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Abstract - This paper analyzes a randomized control 〈풑,푭〉-policy of an M/M/1 queue with working breakdowns and start 
up. Customers are allowed to enter the system with probability풑 or customers are stillunable to enter the system with 
probability (ퟏ− 풑)when the number of customers decreases to a certain threshold value 푭.We assume that the serveris 
subject to working breakdowns only when there is at least one customer in the system. We apply an efficient Maple program 
to compute the steady-state probabilities and various system performance measures. A cost model is constructed to 
determine the optimal threshold, 푭, and the joint optimal values 흁ퟏ and 흁ퟐ for the fast and slow service rates simultaneously 
by means of PSO algorithm. 
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I. INTRODUCTION 
 
We study a single removable and non-reliable server 
in the 〈푝,퐹〉 -policy M/M/1 queue with working 
breakdowns and startup times under steady-state 
conditions. The main purpose of controlling arrivals 
is reducing the number of customers in the system. 
Past work regarding controllable queues may be 
divided into parts according to whether the system is 
considered to control the service or the arrival. In the 
first category of controlling the service, the 
pioneering work of the N-policy M/M/1 queue was 
studied by Yadin and Naor [1]. The N-policy M/M/1, 
M/H2/1, and M/Hk/1 queues with finite capacity and 
server breakdown were analyzed by Wang and Hsieh 
[2], Wang et al. [3], and Wang et al. [4], respectively. 
In Ref [2-4], the authors used a recursive method and 
probability generating function techniques to develop 
steady-state analytic results. They constructed cost 
model to determine the optimal operating N policy 
based on assumed specific values given to the system 
parameters. Furthermore, the N-policy M/G/1 queue 
with general setup times was investigated by Takagi 
[5]. Wang et al. [6] extended Takagi’s queue by 
considering server breakdown case. Optimization on 
〈푝,푁〉-policy and 〈푁, 푝〉-policy for an M/G/1 queue 
was examined by Feinberg and Kim [7]. They 
considered a problem of minimizing two criteria 
when the first criterion is the average number of 
customers in the system and the second one is the 
average operating cost per unit time. They found 
explicit formulas for optimal policies for problems of 
optimization of one criterion subject to a constraint 
for another one. Randomized control of a 〈푝,푇〉 -
policy was studied by Kim and Moon [8]. They 
solved a constrained problem to minimize the average 
operating cost per unit time under the constraint for 
the holding cost per unit time. Comparison of two 
randomized control of 〈푇, 푝〉-policy and 〈푝,푁〉-policy  

M/G/1 queues with second optional service, server 
breakdown, and general startup times was analyzed 
by Wang et al. [9]. They obtained the explicit closed 
form of the joint optimal solutions for those two 
policies. Based on the minimal cost, they have shown 
that the optimal 〈푝,푁〉-policy indeed outperforms the 
optimal 〈푇, 푝〉-policy. Steady-state probability of the 
randomized control of 〈푁, 푝〉 -policy M/G/1 queue 
with second optional service, server breakdowns and 
startup was examined by Yang et al. [10]. They used 
maximum entropy principle to develop the 
approximate steady-state probability distribution of 
the queue length in the M/G(G, G)/1 queue. 
Optimization on 〈푁,푝〉-policy for an unreliable queue 
with second optional service and start-up was 
investigated by Yang et al. [11]. They obtained the 
explicit closed-form expression of the optimal 
solutions and constructed the expected cost function 
to searched the joint optimum threshold values of the 
〈푁,푝〉 at the minimum cost.  
In the second category of controlling the arrivals, 
steady-state analytic solutions of the F-policy 
M/M/1/K queue with startup time were first derived 
by Gupta [12]. The F-policy M/M/1/K queue with 
server breakdown and startup was examined by Wang 
and Yang [13]. They obtained system performance 
measures and steady-state probabilities by using 
matrix analytical method. The F-policy M/G/1/K 
queue with startup was investigated by Wang et al. 
[14]. A recursive method for the F-policy G/M/1/K 
queue with startup time was developed by Wang et al. 
[15]. In Ref [14]-[15], the authors derived the steady-
state probability distribution of the number of 
customers in the system. They developed a cost 
model to determine the optimal F-policy at minimum 
cost and performed a sensitivity analysis on the 
optimum threshold F*. Randomized controlling 
arrivals for a finite queue with startup was introduced 
by Yang et al. [16]. They developed the steady-state 
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probability distribution of the number of customers in 
the system and obtained various system 
characteristics. Cost analysis of a two-phase queueing 
system with randomized control 〈푝,퐹〉 -policy was 
proposed by Chang and Ke [17]. They applied the 
birth and death technique to derive some performance 
measures, and then developed a cost model to 
determine the optimal control 〈푝,퐹〉 -policy at a 
minimum cost. 
In this paper, we consider a randomized control 
policy of an M/M/1 queue with working breakdowns 
and startup. For F=1,2,…,K-1, the 〈푝,퐹〉-policy is 
prescribed that (i) there are no further arriving 
customers allowed to enter the system when the 
number of customers reaches its capacity 퐾(퐾 < ∞); 
(ii) customers are allowed to enter the system with 
probability p and the customers are still unavailable 
to enter the system with probability (1− 푝) when the 
number of customers decreases to a certain threshold 
value F; (iii) the server can be subject to working 
breakdowns; (iv) do not switch the server at other 
epochs. The objective of this study is threefold. First, 
we compute the steady-state probabilities and various 
system performance measures of 〈푝,퐹〉-policy M/M/1 
by using an efficient Maple program. Next, we 
construct a cost model to determine the optimal 
values, say (퐹∗,휇∗ ,휇∗), that yield the minimum cost. 
Third, to illustrate the sensitivity analysis, we present 
several numerical results based upon different system 
parameter values. 
 
