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Abstract - In this study, we propose a simple Bayes-LINEX estimation of an item response model (IRT) under asymmetric 
loss and improved validity of ability estimates in educational test data. More precisely, using the Markov Chain Monte Carlo 
(MCMC) method, we propose a simple Bayesian estimator of the Rasch model under LINEX loss. [8] We call this estimation 
a simple Bayes-LINEX estimation (BLE). The BLE was applied to a total dataset for adult literacy [1], and we found that 
estimates using the ability parameter with the simple BLE showed better validity than the estimates using the conventional 
Bayesian estimation. We conclude that our simple BLE is a suitable solution for the educational test data with respect to 
validity. 
 
Index Terms - Asymmetric loss, educational testing, item response theory, validity.. 
 
I. INTRODUCTION 
 
In this study, we propose a simple Bayes estimation of 
the item response model(IRT) under asymmetric loss 
and improve the validity of ability estimates in 
educational test data. 
As an application of the IRT model, we use a Rasch 
model [6]. Let X = {0,1} be the response of thei-th 
subject in j-th item. Then, the probability function of 
the Rasch model is 

P X = 1 θ,δ =  ,      (1) 

where θ  is the ability parameter of thei-th subject, and 
δ  is the difficulty parameter of the j-thitem.We 
estimate the parameter of the Rasch model using the 
maximum likelihood estimation or the Bayesian 
estimation. Here, we focus on the Bayesian estimation. 
In Bayesian estimation, we regard (1) as the likelihood 
function and set a prior distribution like: 
θ ∼ N(0,1), δ ∼ N(0,1).       (2) 

To calculate the estimator, we typically use the 
Markov Chain Monte Carlo (MCMC) method such as 
the MH-algorithm [4][2]. 
Although IRT models are useful in evaluating 
educational testing, they have some disadvantages. 
One of the most severe disadvantages is the problem of 
overestimation. [7] noted that parameters of the IRT 
model are overestimated if the correlations of the 
response matrix are high. This situation usually occurs 
when the educational test has a “testlet” within it. To 
prevent overestimation, many methods have been 
proposed. For example, [9] proposed a special “testlet” 
parameter in the IRT model. However, we can hardly 
explain the meaning of this parameter. In this study, we 
propose a new approach for the overestimation 
problem. In our approach, we use asymmetric loss to 
the IRT model. More precisely, we use LINEX loss 
[8]: 
L ϑ − ϑ = b exp a ϑ − ϑ − a ϑ − ϑ − 1 , a ≠
0, b > 0, (3) 

where L is the loss function, ϑ,ϑ are the parameter and 
estimator, and a, b are setting values for the loss 
function. Setting a value controls the overestimation or 
underestimation of the estimator. If a<0, this loss 
function penalizes overestimation. On the other hand, 
if a>0. this loss function penalizes underestimation. 
In this study, we propose a simple Bayes estimation of 
the Rasch model under LINEX loss and improve the 
validity of the estimates of ability in educational test 
data.The remainder of the paper is organized as 
follows: Our new estimator (Bayes-Linex estimator) is 
proposed in section 2. The case study of educational 
testing and improvement of validity is shown in section 
3. The conclusion and discussion are given in section 
4. 
II. THE SIMPLE BAYES-LINEX ESTIMATION  
 
[10] showed the general form of the Bayesian 
estimator under LINEX loss: 
ϑ = − log{E exp(−aϑ)},     (4) 
where E  is posterior expectation with respect to 
P(ϑ|X), X is general sample and prior information. 
Zellner is a derived special case of (4) in which 
posterior distribution follows normal distribution: 
ϑ = m − av/2,           (5) 
where m is the posterior mean and v is the posterior 
variance. Focusing on (5), we derive a simple Bayes 
estimator of the Rasch model under asymmetric loss: 

1. From (1) and (2), derive a conventional Bayes 
estimator with the MCMC method. 

2. The distribution of θ  is calculated using the MCMC 
method as with normal distribution. 

3. Finally, derive LINEX the estimator based on the 
Bayes estimator: 
θ = m − av /2 ,           (6) 
where m and v  denote the posterior mean and 
posterior variance calculated using the MCMC method. 
We can estimate δ  by the same procedure. Note that 
we must derive m and v  in (6) for each subject i.  
We call this procedure a simple Bayes-LINEX 
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estimation. 
 
