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Abstract: - The formalism of geometro thermodynamics is used to derive Riemannian metrics for the equilibrium spaces of 
thermodynamic systems described by the Botzmann-Gibbs and Pareto distributions, which are widely used in econophysics. 
We thus show that the corresponding equilibrium spaces are, in fact, Riemannian differential manifolds for which we can 

calculate the respective curvature. In the case of the Boltzmann-Gibbs distribution, we show that the curvature vanishes so 
that the manifold is globally flat. In the case of the Pareto distribution, the curvature is non-zero and singularities are present 
for a wide range of values of the Pareto parameter. We thus show that it is possible to characterize these distributions by 
using the geometric properties of the corresponding equilibrium manifolds. 
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I. INTRODUCTION 

 

Differential geometry is a very important tool of 

modern science, specially of mathematical physics, 

with many applications in physics,chemistry and 
engineering. Consider, for instance, thermodynamics, 

the branch of physics that studies all the systems in 

the Universe, where the laws of thermodynamics are 

valid. This includes microscopic configurations such 

as quantum gases, condensates, etc., classical 

laboratory gases and liquids and even the largest 

known system which is the Universe itself. To study 

thermodynamic systems from a geometric point of 

view, one introduces the concept of equilibrium 

space, each point of which represents an equilibrium 

state of the system.  
In turn, to investigate the equilibrium space there are 

essentially two methods. The first one is named 

thermodynamic geometry and consists in introducing 

Riemannian metrics into the equilibrium space. In 

general, the components of the Riemannian metrics 

are taken as the components of a Hessian matrix, i.e., 

the second derivatives of a function, which is usually 

assumed to coincide with a thermodynamic potential, 

for instance, the entropy or the internal energy. 

Hessian metrics have been applied to investigate 

many physical systems and very interesting results 

have been obtained (see, for instance, [1]-[3] for 
comprehensive reviews).   

 

The second approach is called geometrothermo-

dynamics (GTD) andis based upon the use of 

Legendre invariance, i.e., the property that classical 

thermodynamics does not depend on the choice of 

thermodynamic potential [4].To represent Legendre 

invariance as an invariance with respect to coordinate 

transformations, it is necessary to introduce an 

auxiliary space which is called phase space. A metric, 

which is Legendre invariant in the phase space, 
contains the symmetry properties of classical 

thermodynamics with respect to changesof thermo-

dynamic potential. We equip in this way the 

equilibrium space with Legendre invariant metrics. It 

turns out that the components of the metric can 

essentially be calculated once the fundamental 
equation [5] of the corresponding thermodynamic 

system is given.  

 

In turn, the fundamental equation can be derived by 

using the approach of statistical thermodynamics, if 

the distribution function is known [6]. In this work, 

we are interested in the Boltzmann-Gibbs and Pareto 

distributions, which have been used in the framework 

of econophysics to describe the distribution of certain 

economic variables along the population of a society. 

In fact, it is currently well established that the wealth 
distribution in many societies presents essentially two 

phases [7]. This means that the societycan be 

differentiated in two disjoint populations with two 

different probability distributions. Various analysis of 

real economic data from several countrieshave shown 

that one phase possesses a Boltzmann-Gibbs 

(exponential) probability distributionthat involves 

about 95% of individuals, mostly those with medium 

and low wealth,whereas the second phase, consisting 

of about 5% of individualswith highest wealth, shows 

a Pareto (power law) probability distribution.  Similar 

results are found for the distribution of money and 
income. It follows that it is important to understand 

the properties of the Boltzmann-Gibbs and Pareto 

distributions to describe the behavior of economic 

systems. This is one of the main goals of the present 

study. 

In this work, we are interested in investigating the 

Boltzmann-Gibbs and Pareto distributions from the 

point of view of GTD. To this end, we first present in 

Section II a review of the GTD formalism. Then, in 

Section III, we describe the method we use to derive 

the fundamental equation corresponding to a 
particular function distribution. In Section IV, we 
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calculate the metrics which describe the geometric 

properties of Boltzmann-Gibbs and Pareto 
equilibrium spaces, respectively.  

