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Abstract- A graph X is said to be k-arc-transitive if the automorphism group of X, denoted Aut(X), acts transitively on the 
k-arcs of X. In this paper we classify 2-arc-transitive graphs of order 4p. 
 
Index Terms- s-arc-transitive graphs; quotient graphs; Cayley graphs. 
 
I. INTRODUCTION 
 
Throughout this paper graphs are simple and 
undirected. Adopting the terminology of Tutte [19], a 
k-arc in a graph X is a sequence of k+1 vertices v1, 
v2, · · · , vk+1 of X, not necessarily all distinct, such 
that any two consecutive terms are adjacent and any 
three consecutive terms are distinct. A graph X is said 
to be k-arc-transitive if the automorphism group of X, 
denoted Aut(X), acts transitively on the k-arcs of X. 
For a group G and a generating set S of G such that 
1∈S = S−1, the Cayley graph Cay(G; S) of G relative 
to S has vertex set G and edge of the form [g; gs]; 
g∈G; s∈S. Also the Cayley graph Cay(G; S) is said to 
be circulant, when G is cyclic. For a positive integer 
n, denote by ℤn the cyclic group of order n. Cn and Kn 
are the cycle and the complete graph of order n, 
respectively. We call Cn an n-cycle. Also N(v) is the 
neighborhoods of v and for any subset B of V(X), the 
subgraph of X induced by B will be denoted by X[B]. 
 Several papers have appeared concerning 2-
arc-transitive Cayley graphs. In [11], 2-arc-transitive 
graphs with a primitive automorphism group which 
contains an affine group (acting 2-arc-transitively) 
were classified; all of them are Cayley graphs of an 
elementary abelian 2-group. In [1], a classification of 
2-arc-transitive circulants was given, and in [14], a 
similar, but partial result was obtained for Cayley 
graphs of dihedral groups. Also in [15], the 
classification of 2-arc-transitive graphs of order a 
product of two primes was given. In this paper a 
classification of 2-arc-transitive graphs of order 4p is 
given. For more result see [7, 8, 13, 14, 16]. 
 
II. PRELIMINARIES 
 
Let X be a graph admitting a complete system of 
imprimitivity Ω with respect to some subgroup 
G≤Aut(X). Let K be the kernel of the action of G on 
Ω. The quotient group G/K acts faithfully on the set 
Ω and can be viewed as a subgroup of the symmetric 
group Sn. The quotient graph X  is defined as a graph 
with vertex set Ω and edges of the form ΔΔ′, Δ, Δ′ ∈
Ω, whenever there is an edge of X with one endvertex 
in Δ and the other endvertex in Δ′. Clearly, if G acts 
vertex-, edge-, arc-, or 2-arc-transitively on X, then 

