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Abstract- Increasing attention has been devoted to the application of multivariate control charts in quality engineering. 
When a multivariate process shifts, it occurs in either the mean or the covariance matrix. Various methods have been 
proposed to monitor the covariance matrix through the matrix elements or the likelihood. Noted that the eigenvalues reflect 
the characteristics of a matrix due to the well-known relationship between the eigenvalues and the corresponding matrix. 
Thus, in this paper, we propose a new control chart for detecting the change of variability in multivariate processes through 
eigenvalues. The relationship between the eigenvalues and the process variability is captured effectively. Simulation results 
show that the proposed control chart gives a desirable performance under various scenarios when compared with existing 
control charts. 
 
Index terms- Covariance matrix, Eigenvalues, Control chart. 
 
I. INTRODUCTION 
 
In the modern manufacturing industry, the statistical 
process control (SPC) technique is widely 
implemented to monitor the status of a process due to 
its attractive performance in detecting the changes in 
process parameters. Due to the development of 
multivariate control charts initiated by [1], a number 
of research studies appeared for monitoring the 
process mean vector. In addition to the process mean, 
the process variability is another important 
characteristic which is long discussed in the literature 
of univariate control charts. Noted that, the variability 
information is characterized by the covariance matrix 
in multivariate applications. Thus, various methods 
that has been developed for monitoring the changes in 
covariance matrix. [2] proposed a generalized 
variance method by charting the determinant of the 
sample covariance matrix of the sub-rational group. 
[3] proposed a cumulative SUM (CUSUM) control 
chart to detect the change of covariance matrix. [4] 
suggested a multivariate EWMA control chart to 
detect general changes in covariance matrix by using 
the unbiased likelihood ratio test. Other early research 
includes [5]- [8].  

Most of the above research is based on the 
generalized likelihood ratio statistic where a sample 
covariance matrix is needed. So, the common 
assumption of these works is that the subgroup size is 
larger than the number of variables so that the sample 
variance-covariance matrix can be precisely 
estimated from the sampled observations. However, 
in many industrial applications, particularly in 
chemical and semiconductor industries, the subgroup 
size is usually small due to specific practical 
concerns, such as cost and time. Furthermore, in 
some circumstances, only one observation is 
available to sample at each time point. Thus, [9] 
proposed a maximum multivariate exponentially 

weighted moving variability control chart based on 
the distance measure L2 norm between the out-of-
control covariance matrix and in-control covariance 
matrix for subgroup size is one (individual 
observation). Similar research can be found in [10] 
and [11]. 

Although the above studies have appealing 
results, the problem on poor estimation of sample 
covariance matrix is just accommodated to some 
extent. Recently, many researchers noticed that 
domain knowledge can be introduced into the 
identification of influential variables. It turns out that 
not all variables in a multivariate process are 
correlated and typically only a small set of variables 
have shifts when the process variability changes. 
Therefore, the sparsity of the covariance matrix 
should be incorporated into the design of control 
chart for monitoring the process variability. The 
sparsity property can be obtained by adding a 
penalized term in the original likelihood ratio 
function as proposed in [5]. This method shrinks the 
off-diagonal elements to zero and leads to a positive 
definite matrix estimate. Based on such concept, [12] 
proposed a Lasso based multivariate exponential 
weighted moving covariance (LMEWMC) chart with 
individual observations. [13] proposed to implement 
the estimated inverse covariance matrix obtained 
through penalized likelihood function in the 
monitoring statistics instead of using the inverse of 
sample covariance matrix. Later on, similar to [13], 
[14] applied the graphical LASSO estimator of the 
covariance matrix instead of the traditional sample 
covariance matrix. Although these three charts all aim 
to monitor the covariance matrix which is sparse, 
they have different penalty terms. In particular, [12] 
penalize the difference between the precision matrix 
and Ip which is the covariance matrix of the 
standardized multinormal distribution N(0, Ip). The 
fundamental concern is that the values of the off-
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diagonal elements should be zero and the values of 
the diagonal elements should all be one for the in-
control condition. [13] penalize the empirical 
covariance matrix while [14] penalize the quantity of 
the inner product of the ith standardized observation. 
However, as discussed in the above papers, the 
performance of the three proposed charts depends 
heavily on the choice of the tuning parameter which 
plays a vital role in balancing the robustness and 
sensitivity against various shifts. 

