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Abstract- The continuous-digital dynamic system defined by Taguchi are problems in which the input signals are 
continuous and the output responses are discrete (digital) with two misclassification probabilities. For example, a 
temperature control circuit provides a way of setting the target temperature. It compares the sensed temperature with the 
target temperature and makes a decision about turning the heater ON or OFF. For this purpose, a threshold value is required 
to discriminate or classify output responses into two categories: “ON” and “OFF”, or “accuracy” and “inaccuracy”. Taguchi 
recommended calculating the equalized error rates based on the two errors with the same loss coefficient to achieve robust 
design when the probability distributions of output responses are unknown. The paper proposes a general approach to 
inferential estimation of the optimal threshold value by using the interval exponential regression to deal with unequal 

variances in the Normal distributions model for the continuous-digital dynamic system based on the decision costs and 
accuracy. The paper also presents a simulation study performed in order to assess the performance of the proposed 
estimators. The maximum error of optimal threshold value is 0.005 compared with actual threshold value. 
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I. INTRODUCTION 

 
Over the years, many industries have employed the 

Taguchi method to improve robustness for products 

and processes in the product development, design and 

production stages so that manufacturers can produce 

higher quality and lower cost products in a shorter 

period of time. Taguchi method can be classified into 

static and dynamic system problems depending upon 

the absence or presence of signal factors, respectively 

(Taguchi 1992).  

The static system is defined in such a way that the 

desired output of system has a fixed target, so that the 
signal factor in static system is trivial. The 

optimization involves determining the best control 

factor levels so that the output is at the target value. 

The dynamic system is the one without a single target 

but a response, which is a function of a signal.  

 

The dynamic systems can be divided into four types: 

(1) Continuous-continuous; (2) Continuous-digital; 

(3) Digital-continuous; and (4) Digital-digital. The 

continuous-digital dynamic system means that the 

input signals are continuous and the output responses 

are discrete (digital) with two misclassification 
probabilities. For example, a temperature controller 

can be divided into three main modules: (1) 

temperature sensor, (2) temperature control circuit, 

and (3) heating (or cooling) element. The function of 

the temperature sensor is to measure the temperature 

accurately and pass that information to the 

temperature control circuit. The temperature control 

circuit provides a way of setting the target 

temperature. It compares the sensed temperature 

(continuous value) with the target temperature and 

makes a decision about turning the heater ON or OFF 
(digital value).  

In the literature, many researchers have actively 

worked on the robust design of dynamic systems. 
Kapur and Chen (1988) provided the equations for 

computing the SN ratio for either equispaced or non-

equispaced levels for the signal factors. Phadke and 

Dehnad (1988) presented a two-step optimization 

procedure independent of the chosen distribution. 

Miller and Wu (1996) derived the response function 

modeling approach for a dynamic system. 

Wasserman (1996) demonstrated Taguchi SN ratio 

with a linear statistical model. Lunani, Nair and 

Wasserman (1997) developed two graphical methods 

for identifying appropriate measures of location and 
dispersion for dynamic experimental designs. 

McCaskey and Tsui (1997) proposed a two-step 

procedure for dynamic systems under an additive 

model to reduce the dimension of the optimization 

problem. Su and Hsieh (1998) used the neural 

network technique to optimize the robust design of 

dynamic system. Tsui (1999) compared the effect 

estimates obtained using Taguchi loss model and 

response model approach for dynamic system. Li 

(2001) established three models for achieving robust 

design of digital dynamic system by selecting the 

optimal threshold value. Chen (2003) used a 
stochastic sequential quadratic programming to 

achieve robust design for dynamic systems. Wu and 

Yeh (2005) proposed an approach to optimizing 

multiple dynamic problems based on quality loss. Wu 

(2007) deduced the quality loss function of digital-

digital dynamic system based on the two error rates 

with unequal loss coefficient. Lai, Wu and Chen 

(2008) investigated the correlated loss coefficient 

between two quality characteristics to optimize the 

parameter conditions by selection of optimal 

threshold value for the digital system. Wu (2009) 
used the double-exponential desirability function to 
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optimize the parameter design for the nonlinear 

