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Abstract - A copula is a general tool to construct multivariate distributions and to investigate dependence structure between 
random variables. A copula is a function expressing multivariate simultaneous distribution by dividing it into a peripheral 
distribution of each variable and a dependence structure between distributions. In the situation where the creditworthiness of 
each business loan depends on each other, it would have a strong dependency structure between distributions at the tail of the 
distribution. Since it is possible to incorporate strong dependence into risk assessment by using copulas, it draws attention in 
financial practice.The purpose of this study is to estimate probability of default of companies using copulas, assuming that 
the estimated probability of default of a company changes between years. The correlation structures would be different, so 
the authors find out which copulas’ shape is closely estimated by simulation. 
 
Index Terms - Credit risk, Estimated probability ofdefault, Copulas. 
 
I. INTRODUCTION 
 
There are 4.69 million Small and Medium Enterprises 
(SMEs) in Japan, constituting 99.7% of all 
enterprises. SMEs are reasonably considered as the 
backbone of the economy of many countries all over 
the world (Altman and Sabato, 2005) including 
Japan. Modeling credit risk specifically for SMEs is 
considered as important for banks.In order to predict 
credit default, several classification techniques such 
as multiple discriminant analysis, linear probability, 
logit analysis, probit analysis, multinomial logit, 
decision trees, and artificial neural networks are 
found in existing literatures. Basel II,the second of 
the Basel Accords,are recommendations on banking 
laws and regulations issued by the Basel Committee 
on Banking Supervision(Basel Committee on 
Banking Supervision, 2006).  
A factor model (also known as conditionally 
independent credit risk models)based on joint 
multivariate normal distribution properties is 
employed to assess credit risk under Basel II Accord. 
Extension of the one-factor model using Gaussian 
copula is proposed to produce a more accurate default 
forecast.In this study, after estimating probability of 
default using a traditional logistic regression, we 
assume that the estimated probability of default of 
SMEs changes between years.Then, the correlation 
structures would be different, so we will find out 
which copulas’ shape is closely estimated by 
simulation. 
 
II. LITERATURE REVIEW 
 
The notion of copula was introduced by Sklar (1959) 
in the context of probabilistic metric spaces. The first 
application of copulas in risk management are Frees 
and Valdez (1998) and Wang (1998).  Frees and 
Valdez (1998) show how to fit copulas and describe 

their usefulness by pricing a reinsurance contract and 
estimating expenses for pre-specified losses, by using 
insurance company data on losses and expenses. 
Wang (1998) contains a broad survey on the use of 
copulas in insurance company risk management, 
presenting models and algorithms for the aggregation 
of correlated risk portfolios. A simulation studies at 
UBS Switzerland, Frey, et al. (2001) concluded that 
asset correlations do not fully specify the copula of 
the latent variablesand much model risk remains. The 
assumption of a Gaussian copula may not adequately 
model the potential extreme risk in the portfolio.  Das 
and Geng (2006) studied joint default risk for US 
corporates using copula techniques, and found that 
the best choice of copula depends on the marginal 
distributions, and stochastic processes for rating level 
PDs. The Student’s t copula is best when the jump-
diffusion model is chosen for the default intensity of 
each rating class. However, the normal or Clayton 
copula is more appropriate when the regime-
switching model is chosen for rating level intensities. 
Crook and Moreira (2011) employs copula methods 
to model dependence across default rates in a credit 
card portfolio of one large UK bank, but they do not 
stress the credit card portfolio. Their empirical results 
show that copula families other than the Gaussian one 
are able to better model the dependence structure of 
the credit portfolios. Brechmann, et al. (2014) reveals 
that Gaussian and t-copulas can provide a good fit to 
model operational risk. A study by Koziol et al. 
(2015) imply that the use of a Gaussian copula in 
credit risk stress testing should not by default be 
dismissed in favor of a copula with higher tail 
dependence. 
There are some literature on applications of copulas 
in finance area in Japan (e.g., Kusuoka, 1999, Tozaka 
and Yoshiba, 2005, Ando, et al. 2009, Shintani, et al 
2010, Kusuoka and Nakashima, 2012, Yoshiba, 
2013). Yoshiba（2015）surveys several applications 
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of parametric copulas to market portfolios, credit 
portfolios, and enterprise risk management in the 
banking industry, focusing on how to capture stressed 
conditions. The most popular copulas used in 
finance/risk management are Gaussian, Student t, 
Clayton, and Gumbel. The multivariate normal 
distribution will lead to the Gaussian copula.The 
multivariate Student t-distribution leads to the t-
copula.Gumbel Copula has more probability 
concentrated in the tails, also asymmetric, with more 
weight in the right tail. 
 
