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Abstract- This study is to analyze technical efficiency of top five agricultural production countries in the world and to find 
out which input is the main contributor of their large amount of output and make comparison between five countries by using 
copula-based stochastic frontier approach. The results found that rotated Joe 270°copula is the best fit one for US, India and 
Russian Federation. And for China, Frank copula is the best copula while Gaussian is the best one for India. Land is the most 
influential factor of agricultural output in US and Russian Federation. For China, livestock is the most important contributor. 
Labor force in Brazil and India is the main factor of their large amount of output. And the technical efficiencies of these five 
countries fluctuates approximately between the range from 0.5 to 1. 
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I. INTRODUCTION 
 
Agriculture is the foundation of the development of 
human civilization. With the acceleration of 
economic development and the advancement of 
industrial structure, agriculture accounts for a smaller 
and smaller proportion of national economy, but it is 
still the basis of the overall economy. In terms of the 
average agricultural output of all countries from 1961 
to 2013, some of them far exceed the others. BRICS 
and the United States are the top agricultural 
production countries except for South Africa which 
ranks at 32. These five countries has made great 
success in agricultural production but they all face 
some challenges, Ranking the first in worldwide farm 
output, China mainly produces rice, wheat, potatoes, 
tomato, tea, and cotton. It is the largest global 
producer of pork, rice, tea, cotton, and fish. Actually, 
the value of China’s agricultural output is twice as 
much as the total output of U.S. In 2015, China’s 
GDP was US$11.065 trillion. Agriculture accounted 
for around 8.8 percent of GDP. China is the third 
largest country in the world but the arable land is 
limited. The per capita arable land is not even a half 
of the world’s level. Labor-intensive is the most 
important characteristics of China’s agriculture due to 
China’s status as a developing country and the severe 
shortage of arable land. 
 
US agriculture is highly mechanized and specialized. 
Wide use of high-tech equipment brings a lot of 
benefits such as higher crop productivity, decreased 
use of water, fertilizer, and pesticides, and increased 
worker safety. But US is facing problems like 
resource shortage. With the help of high technology, 
US agriculture has become increasingly 
industrialized. As a result, demands on fossil fuel, 
water and topsoil resources has become greater. 
Petroleum not only fuels trucks and mechanized farm 

equipment, but also serves as a base for synthetic 
pesticides and fertilizers, tying the cost of growing 
food increasingly closer to the price of oil. 
In India, the growth rate of agriculture to a large 
extent determines the growth rate of GDP .In 2013, 
agriculture and joint sectors took up 13.7% of the 
GDP. About 50% of the workforce was employed in 
those sectors. Problems of Indian agriculture are more 
severe. Although India has large amount of output, it 
depends heavily on manual work and favorable 
natural resources. The production process is lack of 
mechanization. Small and fragmented land-holdings 
caused low efficiency and difficulties for 
management. Agriculture is one of the pillar 
industries of Brazil's economy historically. In 2015, 
Brazil’s GDP was US$ 1.8 trillion and agriculture 
accounted for 5 percent, while in 1960 it occupied 
20.6 percent. Brazil is the world's largest exporter of 
coffee, soybeans, beef, and crop-based ethanol. 
People even call it the “breadbasket of the world". 
Brazil also has constraints that restraining its 
agriculture development. For example, it has a 
structured science and technology (S&T) system that 
is increasingly integrating governmental and private 
business sectors. However, Brazil still lags behind 
other emerging countries like China, India, and South 
Korea. 
Nowadays, Russia has made great progress in 
agriculture. In 2015, GDP in Russia was 1.366 trillion 
and agriculture accounted for 4.6%.while in 1993 
GDP was 435 billion and agriculture accounted for 8 
percent. As the largest country in the world, the total 
physical cultivated area in 2013 was about 123.8 
million hectare. Northern areas in Russia mainly 
produces livestock while the southern parts and 
western Siberia produce grain. Grain is one of 
Russia's most important crops, occupying more than 
50 percent of cropland and wheat dominates most 
grain-producing areas. Russia has large area of arable 
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land but only 30% of Russian territory is situated in 
favorable and predictable weather conditions. Lack of 
labor force and shortage of agricultural machinery are 
also severe problems for Russian agriculture. These 
five countries are going to be analyzed, namely 
China, India, Brazil, Russia and the United State, to 
find out their secrets of success in agriculture sector 
so as to provide useful information for other 
countries. Meanwhile, by estimating and comparing 
their coefficients and technical efficiency, 
suggestions can be made to these five countries to 
overcome some existing problems and improve their 
output. The remainder of this paper is organized as 
follows. Section 2 introduces the contributions to the 
literature. Section 3 presents copula-based stochastic 
frontier approach. Section 4 presents the data and 
discusses our empirical results. Section 5 offers 
conclusion. 
 
