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Abstract: Examining on the Taiwan VIX data from December 2006 to January 2018, the main result reveals that the 
estimated options prices generally have the descending order of GARCH > BS > SQR > LOU. Restated, when VIX has 
hetroscedasticity characteristic, the Black-Scholes model could undervalue the VIX options. Additionally, when VIX has no 
mean-reverting property, the SQR and LOU models could seriously undervalue the options, especially for the long-term 
maturity options. We expect that the Taiwan VIX options will start trading in the next few years, and we believe that our 
research results can provide future references for the investors and securities companies in evaluating the VIX options. 
 
Index Terms: Area-efficient, VIX Options Pricing; GARCH; Black-Scholes Model; Mean-Reverting. 

 
I. INTRODUCTION 
 
This study employs four one-factor pricing models to 
evaluate the Taiwan VXOs, where the four modes are 
Black-Scholes, SQR (square root) model, LOU (log-
normal Ornstein-Uhlenbeck) and GARCH models. 
Notably, both SQR and LOU models belong to the 
mean-reverting models. Now we respectively express 
their pricing formulas and parameters estimation 
method, as follows. Black and Scholes (1973) 
developed the pricing formula for stock options, 
assuming that the stock price dynamics satisfies the 
geometric Brownian motion. Subsequently, under the 
similar assumption in Black and Scholes (1973), 
Black (1976) derived the pricing formula for futures 
options. Grünbichler and Longstaff (1996) derived 
the options price for the SQR model, where the asset 
price (푉 ) for the SQR model has long-run mean and 
mean-reversion parameter, and the conditional 
variance of 푉  is positively linear with 푉 . Dai and 
Singleton (2000) derived the options price for the 
LOU model, where the LOU (log-normal Ornstein-
Uhlenbeck) model assume log (푉 ) rather than 푉  in 
SQR model to have mean-reverting characteristic. 
Duan (1995) derived the options price with respect to 
a pricing measure with the locally risk neutral 
valuation relationship (LRNVR). However, unlike 
Black-Scholes, SQR and LOU models which have the 
explicit solutions of options prices, the options prices 
for GARCH model must be via the numerical 
simulation.  
The rest sections are organized as follows. Section 2 
presents the four VIX options pricing models used in 
this study. Subsequently, Section 3 presents the 
empirical analysis. Finally, Section 4 provides our 
conclusions. 

 
II. VXO PRICING MODELS 
 
This study employs four one-factor pricing models to 
evaluate the Taiwan VXOs, where the four modes are 
Black-Scholes, SQR (square root) model, LOU (log-

normal Ornstein-Uhlenbeck) and GARCH models. 
Notably, both SQR and LOU models belong to the 
mean-reverting models. Now we respectively express 
their pricing formulas and parameters estimation 
method, as follows. 
 
A. Black-Scholes Model 
Referring to Black and Scholes (1973), this study 
specifies that the dynamic stochastic dynamic 
property of VIX price under the physical probability 
measure (P-measure) can be expressed as follows. 

푑푉 푉⁄ = 훿 푑푡 + 휎 푑푊                    (1) 
where푑푊 ~푁(0, 푑푡) is the Winner process under P-
measure, 푉  is the spot VIX price at time t, and 훿 and 
휎 are the constant drift rate and constant volatility of 
푉 , respectively. The current European VIX call and 
put option prices exercised at time T based on Black-
Scholes are respectively 
퐶 = 푒 [푉 Φ(푑 )− 퐾Φ(푑 )]
푃 = 푒 [퐾훷(−푑 )−푉 훷(−푑 )] (2) 

where 휏 ≡ 푇 − 푡  denote the time to maturity, 퐾 
denote the strike price and Φ(∙)  denote the 
cumulative probability function of a standard normal 
variable, respectively. In the empirical analysis, we 
adopt every 60 consecutive daily return data of VIX 
to estimate the parameter 휎. 
B. SQR model 

Referring to Grünbichler and Longstaff (1996) 
and Mencía and Sentana (2013), the SQR model for 
VIX price dynamics under P-measure is specified as 
follows. 
푑푉 = 휅 (휃̅ − 푉 )푑푡 + 휎 푉  푑푊           (3) 
where휃̅  and 휅  denote the long-run mean and mean-
reversion parameter of 푉 , respectively. The call 
options price for the SQR model is equal to 
퐶 (푡,푇) = 푉  푒 ( ) [1− 퐹 (2푐퐾;  휈 + 4,휓)] 