Unfortunately, the tuning parameter is not 
easy to specify. To accommodate such problem, [15] 
proposed a MaxNorm chart to monitor the deviations 
between in-control and out-of-control covariance 
matrix with a special focus on L2 norm and Lnorm. 
Instead of constructing the monitoring statistics based 
on likelihood ratio, the MaxNorm chart establishes its 
statistics using individual elements in the covariance 
matrix and achieves attractive performance in several 
scenarios. Instead of using each element in the 
matrix, this paper suggests another robust feasibility 
which uses the eigenvalues of the covariance matrix 
for monitoring the process variability. As is known to 
all, the total variation of all variables is given by the 
trace of the covariance matrix which is also equal to 
the sum of the eigenvalues of the covariance matrix. 
Moreover, the generalized variance is equal to the 
product of the eigenvalues. In addition, the 
eigenvectors correspond to the principal components 
and the eigenvalues leads to the variance explained 
by the principal components. Given the above facts 
on eigenvalues, it is reasonable to consider that the 
change of eigenvalues can reflect the change of the 
corresponding covariance matrix. Thus, in this paper, 
we propose a new control chart for monitoring the 
covariance matrix through its eigenvalues. 

The rest of the paper is organized as follows. 
In section 2, we introduce several existing control 
charts. In section 3, we provide a detailed discussion 
of the proposed control chart, including the 
formulation of the proposed chart and the relationship 
between the proposed chart and the MaxNorm chart. 
In section 4, a simulation experiment is conducted to 
compare the performance between the proposed 
control chart and other existing charts numerically. 
Finally, comes the conclusion. 
 
II. THE EXISTING CONTROL CHARTS 

 
Let X denote the p-dimensional quality characteristics 
to be monitored and assume that X follows a p-
dimensional normal distribution denoted as N(µ0,ΣIC), 
where µ0 and ΣIC are the mean and covariance matrix 
of the distribution. In this study, we focus on Phase-II 
monitoring of changes in the covariance matrix, 
assuming that the mean vector µ is known and fixed. 
Moreover, assume that the in-control covariance 
matrix, Σ = ΣIC, is known or can be accurately 
estimated from Phase I data. Denote ΣOC is the out-of-
control covariance matrix. The objective is to detect if 

the process variability changes from ΣIC as soon as 
possible. Without loss of generality, (µ0, ΣIC) can be 
simplified to (0, Ip) by standardizing data with µ0 and 
Σ-1/2

IC . These assumptions are consistent with those 
made in [15]. 

In real applications, when a multivariate 
process shifts, it occurs in either location or scale. 
Currently there are two standard Shewhart-type 
methodologies for monitoring the covariance matrix 
Σ. One is the generalized variance method proposed 
by [2] by charting the determinant of the sample 
covariance matrix of the ith rational group. But the 
major drawback is its poor ability for detecting the 
covariance matrix changes when some elements of the 
variability increase while others decrease. An 
alternative is the generalized likelihood ratio (GLR) 
statistic which was proposed as a charting statistic by 
[5]. The approach based on the GLR statistic for 
testing 

          H0 : Σ=ΣIC   vs   H1:ΣIC           (1) 
is       Tt,GLR = -(n-1)[ p+ ln |St/ΣIC| - tr(Σ-1

IC St)        (2) 
where St is the p × p sample covariance matrix for 
sample t and the subscript t represents the rational 
subgroup number. Furthermore, n is the rational 
subgroup size and p is the dimension. 

Being a regular GLR statistic, Tt,GLR is 
approximately 2

p(p+1) for large n. In practice, the 
rational group size n is small. And the Shewhart charts 
are effective for large transient changes in the 
covariance matrix, but it is less suitable for smaller 
persistent shifts. To remedy this deficiency, [11] 
defined a MEWMC chart using an accumulative 
method which works better with individual 
observations than with rational groups. 

