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Abstract - Software reliability engineering is critical for software industry since it can provide useful information for software 
developers and testing staff during the testing phase. In recent years, several software reliability growth models (SRGMs) help 
software industries to develop such software which is error free and reliable. Moreover, most of SRGMs were developed based 
on the assumption of non homogeneous Poisson process (NHPP) since it can explain the phenomenon of software reliability 
growth in statistical analysis during debugging phase. However, the issues of accurately estimating SRGMs’ confidence 
intervals and dealing with models’ parameters under insufficient historical data will be a challenge to software managers. 
Accordingly, in this study, the two theoretical models will be proposed to extend the applications of SRGMs in order to refine 

the decision quality of software release.  Stochastic differential equation and Bayesian decision analysis will be applied to 
Ohba’s inflection S-shaped model for demonstrating the proposed models. 
 

Index Terms - Software reliability; confidence intervals; stochastic differential equations; Bayesian analysis; 
Non-homogeneous Poisson process 

 

I. INTRODUCTION 

 
As the role of software is expanding rapidly in modern 

society, the quality and customer satisfaction have 

become the main goals for software engineers and 

software development organizations. Software 

reliability growth modelling is a tool which can be 

used to evaluate the changes in reliability performance 

and software development status. The purpose of 

software Reliability Growth Models (SRGMs) is to 

provide techniques to predict future failure behavior 

from known characteristics of the software testing 

work. Software developers need to decide the optimal 
software release time, refine the quality of software 

testing tasks, and control related software 

testing/debugging cost by means of software 

reliability growth models (SRGMs) to ensure the 

software functionality. Generally, these software 

reliability growth models in previous literature are 

discussed in several kinds of probability distributions 

such as Exponential-shaped, S-shaped, and a mix of 

the two [2]. The software failure phenomena are 

mostly examined based on the Non-homogeneous 

Poisson Process (NHPP). The exponential SRGM that 

Goel and Okumoto [14] proposed is effective to 
portray the fault-detection process of software. In 

addition, quite a few of generalizations or 

modifications of SRGMs have been proposed in that 

the curve of cumulative number of faults detected is 

often associated with Exponential-shaped or S-shaped 

mean value functions. For instance, the delayed 

S-shaped reliability growth models proposed by 

Yamada et al. [3] and Yamada [4]. An inflection 

S-shaped reliability growth model was proposed by 

Ohba [5][6].  Pham and Zhang [7] proposed a software 

reliability model that combines testing coverage 
measures to assess the software reliability. Huang [8] 

joins a generalized logistic testing-effort function and 

the change-point parameter for analyzing system 
performance in their proposed model.  

How to correctly estimate the interval of mean value 

functions is the main focus of this study. Since the 

number of software errors is finite, there should be less 

software errors to be detected with time. The variance 

of cumulative software errors should be decreasing 

instead of increasing with time. Tamura and Yamada 

[9] proposed the concept that the variance of the mean 

value function stem from the error detection process 

and used stochastic differential equations method 

(SDE) to deduce the mean value function. These 
mentioned models still have some problems even 

though SDE is effective in evaluating the mean value 

function. For example, Yamada et al. [10] proposed a 

simple SRGM by applying an Itô type of SDE where 

the error detection rate is constant, but the error 

detection rate would vary over time in practice. Lee et 

al. [11] developed an SRGM by using an Itô type SDE 

based on the delayed S-shaped and the inflection 

S-shaped models respectively proposed by Yamada et 

al. [3] and Ohba [6], without considering the variance 

in the mean value function. This may be an important 

factor to measure testing costs during the testing phase. 
Tamura and Yamada [9] derived a flexible SDE model 

to describe the fault-detection process by using an 

inflection S-shaped SRGM and an Itô type SDE [12], 

but such a model improperly presents the expectation 

and variance of the mean value function, and lacks a 

complete process for obtaining the parameters of the 

model.  