multiple dynamic systems. Wu, Wang and Fan (2010) 
proposed a general model for optimizing parameter 

design and selecting threshold value for the digital 

systems where the output is classified into four 

classes. Houska et al. (2012) presented robust 

optimization techniques for dynamic systems which 

are affected by time-varying uncertainties. Al-Refaie 

et al. (2017) integrated the desirability function and 

data envelopment analysis for solving dynamic 

systems with multi-responses. Gauri and Pal (2017) 

proposed a multiple regression-based weighted 

signal-to-noise ratio (MRWSN) to optimize the multi-

response dynamic systems. Chuang et al. (2018) used 
a logistic regression model to find the optimal 

threshold value, but the maximum absolute error 

greater than 0.05 compared with actual threshold. 

This paper develops a quality loss model based on the 

loss coefficients of two error rates p and q are not 

equal to determine optimal threshold value for a 

continuous-digital dynamic system. 

 

II. CONTINUOUS-DIGITAL DYNAMIC 

SYSTEM 

 
Suppose that the output responses of the continuous-

digital dynamic system are labeled either as X1and X2. 

Let f (y | X) represent the function of output response 

y given input signal M=X1 or M=X2, which is 

affected by control factors Z and noise factors N. The 

threshold value R critically affects the judgment of 

output. When input signal is X1, if output y is greater 

than threshold R, y is judged as X2 (error rate p), 

otherwise y is accurately judged as X1. Similarly, if 

output y is less than or equal to threshold R, y is 

judged as X1 (error rate q), otherwise y is accurately 

judged as X2 when input signal is X2. Fig. 1 shows 
the criterion of threshold R of continuous-digital 

dynamic system. 

 
Fig. 1: The model of continuous-digital dynamic system 

 

Obviously, error rates p and q are inversely related 
and vary with the threshold R. Moving the threshold 

R to the left decreases the error rate q but also 

increases the error rate p. Vice versa, moving the 

threshold R to the right decreases the error rate p but 

also increases the error rate q. This means that p and 

q cannot be increased concomitantly. The value of 

threshold R is selected so that there is a trade-off 

between p and q. Fig. 2 shows the threshold R chosen 

to determine the error rates p and q. 

 

 
Fig. 2. The relationship among threshold R and two error rates 

(p and q). 

 

III. QUALITY LOSS MODEL OF 

CONTINUOUS-DIGITAL DYNAMIC SYSTEM 

 

Let the random variables X1 and X2 represent the 

results of output responses having independent normal 

distributions  2

1 1 1~ ,X N    and  2

2 2 2~ ,X N    

respectively, and assume that 2>1. The error rates p 
and q are presented as 

 

  1 1( ) 1p R R     (1) 

  2 2( )q R R     (2) 

where Ф( ・ ) denotes the cumulative distribution 

function for the standard normal distribution. 
 

To obtain one accurate output X1, on average, we 

have to obtain  ( ) 1 ( )p R p R  pieces wrong output 

X2 when input signal M=X1. Let K1 be the cost of 

processing one accurate output for input signal as X1. 
The quality loss L1(R) is  

1 1

( )
( )

1 ( )

p R
L R K

p R
 


(3) 

Similarly, suppose that K2 is the cost of processing one 

accurate output X2 for input signal as M=X2, the 

quality loss L2(R) is given by 

2 2

( )
( )

1 ( )

q R
L R K

q R
 


(4) 

Hence, the total quality loss L(R) can be expressed as 

1 2

( ) ( )
( )

1 ( ) 1 ( )

p R q R
L R K K

p R q R
   

 
(5) 

 

The threshold R that achieves this minimum quality 

loss will be considered as the optimal threshold value 

R*. 

 * min ( )R L R  

  
   

1

1 1 1

1

2 2 2

1

min

1

K R

K R

 

 





        
  

       

(6) 

The relationship between total quality loss and 
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threshold value R is described as Fig. 3. 

 
Fig. 3: The relationship between total quality loss and 

threshold value R. 

 

Differentiating L(R) with respect to R and then setting 

the derivative be equal to zero, the optimal threshold 

value R* is obtained.  

