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Abstract - We have investigated the problem of “Conharmonically flat space with variable deceleration parameter” we 
consider a special variation law q = α + βH  where  α and β  are constant. Different Physical, kinematical parameters are 
evaluated and their behavior are discussed with graph. 
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I. INTRODUCTION 
 
The problem with constant cosmological parameter is 
a difficult and fascinating problem for cosmologists 
and quantum field theory researchers [1–4]. The 
Universe has a balance between simplicity and 
complexity that cosmologist to understand the 
phenomena with constant deceleration parameter. 
Recent observations of universe with large-scale 
distribution of galaxies have confounding discovery 
by substance known as dark energy [5-10], which 
accelerates the rate at which universe expands [11-14]. 
Measurements also indicate that, the universe is 
73%   dark energy, 23%     dark matter and 
4%   regular matter. The fate of our universe is 
determined by distribution of this matter. 
Cosmologists know there are   several plausible 
options for the space-time geometry of our universe. 
On the other hand, gravitational measurements of 
matter density in the galaxies lead to an average 
density of matter at the cosmological scale 
approximately equal to  1 3⁄    of the critical 
density. Some studies comprise  Ʌ   depending on 
temperature, Hubble parameter and scale factor [15].A 
dynamically decaying cosmological constant with 
cosmic expansion has been considered by several 
authors [16–23]. The dependence of the cosmological 
constant  Ʌ   was first introduced by Gasperini 
[24].Resent cosmological Observation suggest the 
existence of non- zero cosmological constant. Also 
models based on the cold dark matter model do not 
meet the values obtained from cosmological and 
CMBR observations, whereas a flat low-density 
universe agrees remarkably well with a wide range of 
observational data ranging from large intermediate 
angle CMB anisotropies to observations of galaxy 
clustering on large scales [25]. 
 
According to Einstein the curvature of space time 
suggests matter how to move, where as matter tells 
space-time how to curve. Measuring distances and 
other geometric features related to galaxies tell us the 
geometry of the universe. Which provide an indication 

of the nature of dark energy, and possibly the fate of 
the universe. One of the most important parts for the 
role of dark energy is given by Einstein's cosmological 
constantɅ, however, particle physics failed to explain 
the correct d ensity [26]. Several authors have 
considered anisotropic cosmological solutions as 
possible models for the beginning of the universe, and 
also became isotropic very rapidly due to particle 
production in the course of their expansion [27-35]. 
Most of the researchers have investigated Bianchi 
type-I models studied anisotropic Dark Energy model 
[36-42] with constant deceleration parameter. On the 
other hand some authors also like [43, 44] to solve the 
problem of Bianchi Type-I models with a binary 
mixture of perfect fluid and dark energy. 
A special type of conformal transformations which 
preserving the harmonicity of functions are known as 
Conharmonic transformations. Such transformations 
are known to have possessed a tensor invariant, called 
conharmonic curvature tensor, which shows the 
classical symmetry properties of the Riemannian 
curvature tensor. The Riemannian spaces are called 
conformal spaces if the following relation is satisfied 
by their metrics  푔    and 푔∗  

 
(where  ∅   is a real valued differentiable function of 
coordinates) and the correspondence between the 
spaces is called a conformal transformation. Ishii [45] 
introduced the conharmonic transformation satisfied 
the following relation as a subgroup of the conformal 
transformation. 

 
where the covariant differentiation with respect to 
metric 푔  is  denoted by (;) . 
A rank four tensor 퐿   that retains its invariant form 
under conharmonic transformation for an 
n-dimensional Riemannian differentiable manifold is 
given by 
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where 푅  and 푅  is the Riemannian curvature tensor 
and Ricci tensor respectively. Equation no. (3) defined 
conharmonic curvature tensor. The conharmonically 
flat space-time is a space-time in which  퐿       
vanishes at each point. So this tensor shows deviation 
of the space-time from conharmonic flatness. 
 In this paper we have considered the problem 
“Conharmonically flat space with variable 
deceleration parameter”. In order to obtain a solution 
of the field equations, we consider the condition 
푞 = 훼 + 훽퐻  where 훼  and 훽  are constant,  퐻  is a 
Hubble parameter and 푞 is a deceleration parameter. 
 
LINE ELEMENTS AND FIELD EQUATION 
 
The metric of the space-time for isotropic and 
homogeneous world models Robertson [46]; Walker 
[47],  Form 

 
Where 푑훺 = 푑휃 + sin 휃푑∅   and 푎(푡) is the scale 
factor. The 휃  and ∅   are represent the usual azimuthal 
and polar angles of spherical coordinates with 0 ≤ θ ≤ 
π  and 0 ≤∅  ≤ 2π.The (푡, 푟,∅,휃)   are called the 
comoving coordinates.where k is a constant and show 
curvature of a space. Constant k has 3 values when  
푘 = 0 it shows that the universe is flat, when 푘 = 1 it 
shows that the universe is closed and when  푘 = −1 it 
shows that the universe is open. 
The Einstein’s relativistic field equations is given by 

 
where (푐 = 8휋퐺 = 1) 
We assume that the energy-momentum tensor of a 
perfect fluid has the form 
 

