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Abstract - Covariance and acquisition functions play important roles in Bayesian optimization using a Gaussian process. 
However, there have been few studies on the effects of these functions on the performance of Bayesian optimization. In this 
paper, we propose a modified sampling procedure for function evaluation and optimization by considering a new termination 
condition. Then, we perform numerical experiments using three a synthetic two-dimensional function for analyzing the 
effects of various combinations of covariance and acquisition functions on the performance of Bayesian optimization. We 
found that the modified expected improvement acquisition function combined with the Matern covariance function generally 
works well in terms of computational time and accuracy. 
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I. INTRODUCTION 
 
There is a continuous need to explore the optimum of 
the objective function globally and effectively, 
specifically in the areas of optimization, Bayesian 
inference, manifold learning, and experimental design. 
However, the objective function is often complex, 
which means that it is nonlinear, nonconvex, high-
dimensional, multi-modal, extremely skewed, and 
heavy-tailed. For Bayesian inference, for example, 
one needs to calculate a likelihood function, posterior 
distribution, marginal distribution, and predictive 
distribution, all of which may not be easy when the 
number of parameters increases. The evaluation of a 
complex function is usually computationally 
expensive because derivatives and structure 
information may not be known. 
 
Efficient sampling is required for evaluating a 
complex objective function,mainly in the areas of 
Bayesian inference, function optimization, and 
behavior analysis of manifold parameterized by a 
function. Sampling methods can handle a 
complicated response surface well and have been 
used widely to solve optimization problems. In other 
words, if we keep generating samples and evaluating 
the objective function, we may eventually find 
samples close enough to the global optimum (Wong 
and Liang, 1997).  
For our problem, the obvious approach is to usea 
Markov chain Monte Carlo (MCMC) method, which 
generates a random walk through the input space and 
iteratively finds solutions with stable frequencies 
from a fixed proposal distribution. MostMCMC 
methods have at least one ofthe following three 
features: 1) adoptionof a direct density approximation 
on the input space, 2) useof a random proposal 
distribution that is specified initially by the user and 
changes adaptively in the process, and 3) application 
of methods using local gradient information. 
Unfortunately, the existing MCMC methods may not 

beadequately effective in minimizing the number of 
objective function evaluations (OFE) while 
maintaining the quality of samples in our problem. 
This is because of limitations such as no guarantee of 
the existence of a stationary distribution,slow 
convergence behavior, and requirement of too many 
OFEs, especially in the event of high-dimensionality. 
To avoid the above limitations, we needan algorithm 
that effectively reduces the number of OFEs using a 
surrogate function that can be evaluatedeasily instead 
of the objective function. The use of Gaussian 
process (GP) for asurrogate functionin combination 
with an adaptivedirection Monte Carlo approach and 
the one-dimensional direction-oriented sampling 
method is known to be effective in this regard 
(Brochuet al., 2010b). The local and global optimal 
information revealed by a GP scheme is explicitly 
used to determine directionsfor further function 
evaluation. 

To the best of our knowledge, thus far, no one 
has consideredGP model selection in a sequential 
sampling procedure for function 
approximation.Therefore, we propose a modified 
sampling procedure by considering cross-validation 
estimator root-mean-squared error (CVRMSE) as our 
termination criterion. The usual termination condition 
is that the approximation error decreases to below a 
certain level or reaches a plateau because a further 
reduction in the target accuracy will require many 
more simulations. As the latter criterion is too 
ambiguous, we focus on the former, which is a matter 
of bias in the CVRMSE. The CVRMSE is nearly 
unbiased for true root-mean-square error. We 
consider various covariance functions, including 
squared exponential, Mattern, and rational quadratic 
functions. Moreover, we consider modified expected 
improvement and Sigma acquisition functions. 
For the numerical experiments in this paper, we use 
three types of mixtures of Student’s t-distributions as 
our objective functions because a mixture of 
Student’s t-distributions is a natural probability 
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density, as mentioned in Hoogerheide (2006) and 
Hoogerheideet al. (2007). This mixture can accurately 
approximate a wide variety of complex target 
densities with substantial skewness, high kurtosis, 
multi-modality, non-elliptical shape due to 
asymptotes, and heavy tail due to a small number of 
degrees of freedom. In fact, Zeevi and Meir (1997) 
showed that under certain conditions, any density 
function may be approximated to an arbitrary 
accuracy using a convex combination of basis-
densities-like mixtures of Student’s t-distributions. 

