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Abstract - This paper analyzes the number of intra-day stock transactions of the Mauritius Commercial Bank (MCB) on the 
Stock Exchange of Mauritius (SEM) using the integer-valued autoregressive process of order (1) (INAR(1)) with inflated 
geometric marginal counting series based on the negative binomial (NB) thinning operator (NGINAR(1)). The statistical 
properties of this new time series process are developed and a flexible and computationally stable quasi-likelihood (QL) 
method of estimation is used to obtain estimates of the mean, serial and other parameters. The performance of this estimation 
method is tested through a Monte Carlo simulation study. The method is also applied to analyze the intra-day stock 
transactions of MCB collected over the period 1st March to 30th March 2018, which are influenced by some time-dependent 
covariates such as news effect, Friday effect and time of the day effect. 
 
 
I. INTRODUCTION 
 
In many real-life applications related to the field of 
finance, medicine and education, the time series of 
counts often exhibit huge over-dispersion. In the 
existing literature, the modelling of such time series 
processes is usually handled by the first-order integer-
valued autoregressive process of order (1) (INAR(1)) 
wherein the innovations are assumed to follow the 
negative binomial (NB) distribution as described in 
McKenzie [1], Al-Osh and Al-Zaid [2], Weiβ [3] and 
the references therein. In such INAR(1) processes, 
the current observation is related with the previous-
lagged observation via the binomial thinning 
mechanism [4]. However, given that the NB is a two-
parameter distribution, the estimation of the unknown 
parameters in the INAR(1) time series process may 
be over-burdened especially in the presence of 
regression effects. Secondly, the recent papers in time 
series literature illustrate that the over-dispersion may 
be captured in the model through altering the 
binomial thinning to a negative binomial thinning 
procedure by assuming that the response and 
innovation variables follow the one-parameter 
geometric model (See Ristic et al. [5]). Furthermore, 
in Borges et al. [6], the authors introduced a more 
generalized INAR(1) process with geometric 
marginals based on a generalized negative binomial 
thinning operator proposed by Kolev et al. [7]. In 
comparison with Ristic et al. [8] time series process, 
Borges et al. [6] showed that this generalized version 
provides better fits or lower RMSE. Referring to 
Borges et al. [6], the conditional maximum likelihood 
method of estimation (CMLE) was used to compute 
the mean and thinning parameters. However, this 
procedure may be computationally involving in the 
presence of some covariate effects (See Mamode 
Khan et al. [9]). 
Thus, in this paper, we propose an alternative but 
flexible quasi-likelihood (QL) estimation approach 
that does not rely on the knowledge of any likelihood 

function but only the correct specification of the score 
vector and a robust ’working’ specification of the 
autocovariance function. As at date, the most robust 
estimation approach of the ’working’ autocovariance 
structure is the moment estimating equation proposed 
by Sutradhar and Das [10]. The latter was tested in 
the generalized estimation equation framework in 
several longitudinal setups [11] against other 
approximate autocorrelation structures such as the 
autoregressive, moving-average, equi-correlation and 
independence structures where it was shown to 
provide more efficient estimates. More importantly, 
the performance of the QL estimation was compared 
with the likelihood-based approaches where it was 
noticed that both methods yield asymptotically 
equally efficient estimates [9]. Hence, in this paper, 
we propose to develop the QL equations for 
estimating the unknown parameters of this model. 
Thus, the organization of the paper is as follows: In 
section 2, the generalized NGINAR(1) model is 
reviewed. Section 3 focuses on the method of 
estimation and this is followed by a simulation study 
to assess the performance of the QL approach on the 
basis of the standard errors and computational 
performance. This is followed by a real-life 
application on intra-day stock transactions. The 
conclusion is presented in the last section. 
 