III. DATA 
 
The dataset consists of nearly 480,000 Japanese 
SMEs, after omitting missing values, collected by 
credit guarantee corporations, as well as government-
affiliated and private financial institutions involving 
SMEs’ business between 2006 and 2010. Data 
contains each firm’s balance sheet, income statement 
and its default information.The descriptive statistics 
for 2010 is listed in Table1. 
 

 
Table.1 Descriptive Statistics (2010) 

 
3.1. A Logistic Regression 
In order to calculate estimated probability of default, 
at first, we apply a logit regression analysis to SMEs. 
We extensively analyze a selected number of relevant 
financial measures suggested by previous literatures 
(Edmister, 1972; Altman and Hotchkiss, 2003; 
Altman and Sabato, 2007) in order to select the most 
predictive ones. Then, these variables are used as 
predictors of the default event. Alogit regression 
equation will be as follows: 
 

 
Table 2 is a list of independent variables. 
 
3.2. Copulas 
Copulas are functions that link joint distributions to 
marginal distributions as follows: 
Pr[X≤x,Y≤y] = FXY(x,y) = C(FX (x), FY (y))  (2) 
 
Where Pr is probability, 
FXYis joint cumulative distribution functions,  

C is copula, 
FX andFY are individual cumulative distribution 
functions. 
 

 
Table 2. A list of Independent Variables 

 
In other words, copulas use individual cumulative 
distribution functions (CDFs)   as inputs and return 
joint probabilities.  The important advantage of 
copulas is compatible with any distribution. 
Therefore we can relax the assumption of specific 
distributions and capture potential asymmetric 
dependence, e.g., high losses more associated than 
low losses. The conditional distribution and the 
conditional 퐶푌|푋follow the same property of the 
copula 퐶푌푋 in terms of tail dependence as follows: 
 
            F(y|x) =Pr(Y≤ y|X = x) 

=C | F (y) F (x) = ( ( ), ( ))
( )     (3) 

 
Regards estimated probability of default obtained by 
a logistic regression as the creditworthiness of each 
company,we will find the correlation structure with 
copulas whether there is a strong correlation at the 
bottom of the distribution between years. 

A default judgement is granted as follows: 
 

P X < k, X < k = 0.05(for example 5%)  (4) 
 
Copulas have primary and direct applications in the 
simulation of dependent variables.The distribution of 
default destination number is simulated.  The estimate 
and max of default destination number differs 
depending on which copula applied. We are going to 
fit a copula to an estimated probability of default of a 
company and try to simulate the estimated probability 
of default of a company using the copula.  
 

I. IV. RESULTS 
 
1.1.2006-2007   (N=439,284) All Industries 
An estimation result by a binominal logit model for 
all industries is shown in figure 1, and an empirical 
distribution of estimation result is shown in figure 2, 
respectively. Table 3 shows parameter estimates for 
all industries. 
For 2006 and 2007, there are 439,284 companies for 
entire industries. We assume that a default probability 
rate is 5%, 0= Firms with no default, 1= Firms in 
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default for 2006, 2= Firms in default for both 2006 
and 2007.  If the simulation is repeated with 100,000 
trials, the following results are obtained as Table 4. 
Simulations for 2007 and 2008, 2008 and 2009, 2009 
and 2010 are conducted in the same way. 
 