    
  

1 1

1 2

1 1 1

 

 

Rd L R
K

d R R

  

  


  

 

  
  
2 2

2 2

2 2 2

R
K

R

  

  


 

 
(7) 

Unfortunately, there is no closed-form solution 

available for the cumulative normal distribution to 

obtain R*.  

The differential functions 

     2

1 1 1 1 1 1K R R          and 

     2

2 2 2 2 2 2K R R          vary 

depending on the R, and the relationship is described 

as Fig. 4. 

 

 
Fig. 4: The relationship between differential functions and 

threshold value R. 

 

We adopted the exponential regression model to fit 

the two differential functions.  

Let 

  
  

 1 1 1 1

12

11 1

exp
R b R

a
R

   

 

  
   

   
(8) 

  
  

 2 2 2 2

22

22 2

exp
R b R

a
R

   

 

  
   

   
(9) 

Hence, setting the following equation be equal to zero 

and we can obtain the optimal threshold value R*. 

 
 1 11 1

1 1

exp
b RK a 

 

  
   

 

 2 22 2

2 2

exp 0
b RK a 

 

  
   

 
(10) 

1 1 2
2 1 2 1 2 1 1 2

2 2 1*

2 1 1 2

ln
K a

b b
K a

R
b b


     



 

 
   

 


(11) 

When K1 is equal to K2 and 
1 2  , equation (11) is 

rewritten as 

* 1 2

2
R

 
  (12) 

This study used the interval exponential regression to 

reduce the error of estimation for threshold R. To set 

 1 1 1z R     and  2 2 2z R    , we varied 

the parameters of exponential regression, (a1, b1) and 

(a1, b1), with increment of 0.25 interval and tabulated 

in Table 1.  

From the above analysis, we propose an approach to 

find the optimal threshold value R* of continuous-

digital dynamic systems, as described in the 
following: 

Step 1. Set an initial value R0, 1 0 2R   . 

Step 2. Calculate the  1 0 1 1z R     and 

 2 0 2 2z R    .  

Step 3. From Table 1, find the corresponding 

parameters, (a1, b1) and (a2, b2), of exponential 

regressions. 

Step 4. Substitute (a1, b1) and (a2, b2), into equation 

(11) to obtain the R value and set R as R0.  

Step 5. Repeat steps 2, 3 and 4 until R0 does not 

change. 

 

For example, suppose that 
2 1 1.5K K  , 

 1 1 10,  0.7N     and  2 2 21,  1.0N     to 

find the optimal threshold value R*. 

Step 1. Set the initial value R0=0.55. 

Step 2. Calculate z1=0.786 and z2=-0.450. 
Step 3. Find a1=1.607733, b1=-1.547097, 

a2=1.579662 and b2=1.527501. 

 

Step 4. Substitute (a1, b1) and (a2, b2), into 

equation (11) and obtain R=0.400340=R0. 

 

Step 5. Set R0=0.400340, repeat steps 2~4 to 

find z1=0.572 and z2=-0.600, 

a1=1.574572, b1=-1.519837, 

a2=1.574572, b2=1.519837 and 

R=0.398546. Set R0=0.398546, 
repeat steps 2~4 to obtain z1=0.569, 

z2=-0.601, a1=1.574572, b1=-

1.519837, a2=1.574572, b2=1.519837 

and R=0.398546. The optimal 

threshold value R* is 0.398546.
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Table 1：The parameters, (a1, b1) and (a1, b1), of exponential regressions Z1 and Z2 

 

IV. CONCLUSIONS 

 

Taguchi’s continuous-digital dynamic system denotes 
the problems where the input signals are continuous 

and the output responses are discrete with the 

possibility of committing two types of errors. 

Therefore, the optimal threshold value is determined 

based on the best balance of two types of errors by 

minimizing the total loss of misclassification. In this 

paper, we provided a general approach to inferential 

estimation of the optimal threshold value by using the 

interval exponential regression to deal with unequal 

variances in the Normal distributions model for the 

continuous-digital dynamic system 

The paper also presents a simulation study performed 
in order to assess the performance of the proposed 

estimators. The maximum absolute error of optimal 

threshold value is 0.005 compared with actual 

threshold value between the intervals 10 5z   and 

25 0z   . 
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