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Abstract: A practical strategy is constructed to select an adaptive step size for solving stiff initial value problem in the 
parareal framework. For this, we propose a technique to detect stiffness of a given system and its solutions since the time 
step size can be chosen according to the extent of stiffness. Numerical experiments demonstrate the theoretical results. 
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I. INTRODUCTION 
 
Lots of numerical strategies have been studied to find 
efficient and accurate solutions of the stiff systems. 
The parallelization scheme is one of the methods to 
find the efficient solutions of the stiff IVPs. Several 
parallelization schemes have been proposed and 
researched [1,2,3,4]. Especially in 2001, a new 
algorithm which was named parareal algorithm for 
solving time dependent differential equations in 
parallel was introduced [4].  
 
Although the parareal scheme is in a pioneer position 
of IVP parallelization schemes, the traditional 
parareal scheme has the low parallel efficiency which 
is bounded by 1/K, where K is the number of parareal 
iteration needed to converge to the desired accuracy. 
In most case, 2 or more iterations are needed, so the 
efficiency of the traditional parareal scheme is less 
than 50 percent and even worst in practice.  
 
To hurdle the difficulties, several modified parareal 
techniques based on the deferred correction (DC) 
methods are recently introduced [2,5,6], in which DC 
strategies are utilized within the parareal iteration for 
the fine propagator by embedding one or few DC 
iterations during each parareal iteration. 
 
For the parallel computing, only a finite number of 
processors can be provided in practice. Even if an 
infinite number of processors can be provided, it is 
not efficient to use the uniform step size on each 
processor without any consideration on the property 
of the problem, especially for stiff systems or partial 
differential equations (PDEs) having sharp front.  
 
That So, larger time step sizes should be considered 
for non-stiff parts in the given problem or its 
solutions, while smaller time step sizes can be used 
for stiff regions. A criterion is considered to detect 
stiffness and provide an enhanced parareal algorithm 
[5] to find an adaptive time step size according to the 
stiffness rate of the solution behaviors in each 
interval. 
 

II. METHOD 
 
One parameter is used to dictate whether the solutions 
vary rapidly in a given time interval. Since stiffness is 
on case where a system has two different time scales. 
Usually it is calculated b rates of maximum and 
minimum eigenvalues for Jacobian of system in some 
intervals are quite big, then we prescribe that it is stiff 
in that interval. However, in this work, a slope 
(=derivative of function value) at the each time point 
is used, instead of the Jacobian value. 

 
Note that we restrict the stiffness to the case when 
stiffness is on the problem and solution. That is, to 
distinguish from the other case, we need to check the 
change rate of κ(t) since a big change is expected on 
solutions. This allows us to approximate a 
conditioning parameter in each interval as follows: 

 

 
 
III. RESULTS AND DISCUSSION 
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Figure 1: Comparison of solution for proposed scheme and 

existing method (ode15s) 
 
CONCLUSIONS 
 
We propose a numerical technique to improve the 
efficiency of the parareal algorithm by selecting an 
adaptive step size for stiff systems. Unlike the 
traditional parareal scheme, the proposed scheme 

allows us to use much larger time step size in nonstiff 
parts so that it can reduce the number of processors 
needed in whole computations. It leads to less 
computational costs without any damage on accuracy. 
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