+휃̅[1− 푒 ]푒 [1− 퐹 (2푐퐾;  휈 + 2,휓)] (4) 
−퐾푒 [1− 퐹 (2푐퐾;  휈,휓)] 

where 휈 = 4휅휃̅/휎 , 휓 = 2푐푉 푒 , 푐 = 2휅/[휎 (1−
푒 )] , and 퐹 (∙;  휈,휓)  denotes the cumulative 
distribution function (CDF) of a non-central chi-
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square distribution with ν degrees of freedom and 
non-centrality parameter 휓 . Notably, the 
corresponding put prices for the SQR model can be 
determined via the put-call parity. 
 
C. LOU model 
The LOU (log-normal Ornstein-Uhlenbeck) model 
assume log (푉 ) rather than 푉  in SQR model to have 
mean-reverting characteristic. Referring to Mencía 
and Sentana (2013), the LOU model is specified as 
follows. 
푑log(푉 ) = 휅 (휃̅ − log(푉 ))푑푡 + 휎 푑푊   (5) 
where휃̅  and 휅  denote the long-run mean and mean-
reversion parameter of log (푉 ), respectively. The call 
options price for the LOU model is equal to 

퐶 (푡,푇) =

푒 퐹(푡,푇)Φ
( , ) .

( ) −

퐾Φ
( , ) .

( )     (6) 

where Φ(∙)  denotes the cumulative probability 
function of a standard normal variable.  
 
D. GARCH model 
Referring to Duan (1995), we additionally consider 
that the one-period return rate on 푉  is assumed to be 
conditionally lognormally distributed with a 
conditional variance of GARCH(1,1) under physical 
probability measure P. That is, 

log(푉 푉⁄ ) = 휆휎 − 휎 + 휀 ,      휀 |Ω ~푁(0, 휎 )
휎 = 훼 + 훼 휀 + 훽 휎 ,    훼 ,   훼 , 훽 ≥ 0.

      

 (7) 
where 휆  is the constant unit risk premium. The 
estimated call and put option prices are as follows. 
퐶 (푡,푇) = 푒 ∑ max 푉 , − 퐾, 0

푃 (푡,푇) = 푒 ∑ max 퐾 − 푉 , , 0
           (8) 

Applying the MATLAB software in the empirical 
analysis, we adopt every 60 consecutive daily data of 
VIX to estimate the parameters (훼 ,  훼 , 훽 , 휆) 
under P-measure. We simulate 푀 = 100,000 paths. 

 
III. EMPIRICAL ANALYSIS 
 
This study aims to price the TXO options and 
compares the price differences among various options 
pricing models. Our research data, extracted from the 
Taiwan Economic Journal (TEJ) database, include the 
TAIFEX (Taiwan Futures Exchange Index), VIX 
(TAIFEX volatility indexes) and the risk-free rates 
(First Bank one-year term deposit). The sample 
period runs from December 2006 to January 2018, a 
total of 2,765 daily observations. The data treatment 
and analysis are mainly processed by the MATLAB 
program and the EViews software. Table 1 lists the 
descriptive statistics of TAIEX and VIX, and Table 2 
lists the parameter estimates result. 