In the MEWMC, the process observations 
xt are first multi-standardized to µt=Σ-1/2

IC(xt-µ0). 
When the process is in-control, µt are N(0, Ip). For a 
subgroup of size n at time t , xt,1, ··· , xt,n, where n is 
an integer great than or equal to1, the standardized 
MEWMC is defined by the recursive form 

Σt=(1-)Σt-1+µt µt            (3) 
       St=1/n n

i=1µt,i µt,i                         (4) 
where Σ0 = Ip and λ is the smoothing constant. The 
MEWMC chart statistic (likelihood ratio statistic) is 
obtained by 
          Tt,HMT = tr(Σt) − log|Σt| − p                 (5)    
where tr is the trace operator and |·| represents the 
determinant. But the MEWMC chart is biased for 
small decrease if the smoothing parameter is large. 
[13] propose a more general Phase II Shewhart chart 
called PLR control chart for monitoring changes in 
the covariance matrix of a multivariate normal 
process. The control chart is based on calculating the 
likelihood ratio of testing the hypothesis where the in-
control covariance matrix is equal to a known 
covariance matrix, and the unknown covariance 
matrix that appears in the likelihood ratio is replaced 
by an estimate obtained from a penalized likelihood 
function. The proposed chart for each given sub-
sample of size n is given by 
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Tt, λPLR = tr(St) − tr(ΩλSt) + ln|Ωλ|                    (6)  
where Ωλ is obtained from  
l(xt,1,··· ,xt,n;Ω)=tr(ΩSt) − ln|Ω| + λ||Ω||1                  (7)  
for a given λ and a sub-sample of size n, xt,1, ···, xt,n. If 
we change St to Σt in (6) and (7), then we can obtain a 
PLR-MEWMC chart. Similar to [13] used the 
graphical LASSO estimator of the covariance matrix 
instead of the traditional sample covariance matrix, 
[14] developed a control chart referred to as MTA 
chart. It is different from PLR chart due to its unique 
penalized quantity Vt=µt µt . And the MTA chart is 
defined as 

Tt,MTA = tr(Ât) − log|Ât| − p          (8)                                        
where Ât is estimated by inverting 

Ωρ = argminΩ>0{tr(ΩVt) − ln|Ω| + ||Ω||1}           (9) 
The performance of penalty type charts, including the 
LMEWMC chart, the PLR chart and the MTA chart, 
relies heavily on the tuning parameter which is 
difficult to determine without the knowledge of the 
out-of-control(OC) covariance matrix. Thus [15] 
developed a multivariate EWMA control chart for 
monitoring the covariance matrix by integrating the 
classical L2-norm-based test with a maximum-norm 
based test. Let Ct= Σt− Ip. Clearly, Ct describes the 
deviation of the MEWMC estimate from the identity 
matrix. The changes in the elements of Ct can be used 
to trace the changes in the covariance matrix. Define 
dt =(ct(11), ct(12), … , ct(ij), … , ct(pp)). where ct(ij) is the 
element in covariance matrix Ct and i  j. Two 
commonly used measures, the L2 norm and the L 
norm, are defined by 

T1,t = ||dt||2 = p
i=1p

j=1ct(ij)                      (10) 
T2,t = ||dt||= max(|ct(11)|, |ct(12)|, … , |ct(pp)|)         (11) 

And the ”MaxNorm”(maximum of the two norms) 
chart is defined by 

}
)(

)(
,

)(

)(
max{

2

2,2

1

1,1
,

TVar

TET

TVar

TET
T tt

MaxNormt


 (12)           

where E(T1) and E(T2) be the limiting means of T1,t 
and T2,t and Var(T1) and Var(T2) be the variances of 
T1,t and T2,t. Since there is a close relation between 
the eigenvalues and the covariance matrix, we 
suggest a new control chart for monitoring the 
process variability through the eigenvalues of the 
covariance matrix as another feasibility. 
 
III. THE EIGENVALUE CONTROL CHART 

  
In what follows, we develop a control chart to monitor 
process covariance matrix based on eigenvalues. Let 
t,1 t,2…t, p >0 be the eigenvalues of the MEWMC 
estimate t in (3) sorted in the descending order. The 
largest eigenvector of the covariance matrix always 
points into the direction of the largest variance of the 
data, and the magnitude of this vector equals the 
corresponding eigenvalue. The second largest 
eigenvector is always orthogonal to the largest 
eigenvector, and points into the direction of the 
second largest spread of the data. It follows that 

tr(Σt) = p
j=1λt,j                      (13) 

and 
|Σt| = p

j=1 λt,j.                     (14) 
Clearly, the approach proposed by [2] to monitor the 
generalized variance is equivalent to the monitoring of 
the product of all the eigenvalues. The charting based 
on the trace of the covariance matrix estimate studied 
in [16] is equivalent to the monitoring of sum of the 
eigenvalues. Moreover, notice that the log-likelihood 
ratio conditioned on Σ = Σt can be also expressed as 
LRt = p

j=1λt,j − p
j=1logλt,j – p          (15) 

