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Abstract - In computational geometry and robot motion planning, a visibility graph is a graph of intervisible locations, 
typically for a set of points and obstacles in the Euclidean plane. Visibility graphs may also be used to calculate the 
placement of radio antennas, or as a tool used within architecture and urban planningthrough visibility graph analysis. This is 
a brief survey on the visibility graphs application in Art Gallery Problems and Theorems. 
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I. INTRODUCTION 
 
In a visibility graph, each node in the graph 
represents a point location, and each edge represents 
a visible connectionbetween them. That is, if the line 
segment connecting two locations does not pass 
through any obstacle, an edge is drawn between them 
in the graph. Lozano-Perez & Wesley (1979) attribute 
the visibility graph method for Euclidean shortest 
paths to research in 1969 by Nils Nilsson on motion 
planning for Shakey the robot, and also cite a 1973 
description of this method by Russian mathematicians 
M. B. Ignat'yev, F. M. Kulakov, and A. M. 
Pokrovskiy.ElGindy has pioneered their investigation 
in his thesis (ElGindy 1985). He obtained a 
specialized result by restricting the class of graphs to 
maximal outerplanar graphs. Although this result is 
very restricted, it is the most general obtained to date. 
Visibility graphs may also be used to calculate the 
placement of radio antennas, or as a tool used within 
architecture and urban planning through visibility 
graph analysis. The art gallery problem is the 
problem of finding a small set of points such that all 
other non-obstacle points are visible from this set. 
 
II. PRELIMINARIES [2,3,6,8,13] 
 
Chvatal constructed the first proof of the art gallery 
problem in 1975.  It was very elaborate and used 
induction.  In 1978 Steve Fisk constructed a much 
simpler proof based on dividing a polygon into 
triangles using diagonals. So, Fisk’s method is used 
for proving or solving the problem.The art gallery 
problem is the problem of finding a small set of 
points such that all other non-obstacle points are 
visible from this set. 

 
Definitions 1: 
Guard: A point, a line segment, or a line—a source of 
visibility or illumination. Vertex guard: A guard at a 
polygon vertex. Point guard: A guard at an arbitrary 
point. Interior visibility: A guard x ∈ P can see a 
point y ∈ P if the segment xy is nowhere exterior to 
P: xy⊆ P. Exterior visibility: A guard x can see a 

point y outside of P if the segment xy is nowhere 
interior to P; xy may intersect ∂P, the boundary of P. 
Star polygon: A polygon visible from a single interior 
point. Diagonal: A segment inside a polygon whose 
endpoints are vertices, and which otherwise does not 
touch ∂P. Floodlight: A light that illuminates from the 
apex of a cone with aperture α. Vertex floodlight: 
One whose apex is at a vertex (at most one per 
vertex). 
 
The problem: 
What is the art gallery problem? 
For instance, if one owns an art gallery and want to 
place security cameras so that the entire gallery will 
be safe from thieves. 
Where the cameras should be placed?What is the 
minimum number of cameras needed to keep the art 
collection safe? 
 
Definition2:[10] 
Decomposition of a polygon into triangles by a 
maximal set of non-intersecting diagonals is known 
as triangulation.  
 

 
 
To make things easier, decompose a polygon into 
pieces that are easy to guard. Draw diagonals (an 
open line segment that connects two vertices and lie 
in the interior of the polygon) between pair of 
vertices. Guard the polygon by placing a camera in 
every triangle.  
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Theorem 1:Every simple polygon has a 
triangulation. Any triangulation of a simple polygon 
with n vertices consists of exactly n – 2 triangles. 
Note 1: Theorem 1 implies that n – 2 cameras can 
guard the simple polygon.A camera on diagonal 
guards two triangles. Therefore, cameras can be 
reduced to roughly n/2. A vertex is adjacent to many 
triangles.  So, placing cameras at vertices can do even 
better 
 
III. COMPARATIVE STUDY ON ART 
GALLERY PROBLEMS[1,5,6,7,9,12,14] 
 
Theorem 2: ⌊n 3⁄ ⌋guards are occasionally necessary 
and always sufficient to cover a polygon with n 
vertices.  
 