 

II. GEOMETROTHERMODYNAMICS  

 

GTD is a theory that has been formulatedrecently in 

[4] to introduce, in a consistentmanner,Legendre 

invariance in the geometric description of the space 

ofthermodynamic equilibrium states. This theory has 

been applied todifferent thermodynamic systems such 

as black holes, ideal and realistic gases, chemical 

reactions and even the entire Universe. In all the 

cases analyzed so far,GTD has delivered consistent 
results and allows us todescribegeometrically  

thermodynamic interaction and phasetransitions by 

means of Legendre invariant metrics. 

 

The main ingredient of GTD is a(2n+1)-dimensional 

manifoldΤ with coordinates ZA = (Φ, Ea , Ia ), where 

Φ isan arbitrary thermodynamic potential, Ea , 

a = 1,2,3,… . , nare the extensive variables, and Ia  the 

intensive variables that are used to describe 

thermodynamic systems. It is alsopossible to 

introduce in a canonical manner the fundamentalone-

form  

Θ = dΦ − δab IadEb, 

δab = diag +1, … . . +1 , 
which satisfies the conditionΘ ∧  dΘ n ≠ 0, where n 

is the number of thermodynamicdegrees of freedom 

of the system, and is invariant with respect tototal 
Legendre transformations 

 

(Φ, Ea , Ia) ⟶  Φ , E a , I a  

with  

Φ =  Φ − δab EaIb,   Ea =  −I a,   Ia = E a. 
 

Partial Legendre transformations can be represented 

as particularcases. Moreover, weassume that on T 

there exists a metric G, which is alsoinvariant with 

respect to Legendre transformations. The 

triad(Τ, Θ, G) defines a Riemannian contact manifold 

which iscalled the thermodynamic phase space (phase 

manifold). The space ofthermodynamic equilibrium 

states (equilibrium manifold) is defined as an n-

dimensional Riemannian submanifold, E ⊂ T,induced 

by a smooth map  

φ: E → T, i.e.   φ: (Ea) ↦ (Φ(Ea), Ea , Ia(Ea)), 

 

such that  
 

φ∗ Θ = φ∗ dΦ − δab IadEb = 0  
 

holds, where φ∗ is the pullback ofφ. The manifold E 

is naturally equippedwith the Riemannian metric  

g = φ∗ G . 
 

The purpose of GTD is to demonstrate that the 

geometric properties of E are related to the 

thermodynamic properties of a system with 

fundamental thermodynamic equation Φ = Φ(Ea). 
 

It turns out that there are three classes of Legendre 

invariant metrics, namely, 

 

GI/II = (dΦ − IadEa)2 + (ξab EaIb )(χcd dEc dId ) 
 

which are invariant under total Legendre 

transformations, where ξab and χab are diagonal 

constant matrices. For χab = δab =diag(1,…,1) or 

χab = ηab =diag(-1,1…,1), the resulting metricGIor 

GIIcan be used to investigate systems with at least one 
first-order or second-order phase transition, 

respectively. The third class 

 

GIII = (dΦ − IadEa)2 + (Ea Ia)2k+1dEadIa , k ∈  ℤ 
 

is invariant with respect to partial Legendre 

transformations and is used to describe ordinary 

systems. 

 

The calculation of the metrics for the equilibrium 

space is straightforward and yields 

 

gI/II = βΦΦξa
c Φbc dEadEb = βΦΦξa

c
∂2Φ

∂Eb ∂Ec
dEadEb  

 

whereβΦis a constant andξa
c = δa

c =diag(1,…,1) for 

gIand ξa
c = ηa

c =diag(-1,1…,1) for gII . These metrics 
are invariant with respect to total transformations. 

Furthermore, from the metricGIII , we obtain 
 

gIII = (EaΦa)2k+1δab Φbc dEadEC  
 

where 

Φa =
∂Φ

∂Ea   , Φbc =
∂2Φ

∂Eb ∂Ec . 