In this sense, the likelihood ratio based approach also 
has a close relationship with the eigenvalues. It is 
natural to use the changes in the eigenvalues of the 
MEWMC estimate Σt to track the change in the 
covariance matrix. Analogously, denote  as the 
eigenvalues of the in-control covariance matrix ΣIC. 
The difference between Σt and ΣIC can be measured by 
the changes in the eigenvalues. Denote dt, =(t,1-*

1, 
t,2-*

2, … , t, p-*
p). In the in-control case, the 

elements in dt,λ are expected to be close to zero. Any 
substantial deviation of dt,λ from 0p would indicate a 
change in the covariance matrix. 

One possibility for tracking the change in the 
covariance matrix is to compare the change in the 
largest eigenvalue from the in-control case. Here, we 
consider a more general statistic based on the L 
norm of dt,λ given by 
1,t= || dt,λ|| =max(|t,j-*

j|),     j=1,…,p         (16) 
Clearly, when the largest difference occurs in the first 
eigenvalue, which is often the case in practice, Λt,1 
reduces to |t,1-*

1|.  
Intuitively, the L norm based on the 

supremum operation is expected to be sensitive to 
changes in the eigenvalues with relatively large 
magnitudes. However, it is generally less sensitive to 
small changes in a majority elements of dt,λ. In order 
to enhance the detection performance again small 
shifts in the eigenvalues, the L2 norm of dt,λ based on 
sum-of squares can be used in conjunction with the L 
norm. In particular, define 
 1,t= || dt,λ||2=( p

j=1(t,j-*
j)2)1/2        (17) 

Let E(Λ1) and E(Λ2) be the limiting means of 
Λ1,t and Λ2,t in the long run under the in-control state, 
respectively. Also define Var(Λ1) and Var(Λ2) as the 
stationary variances of Λ1,t and Λ2,t as t approaches 
infinity. In this study, we used Monte Carlo simulation 
to estimate those limits. The joint charting statistics 
based on the combined monitoring of Λ1,t and Λ2,t are 
defined as 

}
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2

2,2
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which signals when Tt,EGEN exceeds a threshold. For 
brevity, we refer to it as the EGEN chart. 

It is interesting to observe that when shift 
occurs in variance elements only, the EGEN chart 
would perform like the MaxNorm Chart. In this case, 
assuming no estimation errors in the covariance 
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matrix, i.e., Σt = ΣOC, the eigenvalues of Σt would be 
equal to the diagonal elements of ΣOC. Therefore, one 
can expect similar performance between the EGEN 
and MaxNorm charts under changes in variance 
elements of the covariance matrix. 
 
IV. PERFORMACES STUDY 

 
In this section, we compared the average run length 
(ARL) performance of the proposed EGEN chart with 
the existing control charts, including the HMT chart, 
the MaxNorm chart, and the PLR-type control charts. 
[15] showed that the PLRMEWMC chart performs 
better than the PLR chart and competitively to the 
LMEWMC chart. For the sake of simplicity, only the 
PLR-MEWMC chart is included for comparison here. 

For fair comparisons, we follow the same 
simulation settings as those made in [11], [12], and 
[15]. In particular, the smoothing parameter is set to 
be λ = 0.1, and the target in-control ARL is fixed as 
200. The results for different values of λ are 
qualitatively the same, which are not presented here 
for simplicity. The simulation results are based on 
10,000 replications. Assume that Σ = Ip when the 
process is in control and that Σ = ΣOC  Ip when the 
process is out of control. To evaluate the performance 
under various situations, seven specific out-of-control 
covariance matrices, 

ΣOC1 ∼ ΣOC7, were considered. The seven 
out-of-control covariance matrices can be classified 
into three scenarios: (I) variance shifts; (II) correlation 
shifts; and (III) shifts in both variance and correlation 
elements. In Scenario I, the shifts are introduced in the 
variance elements only. See, for example, ΣOC1 and 
ΣOC2. In Scenario II, two covariance matrices, ΣOC3 
and ΣOC4, are considered. In these two matrices, shifts 
are introduced in correlation elements, i.e., the off-
diagonal elements. The remaining covariance 
matrices, ΣOC5 ∼ ΣOC7, belong to Scenario III in which 
the shifts are introduced in both the variance and 
correlation elements. The eigenvalues of the seven 
out-of-control covariance matrices are summarized in 
Table I. 