 
II. GAUSSIAN PROCESS ANDBAYESIAN 
OPTIMIZATION 
 
We consider a GP regression model and describe the 
various covariance functions used in a GP process. 
Moreover, we describe several well-known 
acquisition functions for Bayesian optimization. 
 
2.1 GP and GP Regression Model 
A regression model based on a GP, called a GP 
regression model, is a fully probabilistic model that is 
flexible and powerful in many areas of application. 
As mentioned above, our problem is to sequentially 
sample input points from an objective function that is 
complex and analytically intractable. Here, an input 
point x belongs to the input space 풳, which is a 
subset of  (i.e., x ∈ 풳 ⊂ ). Evaluation of this 
function is restricted to querying at a point x and 
obtaining the corresponding response. Without loss of 
generality, we treat the objective function as a 
probability distribution. 
Given a training set D = {(x , y ), i =
1, … , n}comprising n pairs of input vectors x  and 
output valuey , the following simple regression model 
is considered: 

y = f(x ) + ϵ , where ϵ ~N(0,σ ), (1) 
wheref is an unknown function, and σ  is the 
variance of the error terms ϵ ′s. Consider f = f(x ) 
as random variables, and let f = [f , f , … , f ]  be a 
vector of unknown function values. GP regression 
takes the Bayesian approach, which assumes a 
multivariate normal (MVN) distribution with zero-
mean vector as the GP prior over functions as follows: 

p(f|D)~MVN(0, K) ,  (2) 
whereK is a covariance matrix, whose entries are 
given by a kernel function K = k(x , x ) . Let 
y = [y , y , … , y ]  be the output observation vector 
from the training data. Then, the likelihood of the 
regression model in (1) is 

p(y|f)~MVN(f,σ I). (3) 
 
Let x∗ be a new input point. Moreover, let k(x∗) 
denote the kernel vector between n training pointsx ’s 
and a new pointx∗, whilek(x∗, x∗) denotes the kernel 
value of the new input point. Then, the posterior 
distribution of the function valuef∗ at the new test 

point x∗  is calculated as follows(Rasmussen and 
Williams, 2006): 
p(f∗|D, x∗)~Nor(μ∗,σ∗),(4) 
where 

μ∗ = Hy, H = k (x∗)(K + σ I)  
σ∗ = k(x∗, x∗)−Hk(x∗). 

The posterior distribution can be used as a predictive 
distribution of the objective function at a new point. 
If a point estimate is needed at x∗, then the output 
will be predicted as the mean: 

f∗ = μ∗. 
 
2.2 Covariance Function in GP 
The choice of a covariance function for the GP when 
defining the prior is crucial because it determines the 
smoothness property of the samples and describes the 
relation among the samples like nearness or similarity. 
For example, a common covariance function is the 
squared exponential kernel given in (5), in which 
divergences of all features of x ’s affect the 
covariance equally: 

k x , x = exp − ∥ x − x ∥ , (5) 
wherel controls the kernel width. If all dimensions in 
x ’s have same parameter l  and the covariance 
function is a function only of ∥ x − x ∥, then it is 
called an isotropic model. Otherwise, it is called an 
anisotropic model. 
Two other important properties of a covariance 
function are stationarity and degeneracy. A stationary 
covariance function is a function only of x − x . 
Thus, it is invariant to translations in the input space. 
In a degenerate covariance function, the covariance 
function has a finite number of non-zero eigenvalues. 
In other words, degenerate covariance functions 
correspond to finite linear models, whereas non-
degenerate covariance functions correspond to an 
input space that is infinite-dimensional with basis 
functions everywhere. The former may often be too 
restrictive, while the latter often does not guarantee 
the existence of the right type of flexibility. 
Numerous other covariance functions have been 
examined in the machine learning literature (Genton, 
2001; Rasmussen and Williams, 2006). We focus 
only on stationary and non-degenerate covariance 
functions in this paper. 
Typically, hyperparameters, say θ , such as 
parameters in a covariance function and/orerror 
termscan be estimated by maximizing the marginal 
log-likelihood in (6): 

log p(y|x, θ) = − y (K + σ I) y−
log|K + σ I|− log2π  (6) 

In this paper, the conjugate gradient method is used 
for GP hyperparameterestimationin the proposed 
algorithm. 
 