 
 
where  푢   is the four velocity vector with 푢 푢 = 1, p 
is the isotropic pressure and   휌  is the energy density. 
We take barotropic equation for perfect fluid state as  

 
where 휔 is state parameter sach that 0 ≤ 휔 ≤ 1 
The conharmonic curvature tensor for a relativistic 
four dimensional space-time is written as 

 
 
For conharmonically flat space time, we have 

 
 
Contracting Eq. (9) with j = l and taking summation 
over j,we find 

 
 
For conharmonicly flat space time [in view of equation 
(10)] the Einstein field equation (5) reduce in to the 
form  

 
For flate universe (k= o) FRW metric (4) and 
energy-momentum tensor (6), the Einstein’s field 
equations (11) reduce in to 
 

 
where  퐻 = ̇   is the directional Hubble parameter. 
Here and elsewhere an over-head dot denotes ordinary 
differentiation with respect to cosmic time t. 
 
III. SOLUTION OF FIELD EQUATIONS 
 
The system of equations (7), (12) and (13) supply only 
three equations with four unknown parameters Ʌ, p, ρ 
and H. To solve the system completely one more extra 
equation is required. There is significant theoretical 
evidence for the phenomenological Ʌ decay scenarios 
considered by several author like Chen and Wu [48] 
considered Ʌ ∝ 푎   (where a is a scale factor), 
conisdered Ʌ ∝ 푎   ,Overduin and cooperstock [49] 
considered Ʌ ∝ ̈   .In the same manner following 
decay law Arbab [50] has investigated cosmic 
acceleration with positive cosmological constant and 
also analyze the implication of model built-in 
cosmological constant. Pradhan et al. [51] have 
reported the Kaluza-Klein type RobertsonWalker 
(RW) cosmological models by considering three 

different forms of variable Ʌ~ ̇  , Ʌ~ ̈ ,   Ʌ ∝ 휌  
and Kumar and Srivastava [52] have studied FRW 
cosmological model for conharmonically flat 
space-timeby taking  퐻 = 훼푅  .Recently Tiwari and 
Singh[53] has also studied FRW cosmological model 
for conharmonically flat space-time taking Ʌ = 3훽퐻 . 
In this paper we consider the  푞 = 훼 + 훽퐻   where  훼 
and 훽  are constants  and 퐻 is a Hubble parameter. 
After taking 훼 = −1  we get the value of Hubble 
parameter a is 

 
 
The spatial volume (푉) , matter density (휌) , 
pressure(푝)  , cosmological constant (Ʌ)  expansion 
scalar (휃) and declaration parameter  (푞)  are given 
by- 
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Now we analyze scenarios for different values of 휔 
 
A. Matter Dominated Solution (흎 = ퟎ) 
For  휔 = 0  , In this case, we obtain the spatial 
volume푉, matter density휌, pressure 푝, cosmological 
constant Ʌ  and expansion scalar 휃 are given by-  
 

 
 
The vacuum energy density  휌  and critical density 휌  
are given by- 

 
 
B. Zeldovich Fluid Distribution (Cosmology 
for 흎 = ퟏ) 
For  휔 = 1 , In this case, the spatial volume푉, matter 
density휌 , pressure 푝 , cosmological constant Ʌ   and 
expansion scalar 휃 are given by- 
 

 

 
The vacuum energy density  휌  and critical density 휌  
are given by- 

 

 
 
C. Radiation Dominated Solution (Cosmology 
for흎 = ퟏ

ퟑ
) 

For  휔 =  , In this case, the spatial volume푉, matter 
density휌, pressure 푝, cosmological constant Ʌ  and 
expansion scalar 휃 are given by- 
The vacuum energy density  ρ  and critical density ρ  
are given by- 
 

 

 
 
IV. RESULTS AND DISCUSSIONS 
 
Fig 1 to Fig 3 elucidates the variation of cosmological 
constant (Ʌ), density (휌) and pressure (푝) with time. 

 
Fig. 1 variation of cosmological constant with time 
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Fig 1 shows variation of cosmological constant with 
time. For 휔 = 0  and = 1/3  , the cosmological 
constant decreases continuously with time whereas for 
휔 = 1, it first increases and then decreases with time. 
 

 
Fig. 2 variation of density with time 

 
Fig. 2 discusses the variation of density with time. It is 
evident from the figure that value of density decreases 
continuously with time for all the values of 휔. Value 
of density is maximum for 휔 = 0 and minimum for 
휔 = 1. 

 
Fig. 3 variation of pressure with time 

Fig. 3 shows the variation of pressure with cosmic 
time t. Again it has been found that pressure is 
decreasing function of time. 
 
CONCLUSIONS 
 
The variation of different parameters such as 
cosmological constant, density and pressure have been 
discussed in the present research. In general all the 
parameters are decreasing function of time. With 
regards to cosmological constant, an interesting 
observation has been reported. At 휔 = 1 , the 
cosmological constant has increasing trend initially. 

Cosmic time has been found to have profound impact 
on all the parameters. 
 