II. CONTRIBUTION TO LITERATURE 
 
The parametric route of the productivity and 
efficiency analysis using the production frontier 
framework has changed from the deterministic 
frontier analysis using Ordinary Least Squares (OLS) 
regression (Afriat, 1972) to Corrected Ordinary Least 
Squares (COLS) regression (Richmond, 1974). After 
several years, the Stochastic Frontier Model (SFM) 
proposed independently by Aigner, Lovell and 
Schmidt (1977) and Meeusen and Van den Broeck 
(1977) which was a breakthrough and by far the most 
popular. Most of the studies estimating efficiency in 
the past used the conventional stochastic frontier 
methods. These studies assumed that the one-sided 
error-term and the two-sided error-term were 
independent so that the joint distribution of these two 
random variables could be obtained. This strong 
assumption could be relaxed by using copula to find 
the joint distribution of the two random variables 
more appropriately. A study analyzing technical 
efficiency of grain production in China used 
household level data of 29 provinces (Chen and 
Huffman, 2003). The results showed that overall 
mean efficiency is 0.853. The average technical 
efficiency was 0.844, 0.869, 0.857, 0.883, and 0.810 
for 1995 to 1999 respectively. This study revealed 
that land is the most important input in China and 
contributes significantly to the household 
production.Tripathi et al (2008) studied agricultural 
productivity growth in India. They pointed out that 
the improvement of labor and land productivity can 
improve agricultural productivity by studying the 
impact of labor, capital and land on agricultural 
productivity growth from 1967 to 2005.In 2008, 
Smith proposed copula-based stochastic frontier 
model with dependent error components. The study 
by Smith (2008) investigated the theoretical part and 
also included some empirical studies in the US 
electricity utility industry. Wiboonpongse et al. 
(2015) used this approach to analyze production 

efficiency of intercrop coffee production in northern 
Thailand: Studies using this method are still very 
limited and few researches study the agricultural 
production of BRICS and no study use the copula-
based stochastic frontier approach to study the 
agriculture of BRICS. This study will estimate the 
technical efficiency of BRICS and the United States 
to give suggestions on how to improve the technical 
efficiency in agricultural production. The result of the 
study may also provide useful information for other 
researchers who study agriculture. 
 
III. METHODOLOGY 
 
The traditional stochastic frontier model is as follows: 

푦 = 푥 ′훽 + 휀 ,       (1) 
휀 = 푣 − 푢 , 

where i=1, 2,…, N, yi is the dependent variable that is 
the logarithm of output or input, xi is a k×1 vector of 
explanatory variables, β is a k×1 vector of unknown 
parameters that need be estimated, vi is a random 
error, ui is non-negative unobservable random 
variables that represent technical inefficiency, and ui 
and vi are independent. The technical efficiency TEi 
can be calculated by 

푇퐸 =  ( ′ )
 ( ′ )

= exp (−푢 ).               (2) 
A copula connects a given number of marginal 
distributions (one-dimensionaldistributions) to form a 
joint (multivariate) distribution.If given a joint 
distribution H, then the copula function C (.,.) can be 
expressed by 

퐻(푋 ,푋 ) = 퐻 퐹 (푢 ),퐹 (푢 )  
= 퐶 (퐹 (푥 ),퐹 (푥 ))             (3) 
whereu = F (x ) andu = F (x ), θis a parameter 
vector of the copula commonly referred to as the 
dependence parameter vector, F1(.) and F2(.) are 
uniform distributions, and bivariate copulas satisfy 
the following properties: 

 
In addition, Sklar's theorem shows thatany 
multivariate probability distribution function can be 
represented with a marginal distribution and a 
dependent structure, which is derived below: 

 
So, a bivariate density function of x1 and x2 can be 
decomposed marginal densities and copula density as 
well,  

 
There are many copulas can capture dependence 
structures. The relevant copulas are summarized as 
follows: 
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. 