On the other hand, the application of most SRGMs 

depends on having sufficient historical data as well as 

unchanged testing/debugging conditions, such as the 

same working experiences and capabilities of the 
testing staff requirements which are inappropriate for 
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the more common cases of insufficient information or 

changes in testing/debugging conditions. Under such 
circumstances, Bayesian analyses might be favorable, 

since experts could evaluate the parameters of an 

SRGM based on both their experience and the scarce 

software testing data already collected. Some studies 

regarding Bayesian methods in software reliability 

which emphasize the advantages of the Bayesian 

philosophy as compared to classical approaches.  

A number of studies have applied Bayesian 

approaches to the development of SRGM: Kuo and 

Yang [18] extended the model proposed by Yamada [3] 

using a Bayesian methodology, and the parameters of 

the model are assumed to be Gamma distributed, 
further, Kuo et al. [17] employed Metropolis 

algorithms along with a Gibbs sampling approach to 

perform Bayesian inference of the model proposed by 

Goel and Okumoto’s [14], Cid and Achcar [1] 

developed a software reliability model using Bayesian 

analysis and Markov chain Monte Carlo (MCMC) 

method, which is often used to evaluate parameters in 

the field of software reliability with an assumption of 

non-monotonic intensity functions.Aktekin and Caglar 

[19] also developed such Bayesian model with 

consideration of imperfect debugging.   In addition, a 
Bayesian network is another approach to predict and 

manage software reliability with insufficient historical 

data, and a Gibbs sampling approach and MCMC 

method are also employed for related Bayesian 

network models. In addition, a Bayesian network is 
another approach to predict and manage software 

reliability with insufficient historical data, and a Gibbs 

sampling approach and MCMC method are also 

employed for related Bayesian network models. 

According to the above discussion, a SRGM with 

confidence intervals derived by SDE as well as a 

Bayesian SRGM will be proposed in this study to 

assist software developers in properly dealing with the 

risks of software reliability estimation. 

 

II. ESTIMATION OF SRGM’S CONFIDENCE 

INTERVALS BY SDE 

 

Various software reliability growth models have been 

proposed in the last two decades, and some of these 

models were fairly effective in prediction of the 

average number of cumulative software errors during 

the testing task. These models based on 

non-homogeneous Poisson process include Goel and 

Okumoto’s model[14], Yamada’s delayed S-shaped 

model [3], Ohba’s inflection S-shaped model [6], 

Musa exponential model[15], Chiu and Haung’s 

learning effect model [16]. Table 1 shows the 
corresponding mean value functions and the error 

detection rate functions for the five classic models. 

 
Table 1 Summary of mean value and error detection rate functions for the classic models 

Model Mean value function and error detection rate function 

Goel and Okumoto’s model[15] 
m(t) = a(1 − e−bt ) 

d(t) = b 

Yamada’s Delayed S-shaped model [3] 

m(t) = a(1 − (1 + bt)e−bt ) 

d(t) =
b2t

(1 + bt)
 

Ohba’s Inflection model [6] 

m(t) = a  
1 − e−bt

1 + ce−bt
  

d(t) =
b

(1 + ce−bt )
 

Musa Exponential Model [15] 
m(t) = a  1− e−(

ct

nL
)  

d(t) = αβre−βt  

Chiu and Haung’s learning effect model 

[16] 

m(t) = a 1 −
1 +

η

α
η

α
+ e(α+η)t

  

d(t) = (α + η)  1 −
η

αe(α+η)t + η
  

 

The following notations will be used to deduce the 

model of this study: 
Notations: 

a: the expected number of all potential errors in the 

software system before the software testing begins 

m(t): the mean value function of the software error 

detection process, which is the expected number of 

errors detected within time (0, t) 

M(t): the function of the residual software errors at 

time t 

d(t): the error detection rate per error at time t 

W(t): the variable for Wiener process  

σ: the standard deviation stems from testing process, 

and it is a positive constant to denote the magnitude of 

the irregular fluctuation. 

f a, b,  c : the prior distribution of Bayesian analysis. 
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f′ a, b,  c : the posterior distribution of Bayesian 

analysis. 

