. 
 
V. TILTING ANGLE OPTIMIZATION 
 
A. Variable selection 
The object is discharged with initial three angles. The 
first angle is discharge angle  , angle between the 
local y axis  and the global XY plane as shown in Fig. 
2. The second angle is tilting angle  , angle between 
the local z axis and global YZ plane. The third angle is 
rotation angle  , angle with respect to the local z 
axis.  
As shown in Fig. 5, the foot print varies, depending on 
the three angles. With different values of the angles, 
numerical analysis was done, and the tilting angle was 
found to be the most important factor affecting the 
footprint shape. The initial values of the discharge 
angle and the rotation angle were set at 40  ͦ, 50  ͦ, and 

the tilting angle was varied.   

 
Fig. 5 Footprint 

 
Table 2 Three variables and Eulerian angles 

 
 
B. Eulerian angles 
In order to do numerical analysis, the three angles 
have to be presented by Eulerian angles. The variable 
was the tilting angle, and footprint was obtained. 
Table 2 shows the Eulerian angles for various tilting 
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angles. 
 

Table 3 Final initial conditions 

 
 
C. Initial conditions 
Finally, initial values of , ,     were set. The initial 

value of   was set at ‘0’, because there is no 
acceleration for nutation angle.   was set at 5 rps.   
is cos( )  . The initial conditions are shown in Table 
3. 
 
D. Tilting angle for stable sensing  
The goal is to find the tilting angle resulting in better 
sensing capability. Good sensing capability requires 
the followings: 

1. The footprint should be symmetric. 
2. The footprint should have as small difference 

between maximum and minimum widths in the 
footprint like in  Fig. 5 as possible.  

In Fig. 5, a right amplitude is defined as the rightmost 
value of each path, and a left amplitude is defined as 
the leftmost value of each path. The second criterion is 
a biased amplitude, which can be represented as the 
sum of average right and left amplitudes. It means the 
degree of bias of the sensing trajectory. 
To find the behavior for tilting angle, numerical 
analysis was done with initial conditions shown in 
Table 3.  
All the results showed similar behaviors like Fig. 3, 
and variation frequencies were almost the same. 
However, the difference between maximum and 
minimum widths varied significantly. Thus,   

resulting in the smallest difference was to be found, 
with symmetric shape. 

 
Fig. 6 Tilting angle and max amplitude of   

 

 
Fig. 7 Tilting angle and footprint biased distance 

 
Fig. 6 shows the maximum amplitude of  . This is 
the maximum width of   shown in Fig. 3. In Fig. 6, 
the tilting angle resulting in the minimum amplitude 
is 15~20  ͦ. Fig. 7 shows the second criterion.  
For good sensing capability, the footprint should be 
symmetric, and the tilting angle having the smallest 
biased amplitude should be found. The value was 
found to be 3.55  ͦ by curve fitting. For the tilting angle, 
the amplitude was 59.22  ͦ. this value is greater than 
the minimum amplitude 56.48  ͦ by 2.74  ͦ.  
 
VI. EFFECT OF RPS 
 
The acceptable range of   is 5~10 rps. If it is smaller 
than 5 rps, the space of the footprint becomes large 
and the sensing capability declines. If it is greater than 
10, the sensor cannot sense a target because of 
excessive speed. In the acceptable range, the behavior 
of   was found for   variation. Initial conditions of 

, ,    were 40  ͦ, 3.55  ͦ, 50  ͦ. The results are shown in 
Figs. 8 and 9. From Figs. 6-9, the contribution of   to 
  is low. 
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Fig. 8 Precession speed and max amplitude of   

 
Fig. 9 Precession speed and footprint biased distance 

 
CONCLUSIONS 
 
Under ideal condition, governing equations were 
derived from angular momentum equations, angular 
speed equations and angular acceleration equations. 
The ordinary differential equations were solved using 
MATLAB, and the dynamic behavior of the object was 
investigated. Aerodynamic effects were not 

considered. These effects will be included in the future 
study. In this study, the following conclusions were 
drawn.  

 
 
 

- Governing equations were obtained for dynamic 
behavior of an object using Eulerian angles. 

- The orientation of the object was solved using 
MATLAB, and the footprint of the sensor was 
obtained. 

- The variable affecting the footprint most was found. 
- The tilting angle resulting symmetric footprint was 

3.55  ͦ, and the maximum amplitude of   was 
59.22  ͦ. 
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