(1) The independent copula 
The product copula means the copula is independent. 
The formula takes the form퐶 = 푢 푢 . So, once we 
use the independent copula, which means to assume 
that the two random variables are independent.  
(2) The Gaussian copula 

This copula takes the form 

 
where −1 ≤ ρ ≤ 1 ,represents the standard normal 
distribution function.Gaussian copula is a copula 
pertaining to a bivariate normal distribution with 
standard normal marginal and Pearson linear 
correlation coefficient ρ. The parameter ρ is related to 
the Kendall’s tauτand Spearman’s rho 푆 for measure 
rank dependence, 

 
 (3) Clayton copula 
This copula can reflect the lower tail dependence for 
θ>0 and has the following formula: 
퐶 (푢 , 푢 |휃) = (푢 + 푢 − 1) 

/
.  (7) 

The copula above only can capture a strong lower tail 
and positive dependence, but Clayton copula can be 
rotated and applied to capture negative dependence or 
reflect strong upper tail dependence (see Cech (2006) 
and Luo (2010)). The corresponding Kendall’s tau 
measure is simply given by 휏 = 휃/(휃 + 2) . 
However, the association between the copula 
parameter and the Spearman’s rho is very 
complicated, and the lower tail dependence can be 
also simply calculated by 휆 = 2 / . 
(4) Frank copula  
Although the Archimedean class of copulas is 
popular in empirical applications, the Frank copula in 
Archimedean copulas is only one who can gain both 
lower and upper bounds, thus allowing positive and 
negative dependence. The corresponding copula 
function is given by: 

 
where θ∈(-∞, +∞)\{0}; if θ > 0, it indicates that the 
random variables u1, u2 are positively correlated; 
when θ →0it means that the random variables u1, 
u2are independent; when  θ < 0,it shows that the 
random variables u1, u2are negatively correlated. 

 
(9) 
where퐷 (휃) is Debye function 

 
(5) Gumbel copula 
The bivariate Gumbel copula is given by 
퐶 (푢 ,푢 |휃) = 
exp −((−푙푛푢 ) + ((−푙푛푢 ) ) .휃휖(1, +∞)(11) 
The Gumbel copula is similar with Clayton copula. It 
is an asymmetric copula of the Archimedean family, 

which allows strong upper tail dependence. The 
rotated Gumbel copula can be used to capture 
negative dependence too. The Kendall’s tau of 
Gumbel copula is given by 휏 = 1 − 휃 , but the 
Spearman’s rho does not have close form. Tail 
dependence measures are functions of the Gumbel 
copula parameters that can be expressed as 휆 = 2−
2 / . 
(6) Joe copula 
The Joe copula is defined as follows:  
퐶 (푢 ,푢 |휃) = 1 − [(1− 푢 ) + (1 − 푢 )  
−(1 − 푢 ) (1 − 푢 ) ] / ,                                   (12) 
whereθ≥1. This copula is similar to Gumbel copula. It 
can reflect the stronger upper tail dependence than 
Gumbel copula, and 휆 = 2− 2 / . The Kendall’s 
tau is related to Joe copula parameter θ by  

휏 = 1 + ∫ 푡푙표푔(푡)(1 − 푡)
( )

푑푡  )(13)                  
 
In addition, there is no closed form expression for the 
relationship between Spearman’s rho and Joe copula 
parameter, and the Rotate Joe copula can describe 
negative dependence as well.  
In a word, different copula have different traits in 
terms of upper tail dependence, lower dependence, 
comprehensive dependence etc. Hence, the copula 
families above and relevant rotated copula can 
primarily capture the appropriate dependence 
between two random variables. 
In this research, stochastic frontier model is used to 
estimate the efficiency factors of five countries’ 
agricultural production.  
Firstly, Cobb-Douglas production function is 
constructed to estimate the elasticity of input as 
below: 
푙푛푦 =
훼 +∑ 훼 푙푛푥∗ +
              ∑ ∑ 훽 푙푛푥∗ 푙푛푥∗ + 푣 − 푢  ,(14) 
where yt is the output in year t and 푥∗  is the corrected 
mean of jth input in year t. Output is a function of six 
inputs, namely land, labor, machinery, fertilizer, feed 
and livestock.   Secondly, the meta-stochastic frontier 
model will be used. 
푦 = 푥 ′훽 + 휀 ,           (15) 
휀 = 푣 − 푢 , 
where 푣 are random variables which are assumed to 
be iid normal distribution, and independent of 푢  
which are non-negative random variables which 
account for technical inefficiency in production and 
are assumed to be independently distributed as 
truncations at zero of the N(푈 ,휎 ) distribution.  
Thirdly, the Technical efficiency of each country for 
a certain year is calculated by 
 

 
 
Fourthly, the copula-based method will be used to 
make comparison with the traditional SFM. Eight 
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copula families are included—Gaussian Copula, 
(rotated) Clayton Copula, (rotated) Gumbel Copula, 
Frank Copula and (rotated) Joe Copula.. 
 