L D n |a, b, c : thelikelihood function of the posterior 

distribution. 

 

In this study, Ohba’s Inflection model is applied to 

develop the proposed methods. According to the 

behavior of testing and debugging, we assume the 

irregular fluctuation is influenced by the error 

detection rate, and it can be represented by the 

following stochastic differential equation: 

LetM(t) = a − m(t), d(t) =
b

1+ce−bt  

dM(t)

dt
= −(d t + σdW(t))M(t) 

dM(t)

dt

M(t)
= −(d t + σdW(t)) 

Let Z(t) = ln[M(t)] 
According Itô’s calculus: 

dZ(t) = {−d(t) −
1

2
(−σ)2}dt − σdW(t) 

 dZ
T

0

(t) =  −d(t)dt
T

0

− 
1

2
σ2dt

T

0

− σdW(t)
T

0

 

∵ −d(t)dt
T

0
=  

−b

1+ce−bt dt
T

0

= ln[
(1+c)e−bT

1+ce−bT ] 

∴ dZ
T

0
(t) = ln[

(1+c)e−bT

1+ce−bT ]− 
1

2
σ2dt

T

0

−  σdW(t)
T

0
 

ln[M(T)] = ln[
(1 + c)e−bT

1 + ce−bT
] − 

1

2
σ2dt

T

0

− σdW(t)
T

0

+ constant 

M(T) =
(1 + c)e−bT

1 + ce−bT
e−

1

2
σ2T−σw(T)+constant

 

E[M(T)] =
(1 + c)e−bT

1 + ce−bT
econstant −

1

2
σ2TE[e−σW (T)] 

∵E[e−σW (T)] =  e−σx 1

 2πT
e−

x 2

2T dx
∞

−∞

= e
1

2
σ2T

 

∴ E[M(T)] =
(1 + c)e−bT

1 + ce−bT
econstant −

1

2
σ2Te

1

2
σ2T  

=
(1 + c)e−bT

1 + ce−bT
econstant  

∵Initial condition: M(0) = a 

∴constant=ln[a] 

∴E[M(T)] = a(
(1+c)e−bT

1+ce−bT ) 

∴E[m(T)] = E[a − M(T)] = a(
1−e−bT

1+ce−bT ) 

Var[m(T)] = Var[M(T)] = E[M(T)2]− E[M(T)]2 

E[M(T)2] = E[a2(
(1 + c)e−bT

1 + ce−bT
)2e−σ

2T−2σW (T)] 

(It is deduced by Itô’s calculus under the initial 

condition: M(0)2 = a2) 

∵E[e−2σW (t)] = e2σ2T  

E[M(T)2] = a2  
(1 + c)e−bT

1 + ce−bT
 

2

eσ
2T (1) 

Var[m(T)] = Var[M(T)] = E[M(T)2]− E[M(T)]2 

= a2  
(1 + c)e−bT

1 + ce−bT
 

2

(eσ
2T − 1) 

(2) 

According to the above Equations, we have got the 

general forms of the expectation E[m(T)] and the 

variance Var[m(T)] of the mean value function.  

 

III. ESTIMATION OF CONFIDENCE 

INTERVALS 

 

In this section, the relevant confidence intervals of the 

SRGMsare developed; the confidence interval of the 

mean value function can be developed using 

Equations (3) and (4), which is given by 

E[m(T)] ± tCR /2,n−kσ[m(T)] 1 +
1

n
+

(T−t  )2

 (ti−t  )2n
i =1

, (3) 

whereCR denotes the critical region, tCR /2,n−kdenotes 

the value providing an area CR 2  of the Student-t 

distribution with n − k degrees of freedom.  
However, in the classical model, owing to the different 

expression of σ 2  the confidence intervals that are 
correspondent with Equation (3) would be somewhat 

dissimilar. For instance, in the classical model, the 

confidence interval of the mean value function is 

expressed as 

E[m(T)] ±

tCR /2,n−k (
 (m i−m(ti ))2n

i=1

n−k
)(1 +

1

n
+

(T−t  )2

 (ti−t  )2n
i =1

). 
(4) 