Proof: 
Step 1: Subdivide into triangles 
(i) Divide the polygon into triangles, with the vertices 
of the polygon becoming the vertices of the triangles.  
Some vertices may belong to more than one 
triangle.(ii) Make sure that none of the lines we add 
cross one another or pass outside the polygon’s 
boundaries.  There are many ways to do this. 
Step 2: Apply the Three-Color Theorem 
(i)Apply a theorem which says that the vertices of 
any triangulated polygon can be three-colored. 
(ii)Using only red, blue, and green, color all of the 
vertices of the polygon so that no two adjacent 
vertices are the same color. (iii)If done correctly, each 
triangle will end up with one corner of each color. 
Step 3: Placing the guards 
(i)Now pick one of the colors and put a guard at each 
corner having that color.(ii) For a figure with n 
vertices, where nis not divisible by three, all colors 
will not have an equal number of vertices. To know 
the least number of guards we can use, so we choose 
a color with the least number of vertices. 
Step 4: Problem solved 
(i)Since each triangle has each color on its three 
vertices, by placing the guards at the corners with one 
given color, the guards will be able to see each 
triangle, collectively.  Since each triangle is 
protected, the entire polygon is protected. (ii) Thus, 
the polygon of n vertices can be guarded 
by⌊n 3⁄ ⌋guards.     

3.1 Orthogonal polygons 
An orthogonal polygon is one whose edges are all 
aligned with a pair of orthogonal coordinate axes, 
which we take to be horizontal and vertical without 
loss of generality. Thus, the edges alternate between 
horizontal and vertical, and always meet 
orthogonally, with internal angles of either 90° or 
270°. Orthogonal polygons are useful as 
approximations to polygons; and they arise naturally 
in domains dominated by Cartesian coordinates, such 
as raster graphics, VLSI design, or architecture.The 
orthogonal art gallery theorem was first formulated 
and proved by Kahn, Klawe, and Kleitman in 1980 
(Kahn et al. 1983). It states that ⌊n 4⁄ ⌋ guards are 
occasionally necessary and always sufficient to see 
the interior of an orthogonal art gallery room. 
 
3.1.1 Partitioning orthogonal polygons into convex 
pieces[3,6,16] 
A convex quadrilaterization of an orthogonal polygon 
P is a partition of P into a set of convex quadrilaterals 
with disjoint interiors such that the edges of these 
quadrilaterals are either edges of P or diagonals 
joining pairs of vertices of P. 

 
 
Theorem 3: Any orthogonal polygon is convex 
quadrilaterizable. 
Theorem 4:⌊r 2⁄ ⌋ + 1 guards are always sufficient 
and occasionally necessary to guard an orthogonal 
polygon with r reflex vertices. 
 
3.2 Guarding traditional art galleries[6,13] 
In the classical Art Gallery Theorem, an art gallery is 
a simple polygon on the plane. In a more realistic 
setting, a traditional art gallery is housed in a 
rectangular building subdivided into rectangular 
rooms. Assume that any two adjacent rooms have a 
door connecting them. 
Consider a rectangular building 
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The dual graph of the rectangular building is

- 
Note 2:How many guards need to be stationed in the 
gallery so as to guard all its rooms? Notice that a 
guard who is stationed at a door connecting two 
rooms will be able to guard both rooms at once, and 
since no guard can guard three rooms, it follows that 
if the art gallery has n rooms we need at 
least⌈n 2⁄ ⌉guards. 
Theorem 5:Any rectangular art gallery with n rooms 
can be guarded with exactly⌈n 2⁄ ⌉guards. 
Theorem 6: Every rectangular art gallery has a 
Hamiltonian path. Moreover, this path starts and ends 
at external rooms. 
 
3.3 Non-rectangular Art Galleries 
The problem of guarding art galleries housed in 
convex buildings that are subdivided intoconvex 
rooms. As before, we will assume that whenever two 
rooms share a wall, there is a door connecting them. 
Consider a convex art gallery subdivided into convex 
rooms. 

 
The dual graph of the convex gallery 

 
Theorem 7: Any convex art gallery T with n convex 
rooms can be guarded with at most⌈2n 3⁄ ⌉ guards. 