 
Table 1: Eigenvalues of the seven ΣOC. 

Scenarios Eigenvalues of ΣOC 
ΣOC1 1+, …, 1+ 
ΣOC2 1+, 1+, 1, …,1 
ΣOC3 1+4,  1, 1, 1, 1-, …, 1- 
ΣOC4 1+2, 1, …,1, 1- 
ΣOC5 1+3,  1…,1 
ΣOC6 1+2+, 1,…,1,  1+2- 
ΣOC7 1+2, 1+2, 1,…,1 
Both the case with individual observations and the 
case with subgroup size larger than one are 
considered. The sample sizes of n=1, 5, and the 
dimensionality of p=5 and 10 are studied. Similar to 
[15], define 

∆ =n1/2 ||ΣOCk − Ip ||2                                      

where k ∈ {1,2,··· ,7}. The value of ∆ increases from 
0.8 to 2.4 in steps of 0.4. 
First, we compare the EGEN chart with HMT chart 
and MaxNorm chart. Table II displays the 
performance of these three charts for individual 
observation. 
Table 2: ARL1 comparison of the HMT chart, MaxNorm chart 

and EGEN chart for n=1 with 10,000 replications. 
 p = 5   p =   
 HMT MaxNorm EGEN HMT MaxNorm EGEN 

∆   Scenario I   
ΣOC1 

 
0.80 31.80 19.26 19.79 46.61 21.64 20.87 
1.20 23.44 14.95 15.36 35.39 16.45 16.05 
1.60 19.39 12.43 12.62 28.41 13.55 13.31 
2.00 16.58 10.94 11.05 23.99 11.93 11.57 
2.40 14.57 9.79 10.00 21.05 10.62 10.21 
2.80 13.15 9.07 9.22 18.68 9.64 9.28 

ΣOC2  
0.80 39.05 23.99 27.39 66.36 31.69 39.50 
1.20 29.51 19.04 21.17 50.76 24.31 31.38 
1.60 24.71 15.88 17.94 42.40 20.00 25.97 
2.00 21.21 14.02 15.43 37.27 17.51 22.05 
2.40 18.99 12.60 13.88 33.54 15.56 19.66 
2.80 17.46 11.48 12.57 

Scenario 
II 

30.33 14.39 17.88 

ΣOC3  
0.80 49.20 77.55 55.01 79.46 111.7 83.27 
1.20 36.84 58.37 42.67 61.16 91.95 62.74 
1.60 30.36 48.39 35.11 50.51 76.06 51.78 
2.00 26.20 41.84 29.69 43.47 64.01 43.63 
2.40 23.44 36.00 26.29 39.00 57.46 38.50 
2.80 21.27 32.70 23.79 34.76 50.38 34.76 

ΣOC4 

 
0.80 45.15 81.78 58.38 73.25 117.6 86.20 
1.20 32.64 62.28 44.08 54.10 95.44 65.95 
1.60 26.56 49.83 36.18 43.70 78.23 55.34 
2.00 22.14 43.02 31.48 36.49 68.47 47.92 
2.40 19.48 37.38 27.23 32.07 58.68 41.14 
2.80 17.41 33.57 24.50 

Scenario 
III 

28.0
1 o I 

53.26 36.69 

ΣOC5  
0.80 44.36 35.34 32.79 73.22 50.27 48.25 
1.20 34.78 28.00 25.96 58.68 39.95 37.45 
1.60 29.54 23.54 21.69 49.32 33.03 31.23 
2.00 25.76 20.58 19.26 43.67 29.05 26.27 
2.40 23.01 18.52 17.11 38.61 25.69 23.68 
2.80 21.08 16.98 15.78 35.36 23.10 21.63 