 

We can see that all metrics g can be calculated 

explicitly once the fundamental equation Φ(Ea) is 

known. 

 

III. BOLTZMANN-GIBBS AND PARETO 

FUNDAMENTAL EQUATIONS 

 

In [6], it was proposed to use the approach of 

statistical thermodynamics to derive fundamental 

equations of thermodynamic systems. The idea is as 

follows. Suppose that the system is composed of N 
elements and each element possesses a part m of a 

conserved quantity M. If the system is at equilibrium, 

the probability distribution (density function)ρ(m)is 

essentially given as ρ m = em/T

T , where T  is the 

average amount M/N.  The amount m can depend on 

several additional parameters λ1 , λ2 …λi ,which are 
usually called microeconomicparameters. Since the 

density function can be normalized to 1, we obtain [8]  
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ρ λ  =
e−m (λ )/T       

Q T,x  
,Q T, x  =  e−m(λ /T  d(λ ), 

where  Q T, x  is the partition functionand λ represents 
the set of all microeconomicparameters. Here we 

introduced the notation x =  x1 , x2 , … . . , xn  to denote 

the set ofmacroeconomicparameters that can appear 

after the integration over the entiredomain of 

definition of the microscopic parametersλ .  
Following the standard procedure of statistical 

thermodynamics [8], we introduce the concept of 

mean value  g for any function g = g λ  as 

 

 g =  gρ dλ =
1

Q T, x  
 ge−

m  λ  

T  dλ  

In statistical thermodynamics, these are the main 

concepts used to investigate systems which depend 

on the average T and the macroscopic variablesx . 

Consider, for instance, the mean value m =
 mρ dλ andcompute the total differential d m , 
 

d m =    mdρ + ρdm dλ =  mdρ dλ +  dm  

By using the equation m = −T(lnρ + lnQ), the 
above expression can be written as  

d m = T dS −  yi  dxi

n

i=1

 

where the entropy S and the intensive macroscopic 

variables are defined as  

S =  −lnρ =   −lnρ ρ dλ  

and 

yi =  −
∂m

∂xi

 =    −
∂m

∂xi

  ρ dλ . 

This is the first law of thermodynamics. To calculate 

explicitly the entropyS =   −lnρ ρ dλ , we use the 

equation −lnρ = lnQ + m/Tand obtain  

 

f: =  m − TS =  −TlnQ T, x  ,  so that 

 

S = −
∂f

∂T
 , yi = − 

∂f

∂xi

 

This means that the entire information about the 

thermodynamic properties of the system is contained 

in the functionm(λ)which, in turn, is completely 

determined by the partition functionQ(T, x ). We see 

that to find all the relevant thermodynamic variables, 

it is necessary to specify only the function m.  

 

To generate the Boltzmann-Gibbs distribution, we 

consider the linear function m = c1λ1which leads to 

the partition function 

 

Q T, Λ  =
TΛ 

c1Λ 1

e−
c 1
T

λ1  .
λ1

min
λ1

max
  

Then, the corresponding thermodynamic variables are 

 

S = 1 + ln
< m >

C1

+ lnΛ 

 

where we have considered λ1 in the interval [0, ∞) for 

simplicity. Here Λ is an additional thermodynamic 

variable which comes from the integration along the 

microscopic parameters. The aboveexpression 

represents the fundamental equation of the 

Boltzmann-Gibbs distribution, which depends on the 

extensive variables <m> and Λ. 
 

An important quantity that reflects the phase 

transition properties of the system is the capacity, 

which is defined as 

C = T
∂S

∂T
. 

 

If we calculate this quantity for the Boltzmann-Gibbs 

entropy function, we obtain C = 1. This means that no 

phase transitions can occur in a system described by 

this distribution function. Consider now a system 

determined by the multiplicative function m =
 c1  ln λ1 . Then, the partition function is given by 
 

Q T, Λ  =   e−c1λ1/Tdλ =
Λ 

Λ1

 e−c1λ1/Tdλ1

∞

0

=
TΛ 

c1Λ1

 

 

where we have used λ1 ∈  [x, ∞), with x =  λ1
min . 

