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I. INTRODUCTION 
 
In this article, we investigate the identification 
problem associated with the problem 
 
ut + b(t)uux + a(t)uxxx + d(t)u = f (x,t) = A(x)B(t), (x,t) 
ϵ Q = (0, 1) × (0, ∞) (1) 
u(0,t) = u(1,t) = ux(1,t) = 0 (2) 
u(x,0) = u0(x),  x ϵ  (0,1) (3) 
 
to determine {u, B} where a, b, d are continuous 
functions defined in [0, ∞). 
 
The equation (1) with small, finite perturbation in an 
inhomogeneous media is investigated in [3] . 
Korteweg-de Vries (KdV) equation has a great 
importance and there are many studies on it [1]-[4]. 
The inverse problem theory for differential equations 
is being developed to solve problems of math- 
ematical physics. In the study of direct problems, the 
solution of the equation is derived by means of 
supplementary conditions. In the case of inverse 
problems, the form of the equation is known but the 
equation is not known. In order to determine the 
corresponding equation and its solution, some 
additional conditions (final over determination 
conditions) must be given. 
Inverse problems for partial differential equations are 
extensively studied. We classify inverse problems 
according to the partial differential equations where 
they arise. Prilepko and Orlovsky gave the systematic 
representation for elliptic, hyperbolic and parabolic 
inverse problems [5]. 
 
We are particularly interested in the inverse problems 
to identify the source terms. Such problems are 
studied extensively [5, 6, 7, 8, 9, 10, 11]. 
 
In the present study, we show the existence of the 
solution of the inverse problem to determine the 
evolution of the source term of a modified KdV 
equation is equivalent to a fixed point system. We 

call the determination of u(x, t) when f is given in (1)-
(3), as the direct problem. The determination of {u, 
B}, in (1)-(3) with the final overdetermination 
u(x0,t) = β(t), t  ϵ (0,∞),  x0  ϵ (0,1) (4) 
and  A is known, is called the inverse problem for 
determination of the evolution of the source term 
B depending on t. The problem (1)-(3) is studied by 
Larkin [1] . 
The organization of the paper is the following: 
Notations, definitions and results concerning to the 
direct problem are given in section 2. The third 
section is devoted to derive an equivalent fixed point 
system for the inverse problem. In the last section, the 
equivalence of the fixed point system is proved. 
 
II. PRELIMINARIES 
 
In this section, for easy reading, we introduce the 
definition and results given in [1]. The usual 
notations of Sobolev spaces are used for the notations 
see [12]. For the properties of the solution of the 
problem (1)-(3), we refer the readers to [1]. Let us 
denote 
 

d (t)  =  max(0, d(t)),   d (t)  = d (t) −  d(t) 

(u, v)  =  u(x, t)v(x, t)dx,               ||u(t)||2

=  (u, u) 
 
The following theorem is proved in [1]. 
 
Theorem 2.1 If a, b, d ϵ C[0, ∞); a(t) ≥ a0 > 0 ∀t ≥ 0;  
sup (|b(t)|  +  a(t)) < ∞, 
d− ϵ L1(0, ∞), u0 ϵ  L2(0,1), f ϵ L1(0, ∞; L2(0,1))  u0 ϵ ( 
H3(0,1) ∩ H (0,1), u0x(1,t) = 0, 
f ϵ L1(0, ∞; L2(0,1)) ∩ L2(0, ∞; H2(0,1) ∩ H (0,1)), 
fx(1,t) = 0 for a.e. t ≥ 0 

 
then (1)-(3) has a unique solution u = u(x,t) such that 
u ϵ C(0, T ; H3(0,1) ∩ H (0,1)) ∩ 
L2(0, T ; H4(0,1)), ut ϵ L∞(0, T ; L2(0,1)) ∩ L2(0, T ; 
H (0,1)), ux(1,t) = 0 for all finite T . 
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III. FIXED POINT SYSTEM 
 
In this section, first we introduce our solution way for 
the inverse problem (1)-(4) and derive an operator 
equation for the inverse problem. The equivalence of 
the operator equation and the inverse problem is 
proved next section. 
 
Definition 3.1 The pair of functions (u(x, t), B(t)) is 
defined as a solution of the inverse problem  (1)-(4). 
If u ϵ C(0, T ; H3(0,1) ∩ H (0,1)) ∩ L2(0, T ; H4(0, 
1)), ut ϵ L∞(0, T ; L2(0,1)) ∩ L2(0, T ; H (0,1)), 
ux(1,t) = 0 for all finite T and B ϵ L2(0,T). 
In order to capture B(t), first, we replace x by x0 in 
equation (1) to get 
ut(x0,t) + b(t)u(x0,t)ux(x0,t) + a(t)uxxx(x0,t) + d(t)u(x0,t) 
= f (x0,t) = A(x0)B(t). (5) 
If we replace the equation (4) in (5), then it becomes 
β'(t) + b(t)β(t)ux(x0,t) + a(t)uxxx(x0,t) + d(t)β(t) = f 
(x0,t) = A(x0)B(t). (6)  
By solving the equation(6) for B(t), we find ·
 (7) 

B(t) = β′( )  ( )β( )
( )

 +  ( )β( ) ( , )  ( ) ( , )
( )

                                           
(7) 

If we substitute Φ(t) := β
′( )  ( )β( )

( )
,            (LB)(t) := 

( )β( ) ( , )  ( ) ( , )
( )

 
The correspondence between B and u may be given 
by 
L : L2(0,T) → L2(0,T) 
 
with 
B(t) = (LB)(t) + Φ(t)                                                            
(8) 
 
IV. FIXED POINT SYSTEM 
 
In this section, we prove that the inverse problem for 
finding the evolution of the source term is equivalent 
to finding the fixed point of the system (8). 
 
Theorem 4.1 If the problem (1-4) has a solution if 
and only if the equation (8) has a solution. 
 
Proof First, Let us assume that problem (1-4) has a 
solution B(t). Then, by following the steps given in 
Section 2, we get the equation (8). 
If the equation (8) has a solution B(t), we replace it in 
the equation (1).  Since the problem (1)- 
(3) has a unique solution u(x,t), it must be checked if 
this very u(x,t) satisfies the equation(4). For this 
purpose, let us assume that 
u(x0,t) = α(t) 

then, we have 
 
α'(t) + b(t)α(t)ux(x0,t) + a(t)uxxx(x0,t) + d(t)α(t) = f 
(x0,t) = A(x0)B(t) (9) 
After subtraction equation (6) from equation (9), we 
have 
 
β'(t) − α'(t) + b(t)ux(x0,t)(β(t) − α(t)) + d(t)(β(t) − α(t)) 
= 0. (10)  
By substituting, β − α = S, the equation (10) has the 
following form 
S'(t) + (b(t)u(x0, t)) + d(t))S(t) = 0. (11) 
Since u(x, 0) = u0(x), for all x ϵ (0, 1), then 
S(0) = β(0) − α(0) = u(x0,0) − u(x0,0) = 0 (12) 
The equation (11) with the homogeneous condition 
(12) has the unique solution S(t) = 0 implying 
β(t) = α(t), which completes the proof. 
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