This section mainly analyzes the VXO prices 
estimated by various options pricing models with 
respect to different strike prices and maturities. That 
is, we consider seven different strike prices (퐾∗ − 3,
퐾∗ − 2, 퐾∗ − 1, 퐾∗, 퐾∗ + 1, 퐾∗ + 2,  퐾∗ + 3 ) and 
five maturities (30, 60, 90, 180, and 270 trading days) 
in the options pricing, where 퐾∗  denotes the initial 
VIX value 푉 for each disjointed period. Accordingly, 
there are totally 45 calls and 45 puts for each 
disjointed period. Since there are 46 disjointed 
periods, we totally evaluate 2,070 calls and 2,070 
puts. 
We firstly compare the average VXO prices among 
various options pricing models. Table 3 lists the 
average VIX options prices which are averaged from 
46 estimated options prices based on totally 46 
disjointed periods. Additionally, to further clarify the 
prices differences between various options pricing 
models, Figure 1 graphs all the empirical results in 
Table 3. Based on Table 3 and Figure 1, this study 
infers the following consistent findings regardless of 
options type (calls or puts), strike price and maturity. 
First, the GARCH model obtains the largest average 
estimated options prices, and the follower are BS, 
SQR and LOU models in descending order. Second, 
the average options prices estimated by the SQR 
model are almost equivalent to those estimated by the 
LOU model. Third, the options prices are always 
increasing with maturity days for the BS and GARCH 
models. Fourth, for the at-the-money options (the 
strike price 퐾∗), the call prices are the same as the put 
prices for the BS, SQR and LOU models. This fact 
corresponds to the assumed martingale property of 
the VIX price. For instance, whatever calls and puts, 
the average options prices with maturity 90 days are 
equal to 4.3063, 1.0530 and 1.0055 estimated by BS, 
SQR and GARCH models, respectively. Fifth, due to 
the mean-reverting property, the options prices need 
not be increasing with maturity days for the SQR and 
LOU models. For instance, the at-the-money call 
prices are equal to 1.0267 (0.9879), 1.0504 (1.0047), 
1.0530 (1.0055), 1.0484 (1.0004) and 1.0424 
(0.9947) for the SQR (LOU) model with maturities 
30, 60, 90, 180, and 270 trading days, respectively. 
And, the in-the-money put prices with strike 
price  퐾∗ − 2  are equal to 0.4265 (0.3879), 0.4491 
(0.4040), 0.4525 (0.4057), 0.4510 (0.4036) and 
0.4482 (0.4011) for the SQR (LOU) model with 
maturities 30, 60, 90, 180, and 270 trading days, 
respectively. 

 
CONCLUSIONS 
 
This study aims to reasonably evaluate the VXO 
prices on Taiwan stock index. Examining on the 
Taiwan VIX data from December 2006 to January 
2018, the main research findings are expressed as 
follows. First, the VIX and TAIEX generally move in 
opposite direction. Thus, the VIX in Taiwan can also 
be represented as a gauge of the investor fear and 
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sentiment in Taiwan stock market. Second, the 
estimated volatility values of daily VIX returns for 
various models generally have the descending order 
of GARCH > BS > SQR > LOU. Hence, we obtain 
the empirical result that the estimated options prices 
generally have the same order for the four options 
pricing models. Third, the average options prices 
estimated by the SQR model are almost equivalent to 
those estimated by the LOU model. Additionally, due 
to the mean-reverting property, the options prices 
need not be increasing with maturity days for the 
SQR and LOU models. Forth, the options prices are 
always increasing with maturity days for the BS and 
GARCH models. Sixth, the options prices estimated 
by the GARCH model are more volatile than the 
other three models.  
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Table 1: Descriptive statistics of TAIEX and VIX 
 TAIEX-