This expression is completely equivalent to the Pareto 

distribution function. As mentioned above, our 

method allows us to find the corresponding 

thermodynamic potential in terms of the macroscopic 

parameters. In particular, the entropy is given by 

 

S =
c1

c1 − T
+ ln

xT

c1 − T
+ lnΛ, 

 

where the average T is, in turn, a function of < m > 
and x, i.e., 

T = c1

<  m > −c1lnx 

<  m > +c1 − c1lnx
. 

 

Then, the entropy functionS = S(<  m >
, x, Λ)represents the fundamental equation for the 

Pareto distribution. The main variables in this case 

are < m > and x and we will focus on them for our 

further analysis. In this case, the capacity C can be 

calculated from the entropy function and we obtain 
 

C =   
c1

c1 − T
 

2

, 

 

an expression which diverges for T = c1, indicating 

the presence of a second-order phase transition. 
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IV. METRICS OF THE EQUILIBRIUM SPACE  

 
To describe a system in GTD, it is necessary to 

determine the metric to be used and this, in turn, 

depends of the kind of phase transitions that are 

present in the system. Consider a Boltzmann-Gibbs 

system for which we found in the last section that the 

capacity is constant (C = 1). Then, such a system has 

no phase transitions and, therefore, corresponds in 

GTD to a system invariant with respect to partial and 

total Legendre transformations with metric gIII . If we 

now identify the variables Φ =  S, E1  =<  m >, and 

E2=Λ, and use the fundamental equation for the 
Boltzmann-Gibbs distribution, we obtain 

 

gIII = − 
d <  m >2

<  m >2
+

dΛ2

Λ2   

 

To calculate the curvature tensor and the curvature 

scalar, we use the standard formulas of Riemannian 

geometry. For the above metric, one can show that 

the curvature tensor is zero, i.e., the corresponding 
equilibrium space is flat. In GTD, this is interpreted 

as corresponding to a system without intrinsic 

interaction. Consider now the Pareto fundamental 

equation S =  S(<  m >, x). As mentioned above, in 

this case the capacity indicates the presence of second 

order phase transitions. We therefore use the 

metricgII  for its description. In the general formula 

forgIIgiven above, we make the identification 

Φ =  S, E1 =<  m > andE2 =  x. The calculation of 
the metric components yields 

 

gII =
S(<  m >, x) 

 c1lnx−<  m > 2
 d <  m >2

− c1 c1lnx + c1−<  m > 
dx2

x2
 , 

 
for which we calculate the curvature scalar 

 

R =
N(<  m >, 𝑥)

 c1lnx + c1−<  m > 2
 , 

 

where the function N(< m >, x) is different from zero, 

in general. We see that curvature singularities occur 

for all the values of < m > and x, which satisfy the 

condition 

c1lnx + c1−<  m > = 0. 
 

We conclude that systems described by the Pareto 

distribution function show a very rich phase transition 
structure. 

 

V. CONCLUSION 

 

In this work, we used the formalism of GTD to derive 

the Legendre invariant metrics that describe the 

equilibrium space of systems which satisfy the 

Boltzmann-Gibbs and the Pareto probability 

distribution functions. First, by using the methods of 

statistical thermodynamics, from the distribution 

function we derive the corresponding fundamental 

equation, i.e., a function that relates the entropy with 
the remaining extensive variables of the system. From 

the fundamental equation one can calculate the 

corresponding metric for the equilibrium space by 

using GTD. We found that the Boltzmann-Gibbs 

distribution leads to flat equilibrium space, indicating 

the lack of intrinsic interaction between the elements 

of the system. On the contrary, the Pareto distribution 

is described by a metric with non-vanishing curvature 

and a very rich phase transition structure. 

 

As mentioned above, the Boltzmann-Gibbs and 
Pareto distributions play an important role in 

econophysics. In this context, it would be interesting 

to analyze the consequences of the completely 

different geometric properties of these distributions. 
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