ΣOC6  
0.80 45.35 44.34 38.05 73.88 61.52 55.65 
1.20 35.38 31.71 28.38 58.92 45.40 41.94 
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1.60 29.62 25.48 23.19 49.67 35.94 33.30 
2.00 25.96 21.73 20.00 44.05 29.78 28.25 
2.40 23.03 19.06 17.67 39.22 25.69 24.86 
2.80 21.33 16.88 15.95 35.75 22.66 22.15 

ΣOC7 

 
0.80 38.84 28.41 27.37 65.55 40.70 39.92 
1.20 29.76 22.33 21.35 51.58 31.19 31.58 
1.60 25.07 18.63 17.86 42.63 25.99 25.91 
2.00 21.52 16.01 15.53 37.07 22.30 22.28 
2.40 19.23 14.60 13.88 32.70 19.80 19.97 
2.80 17.49 13.33 12.73 30.29 18.34 17.79 

 
From the Table II, we can see that the performance of 
the EGEN method is better than the MaxNorm for 
shift occurs in the correlation or in both the 
correlation and variances. For the shift occurs only in 
variances, the proposed EGEN chart has comparable 
performance with the MaxNorm chart in ΣOC1. 
Compared with the HMT chart, when the OC 
covariance matrix falls into in Scenario I or III, the 
EGEN chart is superior to the HMT chart. In the case 
of Scenario II, shifts take place in only the correlation, 
and the HMT chart outperforms the proposed EGEN 
chart for small subgroup size a little bit. As a whole, 
the outstanding performance of the proposed EGEN 
chart mainly is observed in scenario III when the 
deviation happens in both correlation and variance, 
meaning that the proposed EGEN chart is effective 
for shift in both correlation and variance in 
monitoring the covariance matrix. 
Next, we compare the EGEN chart with the penalty 
type chart: the MTA chart and the PLR-MEWMC 
chart. [14] has shown that the performance of MTA 
chart is not affected by the penalty ρ, and cross-
validation is used to determine the penalty. Using 
cross-validation, ρ=0.2 is selected for MTA chart. 
Since the PLR-MEWMC chart is influenced by the 
tuning parameter, the tuning parameter  should also 
be determined for PLR-MEWMC chart. [13] tested  
in the interval [0.05,2.0]. Thus we choose ∈ 
{0.05,0.2} in this paper and 0.2 is the value selected 
by cross-validation. For fair comparison, the penalty 
in the MTA chart is also set as ρ=0.05 and ρ=0.2 
respectively. Two situations of small subgroup size 
n=1 and n=5 with the dimension p=5 and p=10 
respectively are discussed in this paper. The ARL1 
values of PLR-MEWMC chart, MTA chart and the 
Eigenvalue chart are summarized in Table III. 

 
Table 3: ARL1 comparison of PLR-EWMA chart, MAT chart 

and EGEN chart for n=p=5 with 10,000 replications. 
 PLR-MEWMC MTA EGEN 

ρ 0.05 0.2 0.05 0.2  
∆  Scenario I   

ΣOC1 

  0.80 17.13 12.19 17.41 17.65 13.42 
1.20 12.85 9.50 12.44 12.40 10.58 

1.60 10.68 8.00 9.48 9.47 9.00 
2.00 9.37 6.99 7.70 7.82 7.82 
2.40 8.29 6.42 6.43 6.63 7.13 
2.80 7.58 5.85 5.82 5.68 6.50 

ΣOC2 

   0.80 19.86 14.66 32.39 32.37 16.36 
1.20 14.89 11.23 23.83 23.96 12.47 
1.60 12.51 9.42 18.78 18.79 10.48 
2.00 10.89 8.36 15.70 15.63 9.23 
2.40 9.68 7.59 13.23 13.49 8.23 
2.80 8.91 6.90 

Scenario 
II 

11.49 
 

11.49 7.65 

ΣOC3 

 0.80 23.22 38.31 131.0 135.8 24.41 
1.20 17.30 27.51 111.57 116.6 17.70 
1.60 14.25 22.38 95.24 98.53 14.74 
2.00 12.45 18.55 83.84 87.83 12.50 
2.40 11.19 16.37 74.37 76.48 11.17 
2.80 10.19 14.75 66.28 70.28 10.25 

