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Abstract - Three dimensional (3D) stress analysis is performed in this paper for simply supported functionally graded (FG) 
plate by using mixed semi analytical approach developed by Kant et al. (2008). Modulus of elasticity is assumed to be varied 
exponentially through the thickness of plate and Poisson’s ratio is kept constant. The mathematical model consists in 
defining a two-point boundary value problem (BVP) governed by a set of coupled first-order ordinary differential equations 
(ODEs) in the plate thickness direction. Results based on shear deformation theory are used for comparison.  
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I. INTRODUCTION 
 
A functionally graded (FG) material is a micro-
engineered composites where the composite and 
structures are continuously varied in thickness 
direction so that properties can be distributed 
optimally which helps to overcome from interface 
weaknesses typically associated with layered 
materials. Extensive use of FG material has been seen 
in the field of aerospace and nuclear technologies. 
Therefore, accurate analysis and design of FG 
materials for such application is very much important.  
A number of approaches/models have been developed 
and reported in the technical literature for analysis of 
FG material under various loading conditions. A 
comprehensive review on FG materials can be found 
in Tanigawa (1995). Three dimensional (3D) 
elasticity solutions based on the solution of partial 
differential equations (PDEs) are valuable because 
they represent a more realistic and closer 
approximation to the actual behaviour of the 
structures. Kashtalyan (2004) developed exact 3D 
elasticity solutions for simply supported FG plate 
subjected to transverse loading by assuming 
exponential variation of Young’s modulus through 
the thickness of plate. By assuming power-law 
variation of the volume fractions of the constituents 
through the thickness of simply supported FG plate, 
exact solutions are presented by Vel and Batra (2002) 
for mechanical and thermal loading.  
Matsunaga (2009) developed higher order shear 
deformation theories (HOSTs) for displacements and 
stresses in FG simply supported plates subjected to 
thermal and mechanical loads. Khabbaz et al. (2009) 
used energy concept along with first and higher order 
shear deformation theories to evaluate large 
deformation and through thickness stresses of FG 
plates. Praveen and Reddy (1998) developed finite 
element (FE) model for static and dynamic analysis 
of FG ceramic-metal plates with Von-Karman type 
nonlinearity. Reddy and Chin (1998) derived 
boundary value problem (BVP) by using FOST to 

study the dynamic thermo-elastic response of FG 
cylinders and plates. Further, Reddy (2000) extended 
same formulation for third order shear deformation 
plate theory. Chakraborty and Gopalakrishnan (2003) 
have developed a FE model based on the FOST. Ma 
and Wang (2004) presented a relationship between 
the third order shear deformation solutions of 
axisymmetric bending and buckling of FG circular 
plate with isotropic circular plates based on classical 
plate theory (CPT).  
An effort is put in this paper to reformulate the semi 
analytical model developed by Kant et al. (2008) for 
stress analysis of simply (diaphragm) supported FG 
plate. Results based on higher order shear 
deformation theory is used for the comparison. 
 
II. FORMULATIONS 
 
A FG plate (Figure 1), simply supported on all its 
four edges is considered. The top surface of a plate is 
loaded only with transversely distributed load and it 
can be expressed as, 
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where, m and n =1,3,5,…      (1) 
 
and other surfaces are free from any stresses. The 3D 
equations of equilibrium are, 
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where, Bx, By  and Bz are the body forces per unit 
volume in x, y and z directions, respectively 
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It is assumed that the Poisson’s ratio is constant 
through the thickness and variation of Young’s 
modulus through the plate thickness is given by 

( ) z
oE z E e  ( =gradation factor). Further, it is 

assumed here that FG material is isotropic at every 
point. Therefore, constitutive relations for FG plate 
can be written as, 

 
         (3) 
where, 

 

 

 

 
and, general 3D linear strain-displacement relations 
are, 
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The Equations (2)-(4) have a total of fifteen 
unknowns , , , , , , , , ,x y z xy xz yzu v w        

, , , ,x y z xy     and xz yz   in fifteen equations. 
After a simple algebraic manipulation of the above 
sets of equations, a set of PDEs involving only six 
primary dependent variables 

, , , ,  and xz yz zu v w     are obtained as follows, 

 

 

      (6) 
The above PDEs defined by Equation (6) can be 
further reduced to a coupled first-order ODEs by 
using double Fourier trigonometry series expansion 
for primary displacement variables satisfying the 
simply support end conditions on all four edges. 
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Substituting Equations (7) and its derivatives into 
Equation (6) and noting orthogonality conditions of 
trigonometric functions, the following ODEs are 
obtained, 

 
           (8) 
The Equation (8), defines the governing two-point 
BVP in ODEs through thickness of the laminate in 
the domain 0<z<h with stress components known at 
the top and bottom faces. The basic approach to the 
numerical integration of the BVP defined in Equation 
(8) is to transform the given BVP into a set of IVPs- 
one non-homogeneous and n/2 homogeneous. The 
solution of BVP defined by Equation (8) is then 
obtained by forming a linear combination of one non-
homogeneous and n/2 homogeneous solutions so as 
to satisfy the boundary conditions at z=h [Kant and 
Ramesh 1981]. This gives rise to a system of n/2 
linear algebraic equations, the solutions of which 
determines the unknown n/2 components, X1, X2 and 
X3 at the starting edge 0z  . Then a final numerical 
integration of Equation (8) produces the desired 
results.  
 
III. NUMERICAL INVESTIGATION  
 
Numerical investigations on simply supported square 
FG plates has been performed to establish the 
accuracy of the simplified model presented in the 
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preceding sections of the paper. Comparison is 
demonstrated between present mixed semi-analytical 
and analytical solutions based on shear-normal 
deformation theories (HOSNT).  
Following normalizations are used for the uniform 
comparison of the results. 

 
           (9) 
The material properties used are Eo = 70 GPa 
(Aluminum), Eh = 151 GPa (Zirconia) and 0.3  . 

The normalized inplane normal stress ( x / y ), 

inplane shear stress ( xy ), transverse shear stress 

( xz / yz ) and transverse displacement ( w ) for 
different aspect ratios are presented in Table 1. 
Through thickness variations of inplane normal stress 

( x ), inplane and transverse shear stresses 

( xy and xz ) as well as transverse displacement ( w ) 
for an aspect ratio of 2 are depicted in Figure 2. . It 
can be concluded from the results presented in Table 
1 that the present semi analytical formulation works 
well for any aspect ratio which helped to prove the 
stability, consistency, reliability and accuracy of 
mixed semi analytical formulation. 
 
IV. CONCLUDING REMARKS 
 
A simple mixed semi-analytical model presented in 
this paper for 3D stress analysis of simply supported 
FG plate. A two-point BVP governed by a set of 
linear first-order ODEs is formed by assuming all 
primary variables in the form of trigonometry 
functions along the inplane direction. No any 
simplifying assumptions are made through the 
thickness of a FG plate. Analytical solutions based on 
shear-normal deformation theory (HOSNT) are used 

for comparison and to show the effectiveness, 
simplicity and accuracy of a mixed semi-analytical 
model. The present mixed semi analytical model is 
relatively simple in mathematical complexity and 
computational efforts. 
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Table 1: Normalized stresses ( , , , ,x y xy xz yz     ) and the transverse displacement ( w ) of square FG 

plate under sinusoidal transverse load 
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