G/K acts vertex-, edge-, arc-, or 2-arc-transitively on 
X , respectively. 
Proposition 2.1. A connected, 2-arc-transitive 
circulant of order n, n ≥ 3, is one of the following 
graphs: 
(i): the complete graph Kn, which is exactly 2-
transitive; 
(ii): the complete bipartite graph K ,  ,n ≥ 6, which 
is exactly 3-transitive; 
(iii): the complete bipartite graph minus a matching 
K , − K , ≥ 5 odd, which is exactly 2-
transitive;and 
(iv): the cycle Cn of length n, which is k-arc-transitive 
for all k ≥ 0. 
Proof. See [1, Theorem 1.1].      � 
 The following result may be extracted from 
[7, Theorem 1.1]. Also for the definition of the graphs 
X1(4,n−1) or X2(4,n−1) in the following proposition 
see [7].  
 The finite simple group G is called a Kn-
group if its order has exactly n distinct prime divisors, 
where n ∈ N. The following result determines all Kn -
groups, where n ∈{3, 4}. 
Proposition 2.2. [3,10,18,22] Let G be a finite simple 
Kn-group. 
(1) If n=3, then G is isomorphic to one of the 
following groups: 
A5,A6, L2(7), L2(8), L2(17), L3(3),U3(3),U4(2). 
(2) If n=4 then G is isomorphic to one of the 
following groups 
(i) A7, A8, A9, M11, M12, J2, L2(16), L2(25), L2(49) 
L2(81), L2(97), L2(243), L2(577), L3(4), L3(5), L3(7) 
L3(8), L3(17), L4(3), S4(4), S4(5), S4(7), S4(9), S6(2) 
O  (2), G2(3), U3(4), U3(5), U3(7), U3(8), U3(9), U4(3) 
U5(2), Sz(8), Sz(32), 3D4(2), 2F4(2)′ ; 
(ii) L2(r), where r is a prime, r2 − 1 = 2a.3b.v, v > 3 is 
a prime, a, b∈A; 
(iii) L2(2m), where m, 2m−1 and (2m+1)/3 are primes 
greater than 3; 
(iv) L2(3m), where m, (3m + 1)/4 and (3m − 1)/2 are 
odd primes. 
The following result may be extracted from [12, 
Table 3], [6, Corollary 3.5B] and [5, Theorem 1.1]. 
Proposition 2.3. Let p be a prime and G a primitive 
group of degree 4p. Then either G is 2-transitive or 
p=7, 13 or 17. Moreover, if G is primitive, but not 2-
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transitive then G≅A8, S8, L2(8) or PGL2(7) for p=7, 
G≅Aut(L3(3)) for p=13 or G is isomorphic to a 
subgroup between L2(16) and ΓL2(16) for p=17. 
 For the definition of the graphs in the 
following proposition see [7]. 
Proposition 2.4. [7, Theorem 1.1] Let X be a 
connected, regular k-fold cover, of a complete graph 
Kn, where k ≥ 2 and n ≥ 4, and suppose that the group 
K of covering transformations is either cyclic or 
isomorphic with ℤ  × ℤ , where p is a prime. If the 
fiber-preserving subgroup of automorphisms of X 
acts 2-arc-transitive on X, then one of the following 
occurs: 
(1) k = 2, K ≅ ℤ  and X is isomorphic to Kn,n−nK2. 
(2) k = 4, K ≅ ℤ  and X ≅ X1(4, q), where q=n−1. 
(3) k = 4, K≅ ℤ ×ℤ  and X ≅ X2(4,q), where q=n−1.  
Also, X is a Cayley graph which is 2-arc-transitive 
but not 3-arctransitive. 
Proposition 2.5. [15, Lemma 9.4] Suppose that the 
graph X is G-vertex-transitive and let α∈V(X), where 
G≤Aut(X). Then X is (G,2)-arc transitive if and only 
if Gα is 2-transitive on N(α).  
Lemma 2.6. [17, Lemma 3.3] Let X be a connected 2-
arc-transitive graph and let Ω be a  complete system 
of imprimitivity of Aut(X). Then either 
(i) X is bipartite and Ω is a bipartition of X, or 
(ii) |Ω| > 2 and for arbitrary distinct blocks ∆, ∆′∈ Ω 
and a vertex v∈∆, we have N(v)∩∆=∅ and 
|N(v)∩∆ ′|≤ 1. 
 Due to Marston Conder, we have the 
following lemma, where Aut(X) is either primitive or 
imprimitive on V(X). 
 
Lemma 2.7. Let X be a connected 2-arc transitive 
graph of order 4p. Then X is isomorphic to K8, K4,4, 
C8 and Q3, for p=2. Also X is isomorphic to C12, K6,6, 
K6,6−6K2, and K12, for p = 3. 
 Suppose that X is cubic 2-arc-transitive 
graph of order 4p. Then by [9, Theorem 6.2] we have 
the following result. 
Proposition 2.8. Let X be a connected cubic 2-arc-
transitive graph of order 4p for a prime p. Then X is 
isomorphic to the 2-regular hypercube Q3 of order 8, 
the 2-regular generalized Petersen graphs P(10,7) 
of order 20, the 3-regular Dodecahedron of order 20 
or the 3-regularCoxeter graph C28 of order 28. 
 
III. MAIN RESULTS 
 
Suppose that X is a cyclic 2-arc-transitive graph of 
order 4p. Then X is isomorphic to C4 p. Also cubic 2-
arc-transitive graphs of order 4p are determined in 
Proposition 2.6. Thus by considering Lemma 2.7, in 
the following we may assume that X is 2-arc-
transitive graph of order 4p and valency greater than 
3, where p≥5. Let p be a prime. The lexicographic 
product C2p[2K1] is defined as the graph with vertex 
set V(C2p) × V(2K1) such that for any two vertices u 