ΣOC4  
0.80 21.82 30.91 136.18 137.76 25.75 
1.20 16.17 21.34 113.73 116.77 18.67 
1.60 13.26 16.99 98.81 101.95 15.26 
2.00 11.58 14.31 85.98 90.57 12.97 
2.40 10.34 12.52 76.73 79.77 11.45 
2.80 9.45 11.39 

Scenari
o III 

68.33 
 

71.87 10.43 

ΣOC5  
0.80 21.85 20.02 47.05 46.74 17.32 
1.20 16.58 15.41 35.40 35.58 13.44 
1.60 13.94 13.09 28.31 28.70 11.20 
2.00 12.27 11.32 23.60 23.90 9.77 
2.40 10.92 10.11 20.59 20.73 8.73 
2.80 10.10 9.29 17.86 17.89 8.05 

ΣOC6  
0.80 21.69 21.75 75.84 73.82 20.93 
1.20 16.66 16.10 53.60 53.64 14.90 
1.60 13.89 13.18 41.57 41.83 12.32 
2.00 12.37 11.35 32.69 33.60 10.50 
2.40 11.08 10.14 27.19 28.06 9.36 
2.80 10.15 9.22 22.78 23.94 8.42 

ΣOC7  
0.8 20.04 16.96 33.12 32.78 16.30 
1.2 15.02 13.05 23.46 24.02 12.39 
1.6 12.58 10.89 18.92 18.94 10.48 
2.0 10.87 9.49 15.40 15.61 9.14 
2.4 9.88 8.57 13.17 13.31 8.29 
2.8 8.97 7.87 11.52 11.64 7.59 
 

Table III indicates that our EGEN chart outperforms 
the MTA chart for all the three shift scenarios. The 
results also verify the fact that the penalty ρ=0.05 and 
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ρ =0.2 does not have an impact on the performance of 
MTA chart, but different ρ give different ARL1’s for 
the PLR-MEWMC chart. Compared with the PLR-
MEWMC chart, for subgroup size n=5, inappropriate 
ρ would lead to unacceptable performance of the 
PLR-MEWMC chart. And our proposed EGEN chart 
performs totally better than the best performance of 
the PLR-MEWMC chart for scenario III. Though 
sometimes the EGEN chart is not competitive to the 
best performance of the PLR-MEWMC chart in 
scenario I and II, it will never lead to a detection 
performance worse than the penalized likelihood-
based charts when inappropriate values of ρ is 
selected. 

 
CONCLUSION 
 
In this article, we propose a novel method called 
EGEN chart from the angle of eigenvalue to 
monitoring the covariance matrix. Eigenvalue is an 
important element of the covariance matrix. And the 
sum of the eigenvalues of the covariance matrix is 
equal to the sum of the variances which is the total 
variation of a covariance matrix, Thus, the eigenvalue 
plays a vital role in monitoring the change of the 
covariance matrix. Moreover, simulation result 
compared to the existing charts shows that our 
proposed EGEN chart can achieve the best 
performance when shifts occurs in both the 
correlation and the variance. For shift occurs only in 
variance, our proposed EGEN chart outperforms the 
HMT chart, and for shift happens only in the 
correlation, our proposed EGEN chart is better than 
the MaxNorm chart. The proposed EGEN chart has 
performance between the best and the worst 
performance of PLR-MEWMC chart, which means 
that our proposed EGEN chart always can achieve 
acceptable performance. In addition, the MTA chart 
which needs the tuning parameter is always inferior to 
our proposed chart. Generally speaking, we suggest 
the EGEN chart as a feasible choice when nothing is 
available for the out-of-control covariance matrix. 
This study is based on the assumption that the in-
control mean vector is known and remains constant 
over time. In practice, the mean vector could also 
shift. The impact of the mean shifts on the detection 
performance of the covariance matrix needs more 
detailed investigations. Moreover, the observations 
are assumed to be collected from a multivariate 
normal distribution. The multivariate normality 
assumption is reasonable in some situations but might 
not be appropriate in other situations. Under the case 

with unknown distribution, some robust monitoring 
schemes for monitoring the mean vector and/or the 
covariance are expected. Some future work in this 
respect would be required. 
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