 
Figure 1: Estimation Results by Binomial Logit Model 

 

 
Figure 2: Empirical Distribution of Estimation Results 

 

 
Table 3. Parameter Estimates (all industries) 

 

 
Table 4. Simulation results for 2006 and 2007 (All industries) 

 
Gaussian and T-copula are close to the real data 
which include defaulted firms; however, 

overestimated on default for 2006, and 
underestimated for both 2006 and 2007. 
1.2. 2006-2007   Textile Industry (N=1,787) 
An estimation result by a binominal logit model for 
the textile industry is shown in figure 3, and an 
empirical distribution of estimation result is shown in 
figure 4, respectively. Table 5 shows parameter 
estimates for the textile industry. 
 

 
Figure 3: Estimation Results by Binomial Logit Model 

 
Figure 4: Empirical Distribution of Estimation Results 

 

 
Table 5. Parameter Estimates (Textile industry) 

 

 
Table 6. Simulation results for 2006 and 2007 (Textile 

Industry) 
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Gaussian and T-copula is close to the real data which 
include defaulted firms. 
 
2.1. 2007-2008   (N=428,400) All Industries 

 
Figure 5: Estimation Results by Binomial Logit Model 

 

 
Figure 6: Empirical Distribution of Estimation Results 

 

 
Table 7. Parameter Estimates (all industries) 

 

 
Table 8. Simulation results for 2007 and 2008 (All industries) 

 
T-copula is close to the real data which include 
defaulted firms  
 
2.2.2007-2008   (N=1,758) Textile Industry 

 
Figure 7: Estimation Results by Binomial Logit Model 

 
Figure 8: Empirical Distribution of Estimation Results 

 

 
Table 9. Parameter Estimates (Textile industry) 

 
Gaussian and T-copula are close to the real data 
which include defaulted firms 
 

 
Table 10. Simulation results for 2007 and 2008 (Textile 

industry) 
 
3.1.2008-2009   (N=421,315) All Industries 

 
Figure 9: Estimation Results by Binomial Logit Model 

 

 
Figure 10: Empirical Distribution of Estimation Results 
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Table 11. Parameter Estimates (all industries) 

 

 
Table 12. Simulation results for 2008 and 2009 (All industries) 
 
Gaussian and T-copula are close to the real data 
which include defaulted firms. However, defaults are 
overestimated. 
 
3.2. 2008-2009   (N=1,758) Textile Industry 
 

 
Figure 11: Estimation Results by Binomial Logit Model 

 

 
Figure 12: Empirical Distribution of Estimation Results 

 

 

Table 13. Parameter Estimates (Textile industry) 

 
Table 14. Simulation results for 2008 and 2009 (Textile 

industry) 

 
Gaussian and T-copula are close to the real data 
which include defaulted firms. 
 
4.1. 2009-2010   (N=424,625) All Industries 
 

 
Figure 13: Estimation Results by Binomial Logit Model 

 

 
Figure 14: Empirical Distribution of Estimation Results 
 

 

 
Table 15. Parameter Estimates (all industries) 

 

 
Table 16. Simulation results for 2009 and 2010 (All industries) 
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Gaussian and T-copula are close to the real data 
which include defaulted firms.  
 
4.2. 2009-2010   (N=1,597) Textile Industry 

 
Figure 11: Estimation Results by Binomial Logit Model 

 

 
Figure 12: Empirical Distribution of Estimation Results 

 

 
Table 13. Parameter Estimates (Textile industry) 

 
Table 14. Simulation results for 2009 and 2010 (Textile 

industry) 
 

Gaussian and T-copula are close to the real data 
which include defaulted firms. Results for the entire 
companies on estimated parameters for the entire 

companies for 2006-2007, 2007-2008, 2008-2009 are 
downward trends, whilerise between 2009-2010.The 
number of actual defaults seems to be gradually 
decreasing.Results for Textile Industry imply thatthe 
Gaussian distribution seems to closely approximate 
estimated parameter. 
 
CONCLUSION 
 
The Gaussian, t-copula, the Gumbel and Clayton 
copulas are used to approximate for practical 
purposes to estimate probability of default of SMEs. 
As a result, the Gaussian, (and t-copula sometimes) 
distribution seems to closely approximate estimated 
parameter. Copulas don’t solve all the problems in 
credit risk models. Copulas also have some 
limitations (in particular, when we work in higher 
dimensions).  But copulas help us improve the 
models we havenowadays until we find another 
approach that yields even better results. 
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