Determining the covariance function to be used for a 
certain problem requires a combination of 
engineering and automatic model selection, either 
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hierarchical Bayesian model selection or cross-
validation. In addition, Brochuet al. (2010a) 
discussed how model selection can be performed 
using models believed to be similar. Owing to this 
important issue, we study model selection using GP 
for sequential sampling to achieve affordable function 
approximation with minimal number of OFEs for our 
problem. 
 
2.3 Bayesian Optimization and Acquisition 
Functions 
Bayesian optimization techniques are regarded to be 
efficient in terms of the number of function 
evaluations required (Brochuet al., 2010b; Sasena, 
2002; Streltsov and Vakili, 1999). Bayesian 
optimization enablesus to incorporate a prior 
distribution on the objective function to help 
sampling and to achieve an optimal trade-off between 
automatic exploration and exploitation of the input 
space. The process of deciding where to sample next 
requires the choice of a utility function and a method 
of optimizing the expected utility (called acquisition 
function) with respect to the posterior distribution of 
the objective function. An acquisition function in 
Bayesian optimization guides the search for the 
optimum by providing the next point at which to 
evaluate the objective function. High acquisition 
corresponds to potentially high values of the 
objective function.The posterior captures the updated 
predictive distribution regardingan unknown 
objective function. A Bayesian optimization method 
is known to converge to the optimum if the 
acquisition function meets a few requirements. In fact, 
there exist several consistency proofs for Bayesian 
optimization using GP (Locatelli, 1997; Zilinskas and 
Zilinskas, 2002; Vasquez and Bect, 2010). 
We optimize the acquisition function by using the 
DIRECT algorithm (Finkel, 2003), which is a 
deterministic and derivative-free optimizer. It divides 
the feasible space into finer rectangles using existing 
samples of the objective function. The algorithm is 
suitable for maximizing the acquisition function 
because the acquisition function has no information 
on derivatives. In this study, we add a condition to the 
stopping criterion:we terminate the algorithm yields 
the same successive optimum values over 10 
consecutive iterations. 
 
III. PROPOSED SAMPLING PROCEDURE 
FOR BAYESIAN OPTIMIZATION 
 

The goal of a sampling procedure is to find a design 
point or points that optimize a certain criterion 
depending on the objective function. A sequential 
experimental design is known as an adaptive method 
that sequentially finds the next best point or points 
that satisfy the criterion to the extent possibleusing 
the current points. Its purpose is to reduce the number 
of direct evaluations of an objective function for 
optimization. Busby (2009) demonstrated that a GP-
based sequential experimental design has better 
performance as compared to the classic experimental 
design based on Latin hypercube sampling (LHS). 
We propose a sequentialsampling procedure to obtain 
the best approximation of the objective function f 
using the least possible number of evaluationswith 
GP regression. The functionapproximated from GP 
regression is used instead of the objective function to 
compute the integrals and sensitivity, as well as to 
propagate uncertainty.In theproposed sequential 
sampling procedure, a sequence f , f , … , f  of 
approximated functions of the objective function is 
constructed from f.  

At the outset, we generatean initial dataset 
X = (x , x , … , x )  from LHS and evaluate 
y = (y , y , … , y )  from f. In the iterative phase, 
after learning f by GP using a labeled dataset LX, LY, 
we calculate leave-one-out CVRMSE as follows: 

CVRMSE = Σ ( )
h

, (7) 
 
where h  is the i-th diagonal element of H in 
f(x) = Hy from(4). If the CVRMSE is smaller than 
the terminative criterion  α , then the algorithm is 
stopped. Else, it finds the next best point x that 
maximizes the acquisition function a(x) of f via the 
DIRECT algorithm mentioned in Section 2.3. Finally, 
the algorithm evaluates the objective function and 
repeats this procedure. Note that the algorithm 
evaluates the objective function only once in each 
iteration.With this algorithm, we may 
estimatehyperparameters at every k th step by 
maximizing the marginal likelihood in (6) using the 
conjugate gradient method. 
 