3.4 Floodlight illumination problems 
The light sources emit light in all directions, or that 
the guards can patrol around themselves in all 
directions. Now, an illumination problem in which 
the light sources have a restricted angle of 
illumination. We call such light sources floodlights. 
Thus, for the rest of this paper, a floodlight fi is a 
source of light located at a point p of the plane, called 
its apex; fi illuminates only within a positive angle of 
illumination αi, and can be rotated around its apex. 
Problem 1:(The 3-floodlight illumination problem) 
Let α1 +α2 + α3 = π and consider any convex polygon 
P. Can we place three floodlights of sizes at most 
α1,α2,α3, no more than one per vertex, in such a way 
that P is completely illuminated? 
 
3.5 Moving guards 
Here theguarding problems in which our guards are 
represented by points that are allowed to move within 
a polygon. In ‘The Hunter’s Problem’, a set of 
hunters and a prey that are allowed to move freely 
within a polygon. The hunters move with a bounded 
velocity, and the prey moves with unbounded 
velocity.Our objective is to decide if there is a 
strategy that the hunters can follow to catch the prey. 
The prey is considered caught if it comes within sight 
of a hunter. A polygon P is k-searchable if k hunters 
are always sufficient to catch any prey in P. 
Problem 2: (The lazy guard problem) Given a simple 
polygon P, choose the minimum number of stations 
(points) in P such that a moving guard that visits all 
the stations guards P, i.e. while traveling to visit all 
the stations, every point in P will, at some point in 
time, be visible to our guard. 
 

Guard 
 
Shape 

 
 Stationary 
 

 
     Mobile 

 
          
General 
 

 
n
3  

 
n
4  

 
        
Orthogonal 

 
n
4  

 
⌊(3n + 4) 16⁄ ⌋ 

 
Theorem8:[O'Rourke 1983]. Every triangulation 
graph T of a polygon of n ≥ 4 vertices can be 
dominated by⌊n 4⁄ ⌋combinatorial diagonal guards. 
Theorem 9: [Aggarwal 1984].⌊(3q + 5) 8⁄ ⌋ = 
⌊(3n + 4) 16⁄ ⌋mobile guards are sufficient to cover 
any orthogonal polygon P of q quadrilaterals and n 
vertices. 
 
3.6 Exterior Visibility [1,6,15,16,17] 
Derick Wood and Joseph Malkelvitch independently 
posed two interesting variants of the original Art 
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Gallery Problem, which Wood dubbed The Fortress 
Problem and The Prison Yard Problem 
Fortress problem 
How many vertex guards are needed to see the 
exterior of a polygon of n vertices? An exterior point 
v is seen by a guard at vertex z if and only if the 
segment zy does not intersect the interior of the 
polygon. 
Theorem 10: [O'Rourke and Wood 1983].  vertex 
guards are necessary and sufficient to see the exterior 
of a polygon of n vertices. 
Theorem 11: [Aggarwal 1983].  + 1 vertex guards 
are necessary and sufficient to see the exterior of an 
orthogonal polygon of n vertices. 
Prison yard problem 
How many vertex guards are needed to 
simultaneously see the exterior and interior of a 
polygon P of n vertices? An interior point x is seen by 
a guard at vertex z if the segment zx does not 
intersect the exterior of P, and an exterior point y is 
seen by z if zv does not intersect the interior of P. 
Theorem 12: [O'Rourke 1983]. ⌊7n 16⁄ ⌋+ 5 vertex 
guards are sufficient to see both the interior and 
exterior of a simple orthogonal polygon. 
3.7 Three dimensions 
If a museum is represented in three dimensions as 
a polyhedron, then putting a guard at each vertex will 
not ensure that all of the museum is under 
observation. Although all of the surface of the 
polyhedron would be surveyed, for some polyhedra 
there are points in the interior which might not be 
under surveillance. 
 
CONCLUSION 
 
Visibility graph has so many applications in the field 
of Computer Science and Mathematics. The art 
gallery problem or museum problem is a well-
studied visibility problem in computational geometry. 
It originates from a real-world problem of guarding 
an art gallery with the minimum number of guards 
who together can observe the whole gallery. In the 
geometric version of the problem, the layout of the art 
gallery is represented by a simple polygon and each 
guard is represented by a point in the polygon.  
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