= (x1, y1) and v = (x 2, y2) in V(C2p [2K1]), u is 
adjacent to v in C2p [2K1] whenever {x1, x2}∈ E(C2p).  
Lemma 3.1. Let X be a connected vertex-transitive 
graph of order 4p, p a prime, and let Ω be a complete 
system of imprimitivity for the automorphism group 
Aut(X) with block of length 2. Then X≅C2p [2K1]. 
Proof. We consider the quotient graph XΩ. Clearly 
|XΩ|=2p. By [15, Proposition 3.2], XΩ is either C2p  or 
Aut(XΩ) has also a complete system of imprimitivity 
with blocks of length p. If XΩ≅C2p, 
then X≅C2p [2K1]. Thus we may suppose that 
Aut(XΩ) has also a complete system of imprimitivity 
with blocks of length p. Let K be the kernel of the 
action of A on Ω. Clearly, A/K is a subgroup of 
Aut(XΩ). 
Let Φ be a block of Aut(XΩ). Then ΦKa = Φ or 
ΦKa∩Φ=∅ for every Ka∈A/K. Thus Φa=Φ or 
Φa∩Φ=∅ for every a∈A. Therefore Aut(X) has also a 
complete system of imprimitivity with blocks of 
length p. Let Ω′ be a complete system of 
imprimitivity for the automorphism group Aut(X) 
with block of length p. Clearly |XΩ′ | = 4 and XΩ′  ≅ C4 
or K4. Suppose that ∆ and ∆′  are two adjacent 
vertices, in XΩ′. By Lemma 2.6, X[∆,∆′]≅pK2. 
Therefore the valency of X is either 2 or 3, a 
contradiction. ð 
Theorem 3.2. Let X be a connected 2-arc-transitive 
graph of order 4 p and valency greater than 3, where 
p>3 is prime. Also let Aut( X) is imprimitive on 
V(X), Ω be a complete system of imprimitivity for 
the automorphism group Aut(X) and K be the kernel 
of the action of A on Ω. Then either Aut(X)/K is an 
almost simple group of order p or X is isomorphic to 
one of the following graphs.  
 
(i): Bipartite graph and Ω is a bipartition of X.; 
(ii): Bi-Cayley graph on cyclic group ℤp; 
(iii): C2p[2K1];  
(iv): X2(4, p−1); 
(v): X1(4, p−1); 
(vi): K2p,2p. 
Proof. Let A=Aut(X). First suppose that A is solvable 
and N is the minimal normal subgroup of A. Thus N, 
is an elementary abelian p-group, where p∈{2,p}. If 
N is an elementary abelian 2-group then the orbits of 
N have length 2 or 4. If the orbits have length 2 then 
either |XN|=2p or |XN|=p. Suppose that |XN|=2p. Then 
by Lemma 3.1, X≅C2p[2K1]. Now suppose that 
|XN|=p. By Lemma 2.6 X is a regular cover of XN. XN 
is 2-arc-transitive circulant of order p. By Proposition 
2.1, XN≅Kp or XN≅Cp. Therefore X is either ℤ × ℤ -
regular cover of Kp and Cp, or X is ℤ -cover of Kp or 
Cp. If X is Z 4-regular or ℤ ×ℤ -regular cover of Cp 
then X is a cyclic, a contradiction. Also if X is ℤ -
regular cover of Kp, then by Proposition 2.8, 
X≅X1(4,p−1). Finally if X is ℤ ×ℤ -regular cover of 
Kp, then by Proposition 2.8, X ≅ X2(4,p−1). Now if 
the orbits of N has length p then |XN|=4, and XN≅K4 
or XN ≅C4. By Lemma 2.6, X is a regular cover of XN 



International Journal of Management and Applied Science, ISSN: 2394-7926                                                 Volume-3, Issue-10, Oct.-2017 
http://iraj.in 