II. MODEL DESCRIPTION 
 
We consider controlling the arrivals to a finite 
capacity M/M/1/K queue under the 〈푝,퐹〉 -policy 
subject to server working breakdowns and 
exponential startup times. It is assumed that 
customers arrive according to a Poisson process with 
parameter 휆 . When the server is available and 
working, service times are exponentiallydistributed 
with rate휇 . Assume that the server may encounter 
working breakdown at the time server working (non-
empty) with breakdown rate 훼. Whenever the server 
fails, it is immediately being repaired at a repair rate 
훽, and meanwhile it still works but in a slow service 
rate 휇 (0 < 휇 < 휇 ) . Breakdown and repair time 
distributions of the server are assumed to be 
exponential distributed. Customers arriving the server 
are assumed to form a single waiting line and served 
in the order of their arrivals (FCFS). When the 
number of customersin the system reaches its 
capacity 퐾 (i.e. the system becomes full), no further 
arriving customers areallowed to enter the system. 
When there are enough customers in the system 
served so that the numberof remaining customers in 
the system decreases to a threshold value 퐹 (0 < 퐹 <
퐾 − 1) , the server allows customers to enter the 
system with probability 푝  or the customer are still 
unable to enter the system with probability (1− 푝).In 

such condition, the server needsto take an exponential 
startup time with parameter 훾  to start allowing 
customers in the system.  
The following notation and definitions are used 
throughout the paper: 
F  threshold level 
K  system capacity( 1K F  ) 

0 ( )P n  probability that there are 푛  customers in the 
system and there are no further customers 
allowed to enter the system when the server is in 
the working breakdown mode, where 푛 = 퐹,퐹 +
1, … ,퐾. 

1 ( )P n  probability that there are n  customers in the 
system and there are no further customers 
allowed to enter the system when the server is 
working, where n = F, F + 1, … , K. 

2 ( )P n  probability that there are n  customers in the 
system and there are no further customers 
allowed to enter the system when the server is in 
the working breakdown and startup mode, where 
n = 1, 2, … , F. 

3 ( )P n  probability that there are n  customers in the 
system and there are no further customers 
allowed to enter the system when the server is 
working and startup, where n = 0, 1, … , F. 

4 ( )P n  probability that there are n  customers in the 
system and the customers are allowed to enter the 
system when the server is working, where 
n = 0, 1, … , K − 1. 

5 ( )P n  probability that there are n  customers in the 
system and the customers are allowed to enter the 
system when the server is in the working 
breakdown mode, where n = 1, 2, … , K − 1. 