index VIX-index TAIEX-
return VIX-return 

Mean 8246.04  19.97 0.0207% 0.1683% 

Median 8285.89  17.14 0.0780% -0.2634% 

Std. Dev. 1249.14  8.81 1.1868% 6.2414% 

Minimum 4089.93  7.82 -6.5133% -49.8697% 

Maximum 11253.11  60.41 6.7422% 100.8726% 

Skewness -0.7130 1.3085 -0.2989 2.9194 

Kurtosis 1.4760 1.5240 4.0013 38.9260 

Observations 2,765 2,765 2,764 2,764 

Correlation -0.7349 -0.4319 

 
Table 2: Parameter Estimates Result 

Model ParameterMean Median Std Min Max 

BS σ 0.0554  0.0514  0.0221  0.028  0.1485  

SQR 
휅  0.1547  0.1441  0.1136  0.019  0.6962  

휃̅  20.4294  16.8946  10.0083  10.5629  61.9962  

σ 0.2471  0.2131  0.1195  0.1156  0.5942  

LOU 

휅  0.1538  0.1419  0.1098  0.0260  0.6716  

휃̅  2.9158  2.8168  0.4019  2.3516  4.0332  

σ 0.0535  0.0508  0.0193  0.0271  0.1182  

GARCH

훼 × 10  1.6114  1.2144  1.9622  0.0002  12.3073  

훼  0.1741  0.0495  0.2896  0.0000  1.0000  

훽  0.3687  0.3547  0.3782  0.0000  1.0000  

λ 0.0164  0.0202  0.0840  -0.1320  0.2063  

 
Table 3: The average prices of VIX options for 

TAIEX in the sample period 
  Calls 

Maturity Model 퐾∗ − 3 퐾∗ − 2 퐾∗ − 1 퐾∗ 퐾∗ + 1 퐾∗ + 2 퐾∗ + 3 

30 days 

BS 4.2423 3.5815 3.0082 2.5251 2.1273 1.8043 1.5437 

SQR 3.3051 2.4231 1.6323 1.0267 0.6593 0.4624 0.3493 

LOU 3.2708 2.3846 1.5905 0.9879 0.6288 0.4391 0.3311 

GH 4.4266 3.7749 3.2084 2.7310 2.3377 2.0182 1.7596 

60 days 

BS 5.0746 4.4978 3.9882 3.5433 3.1583 2.8266 2.5414 

SQR 3.3213 2.4424 1.6543 1.0504 0.6838 0.4867 0.3731 

LOU 3.2806 2.3973 1.6057 1.0047 0.6462 0.4562 0.3476 

GH 5.5142 4.9538 4.4584 4.0263 3.6528 3.3314 3.0550 

90 days 

BS 5.7277 5.1989 4.7263 4.3063 3.9347 3.6065 3.3167 

SQR 3.3198 2.4425 1.6558 1.0530 0.6871 0.4904 0.3769 

LOU 3.2774 2.3956 1.6055 1.0055 0.6476 0.4580 0.3495 

GH 6.4115 5.9033 5.4496 5.0473 4.6923 4.3797 4.1044 

180 days 

BS 7.1767 6.7304 6.3237 5.9535 5.6163 5.3089 5.0284 

SQR 3.3039 2.4310 1.6482 1.0484 0.6844 0.4887 0.3760 

LOU 3.2610 2.3836 1.5974 1.0004 0.6443 0.4557 0.3478 

GH 7.8283 7.4076 7.0258 6.6800 6.3670 6.0837 5.8266 

270 days 

BS 8.2299 7.8333 7.4685 7.1325 6.8226 6.5363 6.2714 

SQR 3.2869 2.4182 1.6393 1.0424 0.6802 0.4857 0.3735 

LOU 3.2442 2.3711 1.5887 0.9947 0.6404 0.4528 0.3456 

GH 8.6048 8.2322 7.8914 7.5798 7.2945 7.0328 6.7925 

  Puts 

Maturity Model 퐾∗ − 3 퐾∗ − 2 퐾∗ − 1 퐾∗ 퐾∗ + 1 퐾∗ + 2 퐾∗ + 3 

30 days 

BS 1.2473 1.5848 2.0098 2.5251 3.1256 3.8010 4.5387 

SQR 0.3101 0.4265 0.6340 1.0267 1.6576 2.4590 3.3443 

LOU 0.2758 0.3879 0.5922 0.9879 1.6271 2.4357 3.3261 

GH 1.4275 1.7741 2.2059 2.7267 3.3318 4.0106 4.7503 

60 days 

BS 2.0847 2.5045 2.9915 3.5433 4.1549 4.8199 5.5314 

SQR 0.3314 0.4491 0.6576 1.0504 1.6804 2.4800 3.3631 

LOU 0.2906 0.4040 0.6091 1.0047 1.6428 2.4495 3.3376 

GH 2.5171 2.9534 3.4547 4.0193 4.6423 5.3176 6.0379 

90 days 

BS 2.7427 3.2089 3.7313 4.3063 4.9297 5.5965 6.3017 

SQR 0.3348 0.4525 0.6608 1.0530 1.6820 2.4803 3.3619 

LOU 0.2924 0.4057 0.6105 1.0055 1.6426 2.4479 3.3345 

GH 3.3654 3.8522 4.3934 4.9861 5.6261 6.3085 7.0282 

180 days 

BS 4.2067 4.7504 5.3337 5.9535 6.6063 7.2889 7.9984 

SQR 0.3339 0.4510 0.6582 1.0484 1.6744 2.4687 3.3459 

LOU 0.2910 0.4036 0.6074 1.0004 1.6343 2.4357 3.3178 

GH 5.0951 5.6644 6.2725 6.9167 7.5938 8.3004 9.0333 
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270 days 

BS 5.2747 5.8632 6.4834 7.1325 7.8076 8.5064 9.2265 

SQR 0.3318 0.4482 0.6542 1.0424 1.6653 2.4558 3.3287 

LOU 0.2891 0.4011 0.6037 0.9947 1.6255 2.4229 3.3007 

GH 6.2021 6.8146 7.4588 8.1322 8.8320 9.5553 10.3001 

 

 

 

 

 
Figure 1. The average prices of VIX options 
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