II. REVIEW OF THE GENERALIZED 
NGINAR(1) PROCESS 
 
The observation-driven time series model introduced 
by Borges et al. [6] is specified as: 

푌 = 훼 ∗ 푌 + 푅   (1) 
where 푌  is a realization of the random variable 푌  at 
the 푡 ℎ time point and where 훼  is the ρ-negative 
binomial distribution [7]. < Rt > are the innovations 
that are mutually exclusive and 
퐶표푣(푌 ,푅 ) = 푉푎푟(푅 )       (2) 
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In the above, we pre-assume that 
푌~ 퐺푒표푚푒푡푟푖푐   and derive the moment 
properties of the innovation terms 푅 . Using the 
properties 
퐸 훼 ∗ 푌 = 퐸(푌 ) and  
푉푎푟 훼 ∗ 푌 =

( )
( ) 퐸(푌 ) + 푉푎푟(푌 ), it is shown 

that 

퐸(푅 ) =
휇(1− 훼 − 휌)

1− 휌         (3) 

푉푎푟(푅 ) = {( ) ( ) ( )}
( )

.   (4) 
For a comprehensive view of the properties of the 
process (1), refer to the paper by Borges et al. [6]. 
 
III. THE METHOD OF ESTIMATION 
 
Using these moments, the QL function for the 
estimation of 훽 is constructed as 

휕휇
휕훽′

′

훴 (푦 − 휇)           (5) 

Where 
y = [푦 , 푦 , … , 푦 , … , 푦 ,…, 푦 ]′             (6) 
µ = [휇 , 휇 ,..., 휇 ,..., 휇 ]′            (7) 
and 훴  =Cov(Y) where Var(푌 ) = 휇(1 + 휇) and 
Cov(푌 ,푌 ′) =   휇(1 + 휇). 
The equation (5) is solved iteratively using the 
Newton Raphson (NR) procedure as illustrated in 
Mamode Khan et al. [9]. As for the parameters α and 
ρ, we formulate another QL with 

휕휇
휕훼  

휕휇
휕휌

′

훴 (푅∗ − 휇∗ )               (7) 

Equation (7) is solved using the NR procedure. As 
regards to the properties of the estimates, Sutradhar et 
al. [11] showed under the QL approach, the estimates 
are consistent and (휃 − 휃) follows an asymptotic 
normal distribution with mean 0 and covariance 
matrix 

 
as demonstrated by Sutradhar et al. [11] and Mamode 
Khan et al. [9]. 
 
IV. SIMULATION 
 
Using a 2×1 covariate structure with `푥 = −3 for 
t=1,…,T and `푥  is uniform (0,1) random value 
generated from runif in R with population values β = 
[1,1]′, α = [0.3,0.4,0.6,0.8,0.9] and ρ = [0.2,0.4]. We 
implement the QL methodology under T=60, 100 and 
500 in Section 2. 5000 Monte-Carlo replicates are 
performed for each combination and some of the 
results are displayed in the Tables below: 
 

T 훽[ ]        훽[ ]     훼 = 0.3    휌 = 0.2 

60 
0.9828         0.9840         0.3165         0.2130 
(0.1044)      (0.1095)      (0.1525)      (0.3706) 

100 
0.9850         0.9855         0.3158         0.2119 
(0.0736)      (0.0745)      (0.1246)      (0.3302) 

500 
0.9945         0.9911         0.3015         0.2022 
(0.0415)      (0.0423)      (0.0952)      (0.3072) 

T 훽[ ]        훽[ ]     훼 = 0.4    휌 = 0.2 

60 
0.9810         0.9802         0.4171         0.2182 
(0.1088)      (0.1098)      (0.1645)      (0.3797) 

100 
0.9870         0.9843         0.4129         0.2159 
(0.0847)      (0.0875)      (0.1360)      (0.3315) 

500 
0.9942         0.9960         0.4070         0.2048 
(0.0487)      (0.0456)      (0.0912)      (0.3025) 

T 훽[ ]        훽[ ]     훼 = 0.3    휌 = 0.4 

60 
0.9821         0.9815         0.3199         0.4194 
(0.0966)      (0.0988)      (0.1479)      (0.3697) 