IV. NUMERICAL EXPERIMENTS 
 
First, we need to select a covariance function for the 
GP and an acquisition function for Bayesian 
optimization. In this study, we considered 10 
covariance functions and two acquisition functions, 
as listed in Table 1. 

 
Table 1: Covariance functions and acquisition functions considered in experiments 
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Before the experiment, 500datasetswere sampled 
from the objective function by LHS, and we 
estimated thehyperparametersby using the conjugate 
gradient method. At that time, the initial 
hyperparameterswere set as follows: length control 
parameterl = 1, noise varianceσ = 0.1, and α = 2 
ina rational quadratic function. In the DIRECT 
algorithm, the Jones factor was set to 10 , 
maximum number of function evaluationsto 500, 
maximum number of iterations to 100, and maximum 
number of rectangle divisions to 200. We used the 
coefficient of variation version of CVRMSE, 
CVRMSE/(average of y), to reflect its relative value, 
the termination criteria of which was set to 0.01 (1%). 
In this experiment, we evaluated the casewith two 
dimensional objective function having 50 modes 
frommixtures of multivariate t-distributions having a 
zero-mean vector.The covariance matrix was 
constructed such that the diagonal elements were 1 
and the off-diagonal elements were 0.5. The input 
space of each variable (dimension) was limited to 
[−12.5,12.5], and each mode was randomly generated 
from [−7.5,7.5]. In addition, the maximum number of 
OFEs was designated to prevent too many 
computations. For comparison with the true empirical 

RMSE (ERMSE), we sampled uniform distributionon 
[−12.5, 12.5] 1000 times and compared the quality of 
approximation by substituting the obtained values in 
the GP learning functionf as follows: 

ERMSE = | |Σ ∈ y− f(x)  , (8) 

where G denotes a fine set (1000 in our settings) of 
uniformly distributed random points in the input 
space. All simulations were repeated thrice. 
 
Table 2 shows the experimental results,as obtained by 
three repeated simulationsperformed using the same 
measures mentioned. Two models (isotropic and 
anisotropic) were considered for each of five 
acquisition functions.The MEI seems to be 
computationally more efficient than the Sigma 
function, while the accuracy of function evaluation is 
slightly better when using the Sigma function rather 
than the MEI function. When using the MEI 
acquisition function, the additional number of OFEs 
is reasonably small for any combination of the 
covariance functions, except for Maternwith ν = . 
The use of an isotropic or an anisotropic model 
makes little difference to Bayesian optimization. 

 
Table2: Experimental results according to acquisition functions and covariance functions 

 
 
CONCLUSION 
 
In this paper, we introduced a sequential sampling 
procedure for GP-based Bayesian optimization that 
uses CVRMSE as the termination condition. The 
purpose is to reduce the number of direct evaluations 
of the objective function for function approximation 
and optimization. Through numerical experiments, 
we checked the effect of the model selection of 
covariance functions and acquisition functions on the 
function evaluation performance in terms of 
additional number of OFEs and average bias in 
CVRMSE. From our experiments using mixture 

functions of Student’s t-distributions, we observed 
that combination of the MEI acquisition function and 
the Matern covariance function with ν =  or ν =

seems to perform well for Bayesian optimization in 
terms of computational efficiency and accuracy. 
However, use of the Matern function with ν =  is 
not suitable for Bayesian optimization in our problem. 
 
Our algorithm draws only one sample per one step. If 
the problem at hand is high-dimensional, we 
recommend using the hierarchical GP method 
proposed by Busby (2009), which obtains multiple 
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samples per step and uses no optimization procedure 
and acquisition function because it relies on a 
partition approach. 
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