 

IV. DECISION FOR OPTIMAL SOFTWARE 

RELEASE 

 

In practice, software developers would like to know 

when the software testing should be stopped so that the 
related costs can be minimized and the requirement of 

software quality can be met. In general, the longer the 

testing time the more reliable the software. However, a 

longer testing time will increase costs and lead to the 

loss of commercial opportunities. Therefore, optimal 

release policies are of practical importance for 

software developers. 

In order to minimize the total testing cost and meet the 

minimal requirement of software reliability, the 

optimal software release model can be formulated as: 

Min E[C(T)] = C0 + C1T + C2E[m(T)]uy + C3(1

− R(x/T)) + C4(v1 + T)v2 

Subject to: R(x/T) ≥ R0, 

(5) 

where C0 is the set-up cost for software testing, C1 is 

the software routine cost per unit time, C2 is the cost of 

removing an error per unit time during testing, C3 is 

the loss due to software failure,C4(v1 + T)v2  is the 

loss of commercial opportunities due to postpone 

software release. R0 is the minimum requirement of 
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software reliability for avoiding a premature software 

release.  
 

Note that the optimal software release time can be 

determined using Equation (5), but it only fits for an 

average case. However, in the worst case scenario, 

software reliability might not reach the expected level 

if the software debugging is not effective. Therefore, 

software developers should give a conservative 

estimation of software reliability. Consequently, the 

mean value function E[m(T)]  and the software 

reliability functionR(x/T) in Equations  (5) should be 

changed to expressions in terms of lower boundaries 

mLB
CR (T)  and RLB

CR (x/T) given a specified critical 

regionCR, and therefore the expected total software 

testing cost in the worst case can be rewritten as: 

Min ELB
CR [C(T)] = C0 + C1T + C2mLB

CR (T)uy + C3(1

− RLB
CR (x/T)) + C4(v1 + T)v2  

Subject to: RLB
CR (x/T) ≥ R0, 

(6) 

Decision makers can set an appropriate confidence 

level to determine the optimal release time with 

consideration of both software quality and costs 

during the testing phase. 

 

V. BAYESIAN ANALYSIS FOR SRGM 

 

In some cases, the manager does not have sufficient 
historical data to estimate the software reliability of a 

newly developed software system, and thus the results 

obtained from analytical models may not be reliable. 

In such situations, Bayesian analysis is a reasonable 

approach to additionally take expert opinions into 

account for better decision making. 

 

Before performing the debugging task of a new 

project, and with insufficient historical data, the 

managers might devise various test schemes according 

to different personnel allocations. Due to the 

uncertainty of the parameters, the experts should 
carefully evaluate the value of the parameters, such as 

their prior expectations and variances, which can be 

incorporated with the cost functions to perform the 

prior analysis and obtain the corresponding testing 

cost, software reliability, and optimal release time 

with respect to each scheme. Managers can thus 

choose the best scheme with the minimal cost to 

proceed with the debugging task. However, if the 

managers are not confident with the results of the prior 

analysis, then posterior analysis should be carried out. 

Specifically, the debugging data from the beginning of 
the debugging task to a tolerable deadline would be 

collected to amend the test scheme. 

 

In performing the prior analysis, a suitable 

probabilistic distribution in modeling the uncertain 

state of nature is required to estimate the relevant 

expectation, such as a and b. According to the 

assumptions stated in Cid and Achcar[1], the two 

parameters can be assumed to be mutually 

independent and Gamma distributed. Therefore, the 

joint prior distribution would be expressed as follow: 

f a, b,  c =
aθa−1αθb−1cθ c−1e

 −(a γa +b γb +c γ c  

Γ(θa )Γ(θb )Γ(θc ) γa
θa γb

θb γc
θ c

, (7) 

where Γ(•  denotes the Gamma function and the three 

parameters are assumed to be independent to each 

other. γa , γb  and γc denote the scale parameters, θa , 

θb  and θc  denote the shape parameters for the 

individual Gamma distribution of a , b  and c 

respectively.  