 
III. STEADY-STATE EQUATIONS 

 
Referring to the state-transition-rate diagram for the 
M/M/1/K 〈푝,퐹〉 -policy queue with server working 
breakdowns and startup time as shown in Fig 1, the 
following steady-state equations are obtained: 
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IV. SYSTEM PERFORMANCE MEASURES 
 
Under steady-state conditions, let 푃  be the 
probability that the server is busy, 푃  the probability 
that the server is idle, 푃  the probability that the 
server is starting up, 푃  the probability that the server 
is working breakdown, and 퐿  the expected number 
of customers in the system. 

The expressions for 푃 , 푃 , 푃 , and 푃  are given 
respectively by 

 

 
Fig. 1. The state-transition-rate diagram for the M/M/1/K 〈풑,푭〉-policy queue with server working breakdowns and startup time. 

 
In order to examine the effects of different system 
parameters (such as  ,  , and  )on the system 
performance measures, we provide the numerical 
results for SL , BP , SP IP , and WP , which are  shown 
in TableI through Table II. We fix the number of 
system capacity 퐾 = 25 , (휇 ,휇 ) = (8,2) , 훼 = 1 , 
훽 = 2, 훾 = 1.5,and the second optional probability 
푝 = 0.6.It can be easily seen from Tables I that (i) sL , 

BP , and WP  increase as   increases; (ii) IP decreases 
as   increases; and (iii) SP  slightly increases as 
increases. Tables IIreveals that (i) sL , SP , and WP  
increase as   increases; (ii) BP  and IP decrease as    
 

 
increases; (iii) BP  and IP  increase as  increases; 
and (iv) sL , SP , and WP decrease as   increases. 
 

TABLE I:  SYSTEM PERFORMANCE MEASURES OF THE 〈풑,푭〉-
POLICY M/M/1/K QUEUE WITH SERVER WORKING BREAKDOWNS  

AND STARTUP TIME UNDER OPTIMAL CONDITIONS (푲 = ퟐퟓ, 
흁ퟏ = ퟖ, 흁ퟐ = ퟐ, 휶 = ퟏ, 휷 = ퟐ, 휸 = ퟏ.ퟓ, 풑 = ퟎ. ퟓ) 

  2.0 2.5 3.0 3.5 4.0 
sL  1.8426 3.8828 7.7203 10.9445 12.5821 

BP  0.5521 0.6833 0.7815 0.8162 0.8204 

SP  0.0001 0.0004 0.0041 0.0128 0.0221 

IP  0.3559 0.2023 0.0834 0.0327 0.0170 

WP  0.0920 0.1140 0.1309 0.1382 0.1404 
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TABLE II: SYSTEM PERFORMANCE MEASURES OF THE 〈풑,푭〉-
POLICY M/M/1/K QUEUE WITH SERVER WORKING BREAKDOWNS 

AND STARTUP TIME UNDER OPTIMAL CONDITIONS (푲 = ퟐퟓ, 
흁ퟏ = ퟖ, 흁ퟐ = ퟐ, 2.0  , 휸 = ퟏ.ퟓ, 풑 = ퟎ. ퟓ) 

( , )   (0.4,2.0) (0.8,2.0) (1.2,2.0) (1.2,4.0) (1.2,6.0) 
sL  8.1795 10.2607 11.4788 9.4107 8.1859 

BP  0.7646 0.6740 0.5943 0.7218 0.7686 

SP  0.0050 0.0095 0.0130 0.0071 0.0047 

IP  0.0764 0.0431 0.0283 0.0524 0.0720 

WP  0.1539 0.2734 0.3644 0.2187 0.1547 
 

V. COST MINIMIZATION 
 

We construct a total expected cost function per unit 
time for the 〈푝,퐹〉-policy M/M/1/K queue with server 
working breakdowns and startup time, in which F , 1 , 
and 2  are decision variables. Let 

hC  holding cost per unit time present in the system, 

bC  busy cost per unit time for a busy server, 

iC  idle cost per unit time for a idle server, 

wC  working breakdown cost per unit time for a 
failed server, 

sC  startup cost per unit time for turning the server 
on, 

1C  fixed cost of providing a fast service rate 휇  for 
customers, 

2C   fixed cost of providing a slow service rate 휇  
for customers. 
Based on the definitions of each cost element listed 
above and the corresponding system characteristics, 
the total expected cost function per unit time is given 
by: 

 
1 2

1 2

1 2

,
                            

,
 

 
 

   
  

h s b B i I s S

w W

TC F C L C P C P C P
C P C C

 (1) 