100 
0.9850         0.9865         0.3140         0.4188 
(0.0802)      (0.0723)      (0.1215)      (0.3240) 

500 
0.9911         0.9915         0.3043         0.4086 
(0.0415)      (0.0433)      (0.0963)      (0.3026) 

T 훽[ ]        훽[ ]     훼 = 0.4    휌 = 0.4 

60 
0.9804         0.9857         0.4166         0.4199 
(0.1049)      (0.1052)      (0.1576)      (0.3785) 

100 
0.9831         0.9880         0.4133         0.4140 
(0.0855)      (0.0814)      (0.1325)      (0.3325) 

500 
0.9935         0.9918         0.4090         0.4012 
(0.0477)      (0.0420)      (0.0970)      (0.3031) 

 
TABLE I 

ESTIMATES OF THE PARAMETERS AND STANDARD 
ERRORS UNDER NGINAR(1) MODEL. 

 

T 훽[ ]        훽[ ]     훼 = 0.6    휌 = 0.2 

60 
0.9810         0.9850         0.6144         0.2129 
(0.0943)      (0.0950)      (0.1499)      (0.3697) 

100 
0.9821         0.9810         0.6170         0.2155 
(0.0805)      (0.0817)      (0.1260)      (0.3275) 

500 
0.9995         0.9945         0.6055         0.2091 
(0.0415)      (0.0448)      (0.0959)      (0.3040) 

T 훽[ ]        훽[ ]     훼 = 0.6    휌 = 0.4 

60 
0.9815         0.9860         0.6199         0.4140 
(0.0980)      (0.0939)      (0.1499)      (0.3635) 

100 
0.9858         0.9819         0.6171         0.4173 
(0.0730)      (0.0733)      (0.1280)      (0.3250) 
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500 
0.9970         0.9923         0.6085         0.4009 
(0.0465)      (0.0452)      (0.0960)      (0.3030) 

T 훽[ ]        훽[ ]     훼 = 0.8    휌 = 0.2 

60 
0.9840         0.9850         0.8130         0.2135 
(0.0943)      (0.0950)      (0.1499)      (0.3697) 

100 
0.9810        0.9810         0.8225        0.2160 

(0.0740)      (0.0799)      (0.1270)      (0.3290) 

500 
0.9905         0.9959         0.8015         0.2065 
(0.0435)      (0.0490)      (0.0955)      (0.3010) 

T 훽[ ]        훽[ ]     훼 = 0.9    휌 = 0.2 

60 
0.9860         0.9825         0.9180        0.2175 

(0.0935)      (0.0950)      (0.1485)      (0.3680) 

100 
0.9830         0.9870         0.9155         0.2128 
(0.0730)      (0.0780)      (0.1265)      (0.3288) 

500 
0.9970         0.9922         0.9055         0.2040 
(0.0473)      (0.0488)      (0.0922)      (0.3060) 

T 훽[ ]        훽[ ]     훼 = 0.8    휌 = 0.4 

60 
0.9870         0.9802         0.8120         0.4160 
(0.1030)      (0.0945)      (0.1435)      (0.3697) 

100 
0.9801        0.9875         0.8155         0.4190 

(0.0756)      (0.0799)      (0.1230)      (0.3263) 

500 
0.9925         0.9935         0.8085         0.4050 
(0.0475)      (0.0415)      (0.0986)      (0.3035) 

 
TABLE II 

ESTIMATES OF THE PARAMETERS AND STANDARD 
ERRORS UNDER NGINAR(1) MODEL. 

 
T 훽[ ]        훽[ ]     훼 = 0.9    휌 = 0.4 

60 
0.9860         0.9875         0.9170        0.4150 

(0.0999)      (0.0960)      (0.1495)      (0.3655) 

100 
0.9805         0.9870         0.9168         0.4190 

(0.0760)      (0.0775)      (0.1280)      (0.3253) 

500 
0.9949         0.9965         0.9060         0.4065 

(0.0450)      (0.0462)      (0.0975)      (0.3023) 
TABLE III 

ESTIMATES OF THE PARAMETERS AND STANDARD 
ERRORS UNDER NGINAR(1) MODEL. 