These scale and shape parameters cannot be directly 

and easily specifiedin practice, but can be evaluated 
through the corresponding means and variances, 

which are given as θa = σ(a)2 E (a) , θb =
σ(b)2 E (b) , θa = σ(c)2 E (c) , γa = E(a) σ(a) , 

γb = E(b) σ(b)  and γc = E(c) σ(c) . 
By using the joint prior distribution, we can derive the 

expected number of errors detected up to time T and 

the expected conditional software reliability in the 

prior analysis, which are given by 

E m T  =    m T f a, b, c dcdbda 

∞

0

∞

0

∞

0

 (8) 

and 

E  R(x T   =    R(x T )f a, b, c dcdbda 

∞

0

∞

0

∞

0

 (9) 

respectively. 

However, managers might not be confident with the 

results of the prior analysis, hence the debugging data 

from the beginning of the debugging task to a tolerable 

deadline are collected to form a more reliable joint 

distribution of a , b  and c  to estimatethe relevant 

expectation which would used in the posterior 
analysis. Accordingly, suppose that the process 

ofdetecting software errors can be modeled by an 

NHPP, the likelihood function can be given as follow: 

L D n |a, b, c =   λ(ti 
n

i=1
e
 −m(tn  , (10) 

whereti  denotes the time to the ith detected software 

error, and D n = {t1 , t2 , . . , tn}  denotes the set of ti. 
Therefore, the joint posterior distribution, which is 

proportional to the product of the prior distribution and 

the likelihood function, can be expressed as  

f′ a, b,  c ∝ f a, b,  c L D n |a, b, c =

Kf a, b,  c L D n |a, b, c . (11) 

In order to perform the more reliable and realistic 

posterior analysis, where K is a normalizing factor to 
ensure that the distribution is summed up to 1, namely 

K = 1    f a, b, c L D n |a, b, c dcdbda 
∞

0

∞

0

∞

0
 , (12) 

and therefore the expected number of errors detected 

up to time  T and the expected conditional software 

reliability for the posterior analysis are given by 

E′ m T  =    m T f′ a, b, c dcdbda 

∞

0

∞

0

∞

0

 (13) 

and 

E′  R(x T   =    R(x T )f′ a, b, c dcdbda 

∞

0

∞

0

∞

0

 (14) 

respectively. 
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CONCLUSION 

 
In this study, the two theoretical models will be 

proposed to extend the applications of SRGMs in 

order to refine the decision quality of software release.  

Stochastic differential equation and Bayesian decision 

analysis will be applied to Ohba’s inflection model for 

demonstrating the proposed models. 

Firstly, in order to construct effective confidence 

intervals of the mean value function and the software 

reliability, SDE was utilized to develop the application, 

whose variance is assumed to stem from the error 

detection rate. It can assist software developers in 

determining optimal release times at different 
confidence levels. From the inference procedure, the 

effects of time on the error detection rate and the 

variance in the mean value function would be crucial 

to the shapes and confidence intervals regarding the 

mean value function. 

Secondly, the application of most SRGMs depends on 

having sufficient historical data as well as unchanged 

testing/debugging conditions. However, it is 

inappropriate for the case of insufficient information 

or changes in testing/debugging conditions. Under 

such circumstances, Bayesian analyses might be 
favorable, since experts could evaluate the parameters 

of an SRGM based on both their experience and the 

scarce software testing data already collected.  

Finally, the possibleextension of thestudy is to deal 

with the scheduling problem of testing complex and 

parallel software modules to achieve the minimal 

testing time under the limited testing resources and the 

certain reliability requirements. 
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