The objective of this section is to specify optimal 
values for this queueing system. There are three 
variables 퐹 , 휇  and 휇  to be considered in the cost 
function(1). The variable 퐹is discrete and it is needed 
to be a nature number. The continuous variables 휇  
and 휇  are positive numbers. Our goal is to determine 
the optimal value of (퐹, 휇 ,휇 ), say (퐹∗,휇∗ ,휇∗), in 
order to minimize the cost function. 
The particle swarm optimization (PSO) algorithm, 
introduced by Kennedy and Eberhart[18], is a 
computational method that optimizes a problem by 
iteratively trying to improve a candidate solution with 
regard to a given measure of quality.PSO works by 
having a population of particles and 
includesexploitation and exploration searches. Each 
particle with positionand velocity denotes a candidate 
solution. Each particle's movementis influenced by its 
best known local (denoted by PB) and global 
positions(denoted by GB) in the feasible space.Some 

numerical results are provided for the purpose of 
illustration. 

Algorithm. Particle swarm optimization 
INPUT: initial solution X , inertia weight factor w  

and thetolerance   
OUTPUT: approximate optimal solution 

* * * *
1 2[ , , ]F  φ and * * *

1 2( , , )TC F    
Step 1:  Initialization, do steps 2–4 
Step 2:  Initialize partial best solution PB X  
Step 3:Initialize global best solution 

 min ( ) :GB TC x x PB  
Step 4:  Initialize velocity  0V  
Step5: Generate two random numbers 1 (0,1)C U�  
and 2 (0,1)C U�  
Step 6:  Update the particle's velocity and positions as 

1 2( ) ( )w C C    V V PB X eGB X and  X X V  
Step 7: Update the partial best solution PB  and

 min ( ) :GB TC x x PB  
Step 8:  Repeat steps 5–7 until 

 1 2 1 2max ( ) ( ); ,TC TC   x x x x PB  

Step 9: Output approximate solution * GBφ  and
* * *

1 2
*( , , ) ( )TC F TC   φ  

The explicit expression for formula (1) can be 
obtained by using equations 
Error! Reference source not found.-
Error! Reference source not found.. Consider the 
following numerical example: 
 

1 2

$400, $500, $800, $50,
$200, $50, $10.

h b i s

w

C C C C
C C C 

   
  

 

We fix the number of system capacity 25K  , 
0.5  , 3.0  , 1.5  , the second optional 

probability 0.6p  ,and select different values of 
0.6, 0.8,1.0,1.2,1.5, 2.0,  the value of threshold F

from 3 to 23, 1 from 0.1 to 10.0, and 2 from 0.1 to 
8.0. In our application of the PSO algorithm, the 
number of particles is 100, and the number of 
iterations is 2000. All examples in our paper are 
repeated 10 times and each run has the almost 
identical result which illustrates the PSO algorithm is 
robust to our model. The detailed optimal solutions 
and related parameters can be seen in Table III. It can 
be easily seen from Tables III that 1 , 2 , and the 
total cost TC increase as   increases. 

TABLE III: THE OPTIMAL VALUES OF ,F 1 , 2 , AND ITS 

MINIMUM TOTAL COSTS 
( 25K  , 0.5  , 3.0  , 1.5  , 0.6p  ) 

  0.6 0.8 1.0 1.2 1.5 2.0 
F  17 12 7 21 9 14 

1  2.472
0 2.9780 3.4510 3.9010 4.5410 5.5450 

2  0.190 0.5648 0.9250 1.2730 1.7840 2.5960 
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4 
TC

 
988.9

2 
1030.0

2 
1068.1

9 
1104.2

4 
1155.3

2 
1234.7

2 
CONCLUSIONS 
 
This paper analyzes a randomized control 〈p,F〉-
policy of an M/M/1 queue with working breakdowns 
and startup. The server is subject to working 
breakdowns when there is at least one failed machine 
in the system. To calculate the steady-state 
probabilities of the system as well as several system 
performance measures, a efficient Maple program is 
implemented. We carry out the sensitivity analysis of 
these measures with respect to various system 
parameters. Moreover, we construct a cost model to 
determine the optimal threshold F , and the joint 
optimal values for fast service 1 , and slow service

2  simultaneously by using PSO algorithm. 
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