III. CASE STUDIES: IMPROVEMENT IN THE 
VALIDITY OF EDUCATIONAL TEST DATA 
 
In the case study, we use a total dataset for 
adultliteracy [1]. As this dataset includes several test 
datasets, we select two literacy test datasets and IQ 
datasets (the Wechsler Adult Intelligence Scale; 
WAIS). Then, weestimate the ability parameter of each 
examinee for the two datasets using Bayes estimation 
(BE) and Bayes-LINEX estimation (BLE). Finally, we 
evaluate the validity of these estimations and the 
WAIS score. For the BLE, we apply a=5, 3, 1, -1, -3, -5 
in (3) and, for the BE, we use Stan package in R 
software. 
 
A. The GED test dataset 
First, we consider the relationship between the General 
Educational Development (GED) test and the 
normalized WISE.We show the relationship between 
the normalized WISE score and the BE/BLE in Fig.1 
and the correlation coefficients between the 
normalized WISE score and the BE/BLE in Table 1. 
From Table 1, we find that the correlations between 

normalized WISE and the BLE are higher if the setting 
value is smaller. In fact, the correlation coefficient 
r=0.5532, that is between the normalized WISE and the 
BLE, is the best result in this analysis. This implies that 
conventional estimations including the BE 
overestimated and worsened the validity of the 
parameter estimation. In this case, the BLE improved 
the overestimation and validity of the ability parameter 
estimation. 

 
Fig1. Relationship between the normalized WISE and BE/BLE 

(GED dataset) 
 

 
Table1. Correlation coefficients between the normalized WISE and BE/BLE (GED dataset) 

 
BE 

BLE 
(a=5) 

BLE 
(a=3) 

BLE 
(a=1) 

BLE 
(a=-1) 

BLE 
(a=-3) 

BLE 
(a=-5) 

Correlation 
with WAIS 0.5510 0.5433 0.5470 0.5499 0.5520 0.5531 0.5532 

 
B. The NAEP test dataset 
Then, we consider the relationship between the 
National Assessment of Educational Progress (NAEP) 
test and the normalized WISE. As with the GED case, 
we show the relationship between the normalized 
WISE score and the BE/BLE in Fig. 2 and the 
correlation coefficients between the normalized WISE 
score and the BE/BLE in Table 2. From Table 2,we 
find that the correlations between the normalized 
WISE and the BLE are higher than correlation between 
the normalized WISE and the BE if the setting value is 
smaller.Therefore, a lower setting value improves the 
validity of the estimator of the ability parameter.  

 
Fig2. Relationship between the normalized WISE and BE/BLE 

(NAEP dataset) 
 

 
Table2. Correlation coefficients between the normalized WISE and BE/BLE (NAEP dataset) 

 
BE 

BLE 
(a=5) 

BLE 
(a=3) 

BLE 
(a=1) 

BLE 
(a=-1) 

BLE 
(a=-3) 

BLE 
(a=-5) 

Correlation 
with WAIS 0.6711 0.6646 0.6693 0.6725 0.6725 0.6745 0.6754 
 
C. Results of the data analysis 
In this analysis, we improved the validity of two 
datasets (GED, NAEP) using the BLE. As we 
improved both datasets by setting the value smaller,  

 
conventional estimation such as the BE resulted in 
overestimation in both datasets. The reason the degree 
of improvement is not large is that the BE did not cause 
severe overestimation.  
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Overall, our simple BLE is a better method that 
improves the validity of the estimator of the ability 
parameter in the Rasch model compared to 
conventional estimation.  
 
CONCLUSION AND FURTHER STUDIES 
 
In this study, we proposeda simple Bayes estimation of 
the Rasch model under LINEX loss and improvedthe 
validity of estimates of ability in educational test data. 
As a result, we found that the estimates of the ability 
parameter with the simple BLE showed better validity 
than the estimates using conventional Bayesian 
estimation. We concluded that our simple BLE is a 
suitable solution for the educational test data with 
respect to validity. 
 
We have identified the potential for further studies 
First, as [7] noted, we must evaluate a “testlet” type 
dataset. The testlet is a type of group of related items. 
A testlet type dataset is composed of some datasets. If 
we apply the BLE to a testlet dataset, it will show 
excellent results. We should also extend the BLE. For 
example, we will apply the BLE to a polytomous IRT 
model such as the partial credit model [3] and the 
rating scale model[5]. 
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