IV. RESULTS AND DISCUSSION 
 
 4.1. The Data 
This study uses data of China, India, Brazil, the 
United States and Russian Federation. The data is 
downloaded from the United States Department of 
Agriculture. The dependent variable is agricultural 
output. The independent variables are land, labor, 
machinery, fertilizer and feed. All data are in the time 
range of 1965 to 2013.The dataset is transformed into 
logarithm form. The description of all the variables is 
displayed in Table1. 
 

 
Table1: Data description 

 
4.2. Estimating parameters of copula-based 
stochastic frontier model 
We analyze the copula-based stochastic frontier 
model, which includes9 different copula families, 
namely independent copula, Gaussian copula, Frank 
copula, Clayton copula, Gumbel copula, Joe copula, 
rotated Clayton copula (180°) , rotated Gumbel 
copula (180°) and rotated Joe copula (180°). If the 
relationship between u and v is negative, the rotated 
copulas (90° and 270°) will be used in this model. 
The log-likelihood function was estimated by in R 
program. The maximum simulated likelihood 
estimators are reported in the following tables. 
Table 2, Table 3, Table 4, Table 5 and Table 
6showthe estimated results of Independent copula and 
the best fit copulas for the United States China, Brazil, 

India and Russian Federation respectively. The values 
of AIC and BIC criteria of rotated Joe 270° are the 
minimum values which means this type of copula is 
the best fit one for US, India and Russian Federation. 
And for China, Frank copula is the best copula while 
Gaussian is the best one for India. All the parameters 
in the copulas are significant but some of them are 
not in standard stochastic frontier model and there 
exists strong correlation between u and v for the 
dataset of five countries. By comparing those 
estimated parameters we can find that land is the 
most influential factor of agricultural output inUS and 
Russian Federation. For China, livestock is the most 
important contributor. Labor force in Brazil and India 
is the main factor of their large amount of output. In 
addition, the results of maximum log likelihood also 
show that the traditional stochastic frontier model is 
inferior to the copula-based stochastic frontier model 
for all five countries. For US, Brazil and Russia, the 
parameter of labor is negative. This could be 
explained that these countries introduced high-tech 
equipment or machinery into the agricultural 
production so the output increase with less labor force. 
And for India and Russia, the parameter of land is 
negative which might due to the inefficiency of land 
use. 
 

 
Table 2: Estimates of agricultural production in US by using 

independent and Rotated Joe 270° copula 
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Table 3: Estimates of agricultural production in China by 

using independent and Rotated Joe 180° copula 
 

 
Table 4: Estimates of agricultural production in Brazil by 

using independent and Gaussian copula 
 

 
Table 5: Estimates of agricultural production in India by using 

independent and Rotated Joe 270° copula 

 
Table 6: Estimates of agricultural production in Russia by 

using independent and Rotated Joe 270° copula 
 
4.3. Estimation of Technical Efficiencies 
Table 7is the summary of the estimated technical 
efficiencies of US, China, India, Brazil and Russian 
Federation using their respective best fit copulas. 
India has the highest mean of technical efficiency 
with a value of 0.93451 while the mean of the United 
States is the lowest with a value of 0.86613. Russia 
has the highest maximum value 0.9998and actually 
the maximum values of these five countries are very 
close to each other. The lowest minimum value of the 
United States is 0.53322 which occurs in the year 
1970. During the time period from 1965 to 2013, the 
technical efficiencies of these five countries 
fluctuates approximately between the range from 0.5 
to 1 which means every country has high efficiency 
in the agricultural production. 

 
Table 7: Technical Efficiencies of the Agricultural Production 

in US, China, India, Brazil and Russia 
 
CONCLUSION 
 
In this paper, the copula-based stochastic frontier 
model has been used to analyze the agricultural 
production of BRICS and the United States. The 
copula-based approach is able to capture the 
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dependency between U and V. The AIC and BIC 
criteria are applied to determine which copula is the 
best fit one for each country. Nine copula families are 
used in this paper namely Gaussian, Frank, Clayton, 
Gumbel, Joe, rotated Clayton (90°, 180° and 270°), 
rotated Gumbel (90°, 180° and 270°) and rotated Joe 
(90°, 180° and 270°). The results showed that copula-
based stochastic frontier approach had better 
performance than standard one does. As for the 
estimated parameters, land is the most influential 
factor of agricultural output in US and Russian 
Federation. Livestock is the most important 
contributor for China. Labor force in Brazil and India 
is the main factor of their large amount of output. 
Although all the parameters are significant but some 
of them are negative such as labor and land. This 
study also found some interesting results which 
showed that India has the highest mean technical 
efficiency instead of the United States. This 
suggested that US needs to improve their production 
efficiency by making better use of its inputs. 
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