 
The simulation mean estimates for the different 
parameters illustrate that the QL method yields 
consistent estimates and the number of time points 
increase, the standard errors decrease. In terms of 
non-convergent simulations, the tables below 
illustrate the QL approach is computationally stable, 
which is mainly due to the lesser complicated Hessian 
matrix. 

훼 휌 T Failures 

0.3 0.2 60 250 

  100 225 

  500 160 
0.3 0.4 60 275 

  100 240 

  500 175 
0.4 0.2 60 260 

  100 230 

  500 140 
0.4 0.4 60 290 

  100 260 

  500 200 
0.6 0.2 60 310 

  100 280 

  500 220 
0.6 0.4 60 325 

  100 300 

  500 240 
0.8 0.2 60 330 

  100 305 

  500 250 
0.9 0.2 60 340 

  100 310 

  500 235 
 

TABLE IV 
NUMBER OF NON-CONVERGENT SIMULATIONS 
UNDER NGINAR(1) PROCESS UNDER DIFFERENT 

COMBINATIONS 
 

훼 휌 T Failures 
0.8 0.4 60 330 

  100 295 

  500 225 
0.9 0.4 60 350 

  100 300 

  500 235 
 

TABLE V 
NUMBER OF NON-CONVERGENT SIMULATIONS 
UNDER NGINAR(1) PROCESS UNDER DIFFERENT 

COMBINATIONS 
 
 
V. MODELLING THE INTRA-DAY STOCK 
TRANSACTIONS 
 
In this section, the NGINAR(1) model is used to 
analyze the intra-day stock transactions of MCB, 
collected on a 30 minutes interval on the SEM from 
1st March to 30th March 2018, totalling 189 
observations. The covariates that commonly influence 
these stock transactions were also collected: news 
effect (xt1) which is coded as 1 for any new 
information filtering the domestic market and 0 for no 
such news, Friday effect (xt2) with 1 indicating 
Friday and 0 for the other days of the week, and time 
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of the day effect (xt3) with 1 representing trading 
conducted in the afternoon (12:00-13:30) and 0 for 
the rest of the trading session. The table below 
provides some descriptive statistics for the number of 
intra-day stock transactions of MCB: 
 
Minimu

m 
Mea

n 
Varianc

e 휌 Maximu
m T 

0 5.44 15.4012 0.39
2 22 18

9 
TABLE VI 

DESCRIPTIVE STATISTICS FOR THE NUMBER OF 
INTRA-DAY STOCK TRANSACTIONS OF MCB 

 
From the above table, we observe that the sample 
variance is greater than the sample mean, implying 
that the data is over-dispersed. Hence, the 
NGINAR(1) model is applied to the intra-day stock 
transactions of MCB and the QL estimates are shown 
below: 
 

훼 휌 휇 
0.3925 0.4019 5.2198 
0.068 0.0967 0.7991 

 
TABLE VII 

ESTIMATES OF THE PARAMETERS WITH THEIR 
STANDARD ERRORS. 

 
Similar to the simulation results, the QL estimates are 
consistent. 
 
CONCLUSION 
 
This paper has explored an alternative estimation 
methodology based on the QL approach to estimate 
the mean and dependence parameters in the 
NGINAR(1) time series model. The simulation 
results have illustrated that the QL approach is 
computationally stable. The application to the intra-
day stock transactions of MCB also confirms the 
same findings. Hence, we may conclude that the QL 
is a possible estimation approach in the context of 
estimating parameters in the NGINAR(1) model. 

 
FUTURE WORK 
 
To develop a new stationary bivariate integer-valued 
autoregressive process of the first order with 
geometric marginals (NGBINAR(1)). 
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