2-Arc-Transitive Graphs of Order 4P 
 
9 

with cyclic group of covering transformations. 
Therefore X is either a cycle or X is a cubic graph, a 
contradiction.  
Now suppose that A is not solvable. Also let Ω be a 
complete system of imprimitivity for the 
automorphism group Aut(X) and K be the kernel of 
the action of A on Ω. First suppose that blocks have 
length 2. Then |XΩ|=2p and by Lemma 3.1, 
X≅C2p[2K1]. Now suppose that the blocks have 
length 2p. Thus XN≅K2. Therefore by Lemma 2.6, X 
is bipartite and Ω is a bipartition of X. Finally 
suppose that the length of blocks are 4 or p. Thus 
|XΩ|=p or |XΩ|=4. Also XΩ is 2-arc-transitive graph. If 
|XΩ|=4, then XΩ≅C4 or XΩ≅K4. Then By Lemma 2.6, 
X is a cover of XΩ and hence X is either a cycle or X 
is a cubic graph, a contradiction. If |XΩ| = p, then XΩ 
is 2-arc-transitive circulant of order p. Suppose that K 
is transitive on blocks of A. Then by Lemma 2.6 X is 
a regular cover of XΩ. Also by Proposition 2.1, 
XΩ≅Kp or XΩ≅ Cp. Therefore X is either ℤ ×ℤ -
regular cover of Kp and Cp, or X is ℤ -cover of Kp or 
Cp. If X is ℤ -cover or ℤ ×ℤ - regular cover of Cp 
then X is cyclic, a contradiction. If X is ℤ -regular 
cover of Kp, then by Proposition 2.8, X≅X1(4,p−1). 
Also if X is ℤ ×ℤ -regular cover of Kp, then by 
Proposition 2.8, X≅X2(4,p−1).  
 
 Now assume that K is not transitive on the 
blocks of A. If X is a cover of Cp then X is a cycle, a 
contradiction. Thus we may suppose that X is a cover 
of Kp. It is easy to see that X is 4-fold cover of Kp. 
Also A=A/K is a 2-transitive group of degree p. Since 
K is not transitive it follows that K=1, ℤ  or ℤ ×ℤ , 
separately. If K=1 then by the 2-transitive group 
classification (see [4], for example), A is an almost 
simple group. A table of 2-transitive groups of degree 
p with simple socle is given in [21], and after 
checking all nonsolvable doublytrnsitive groups of 
degree p listed there, the only possible groups have 
socle either PSL3(2), p=7 or PSL2(2 ), where s>0 
and p=2 +1 is a Fermat prime.  
 
 Also if K=ℤ  or ℤ ×ℤ  then A/CA(K) ≤ S3. 
Therefore A has an element of order 2p and so X is a 
Bi-Cayley graph on cyclic group ℤ .  ² 
 In the following Lemma we assume that 
Aut(X) is primitive on V(X). Also the proof of the 
following result is the same of the proof Theorem 3.1 
in [20]. 
Proposition 3.3. Let X be a connected 2-arc-transitive 
graph of order 4p and valency greater than 3, where 
p>3 is prime. If A=Aut(X) is primitive on V(X), then 
X ≅ K4p.  
Proof. Let A=Aut(X). First assume that A is 2 
transitive on V(X). Then X≅K4p. Now assume that A 
is primitive, but not 2-transitive. By [20, Proposition 
2.2], we have A≅A8, S8, PGL(2,7), PSL(2,8) with 
p=7, or A≅Aut(PSL(3,3)) with p=13, or 
PSL(2,16)≤A≤ PΓL(2,16) with p=17. If A=PGL(2, 

7), PSL(2,8) or Aut(PSL(3,3)), then |A1|=22.3, 2.32 or 
23.33. Also if A=A8 or S8 then |A1|=24.32.5 or 2.32.5. 
Finally if PSL(2,16)≤A≤PΓL(2,16). Then |A1|=22.3.5, 
23.3.5 or 24.3.5. Therefore for all cases we have 
|A|∈{24.3.p,23.32.p,25.33.p,26.32.5.p,23.32.5.p,24.3.5.p, 
25.3.5.p,26.3.5.p}. Let N be a minimal normal 
subgroup of A. If N is not an elementary abelian 
group, then N≅T1 × × Tn, where Ti≅Tj (1≤i,j≤n). By 
Proposition 2.2 and considering the order of A, one 
has n = 1 and N is isomorphic to one of the following 
groups:  
 
PSL2(8), PSL2(16), PSL2(31), A8. 
In each case we can se e that A=N and the order of X 
is 28, 68 and 124. Now by Magma [2] we can check 
there is no such 2-arc-transitive graph. 
Thus N, is an elementary abelian p-group, where 
p∈{2,p}. Clearly N isnot transitive on V(X) and so 
the orbits of N are the blocks of A, a contradiction. 
Therefore A is 2-transitive on V(X) and X≅ K4p.  
Acknowle dgements: The Author wishes to thank 
Professor M. Conder for his help for Lemma 2.7, 
which is obtained by Magma. 
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