REFERENCES 
 
[1] S.Weinberg, Rev. Mod. Phys. 6, 11 (1989). 
[2] Y.B. Zeldovich, Sov. Phys. Usp. 11, 381 (1968). 
[3] P.J.E. Peebles, B. Ratra, Astrophys. J. Lett. 325, L17 (1988). 
[4] L.H. Ford, Phys. Rev. D 11, 2270 (1975). 
[5] B. Netterfield et al., Astrophys. J. 571,604 (2002). 
[6] J. L. Tonry et al., Astrophys. J. 594, 1(2003). 
[7] G. Riess et al., Astron. J. 116, 1009 (1998). 
[8] S. Perlmutter et al., Astrophys. J. 517, 565 (1999). 
[9] C. L. Bennett et al., Astrophys. J. Suppl Ser.148, 1 (2003). 
[10] N. W. Halverson et al., Astrophys. J. 568, 38(2002). 
[11] H. Amirhashchi, A. Pradhan and B. Saha,Astrophys. Space 

Sci. 333, 295 (2011). 
[12] K. Yadav, Astrophys. Space Sci. 335,565 (2011). 
[13] Deffayet et al., Phys. Rev. D, Part. Fields 65, 044023 (2002). 
[14] B.Saha, Chin. J. Phys. 43, 1035 (2005). 
[15] J.M. Overduin, F.I. Cooperstock, Phys. Rev. D 58, 043506 

(1998).  
[16] M.S.Berman,Phys.Rev.D43,1075(1991) 
[17] M. Ozer, M.O. Taha, Phys .Left. B 171,363(1986) 
[18] K.Freese et al. Nucl. Phys. B 283,797(1987) 
[19] M. Gasperini, Phys .Left. B 194,347(1994) 
[20] J.C. Carvalho .J.A.S.Lima,I.Wage,Phys, Rev. D 

46,2404(1992) 
[21] D.Kalligas,P. Wesson, C. W. F. Eventt, Gen. Relativ. 

Gravit.24, 351(1992) 
[22] M. M. Abdel - Rehman , Gen.Relativ.Gravit.22,665(1990) 
[23] Beesham, Int. J. Theor. Phys. 25,1295(1986) 
[24] M. Gasperini, Phys. Lett. B 194, 347 (1994). 
[25] V. Sahni, A. Starobinsky, Int. J. Mod. Phys. D 9, 373 (2008). 
[26] J. Copeland, M. Sami and S. Tsujikawa,Phys. Rev. D 15, 1753 

(2006). 
[27] R. F. Sisterio, Gen. Rel. Grav. 23, 1265(1991). 
[28] M. M. Abdel-Rahaman, Gen. Rel. Grav.22, 655 (1990). 
[29] I. Arbab, Gen. Rel. Grav. 29, 61 (1997). 
[30] I. Arbab, Gen. Rel. Grav. 30, 1401(1998). 
[31] I. Arbab, J. Cosm. Astropart. Phys. 05,008 (2003). 
[32] L. P. Chimento, A. S. Jakubi, W. Mendezand R. Maartens, 

Class. Quant. Grav. 14,3363 (1997). 
[33] S. W. Allen et al., Mon. Not. R. Astron. Soc.353, 457 (2004). 
[34] A.Beesham, Int. J. Theor. Phys. 25, 1295(1986). 
[35] A.Beesham, Gen. Rel. Grav. 26, 159(1994). 
[36] J. P. Singh and R. K. Tiwari, Pramana 70, 565 (2008). 
[37] J. P. Singh and R. K. Tiwari, Int. J. Mod.Phys. D 16, 745 

(2007). 
[38] R. K. Tiwari, Astrophys. Space. Sci. 318, 3(2008). 
[39] Pradhan and S. K. Singh, Int. J. Mod.Phys. D 13, 503 (2004). 
[40] Pradhan and P. Pandey, Astrophys. SpaceSci. 301, 221 (2006). 
[41] M. R. Setare, Phys. Lett. B 641, 130 (2006). 
[42] M. R. Setare, Eur. Phys. J. C 50, 991 (2007). 
[43] V. Fayaz, H. Hossienkhani and F. Felegary,Int. J. Theor. Phys. 

DoI 10, 1007 (2012). 
[44] O. Akarsu and C. B. Kilinic, Gen. Rel. Grav.42, 119 (2010). 
[45] Ishii, Y.: Tensor 7, 73 (1957) 
[46] Robertson, H.P.: Astrophys. J. 82, 284 (1935) 
[47] Walker, A.G.: Proc. Lond. Math. Soc. 2, 42 (1936) 
[48] Chen, W., Wu, Y.S.: Phys. Rev. D 41, 695 (1990) 
[49] Overduin, J.M., Cooperstock, F.I.: Phys. Rev. D 58, 043506 

(1996) 
[50] Arbab, A.I.: Class. Quantum Gravity 20, 93 (2003) 
[51] Pradhan, A., et al.: arXiv:gr-qc/0508089v2 (2005) 
[52] Kumar, R., Srivastava, S.K.: Int. J. Theor. Phys. 52, 589 

(2013) 
[53] Tiwari,R.K,Singh,Rameshwar.:Res Astrophys. Space Sci. 

357, 130(2015 

 
 


