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Abstract— The quantifications of parameter location and variation are a central for determining variable types of acceptance 
sampling plans to understanding the quality of the process. Practically, the estimators of unknown parameters are not unit-less, 
which are inconvenient summary statistics in a plant or supply base where a variety of characteristics with disparate metric 
measures are considered. The dimensionless quantities of process capability indices, measuring actual performance of an 
in-control process with regard to the specification limits, have played an integral role in continuously improving the quality 
and reliability of products. However, most indices’ estimators having been applied so far assume measurements of the quality 
characteristic are normally distributed. The exponential distribution is commonly utilized to model the electronics components 
and systems, mechanical fatigue failures, and some corrosion processes that usually do not wear out until long after the 
expected life of the product being installed. In this paper, based on the lifetime capability index, we optimize acceptance 
sampling schemes for the exponential population with/without censoring by employing statistical and decision-theoretic 
methodologies that minimize the number of failures needed on the inspection. Keywords: Sampling plans, Life capability, 
Producer risk, Consumer risk, Non-linear optimization.  
 
I. INTRODUCTION 

 
Manufacturers are required to have information about 
quality (reliability) before making product-release 
decisions. Potential customers require quality 
(reliability) information before deciding to purchase a 
product. Thus, in fields of quality inspection and 
reliability test, there is a desire to demonstrate and 
assure product quality as well as reliability. (Meeker 
and Escobar, 2004). In both fields, acceptance 
sampling plans have been widely applied. They 
determine an optimal decision on the basis of 
economic consideration, which guarantees a quality 
(reliability)-related quantity of interest (called a 
process parameter) meeting or exceeding a specified 
requirement at a desired level of confidence. 
The quantifications of parameter location and 
variation are a central to understanding the quality of 
the process. In practice, the process mean and standard 
deviation are unknown, where a random sample is 
needed to estimate unknown parameters. However, 
determining the right sample size is often times critical 
since the cost of tests is usually high and obtaining 
prototypes is often not easy. If the sample size used is 
too small, not much information can be obtained from 
the test, limiting one’s ability to draw meaningful 
conclusions; on the other hand, if it is too large, 
information obtained through the tests may be beyond 
what’s needed, thus incurring unnecessary costs (Guo 
et al., 2013). 
Traditionally, there are two methods for determining 
the right sample size needed in a reliability test. The 
first one is an estimation approach of unknown process 
parameters based on the confidence interval 
(Engelhardt and Bain, 1978), while the other is a risk 

control approach of hypothetical process parameters 
according to controlling Type-I and Type-II errors 
(Schmitz, et al., 1979). From a practical viewpoint, 
however, the estimators of the unknown process 
parameters used in either case are not unit-less and 
sometimes are not convenient summary statistics in a 
plant or supply base where a variety of characteristics 
with disparate metric measures are considered (Kane, 
1986). Process capability indices are dimensionless 
quantities that measure the relationships between 
quality-characteristic specification limits and actual 
performance of an in-control process (Kotz and 
Lovelace, 1998). These indices have played an 
integral role in continuously improving the quality and 
reliability of products. 
However, most indices having been applied so far 
assume measurements of the quality characteristic are 
normally distributed (Yum and Kim, 2011; Wu et al., 
2015(a, b)). In general, products lifetimes T with only 
positive values is a larger-the-better type of quality 
characteristic. It inherits the property of an 
exponential, gamma, or Weibull distribution (Meeker 
and Escobar, 1998). The exponential distribution is 
widely utilized to model the electronics components 
and systems, mechanical fatigue failures, and some 
corrosion processes that usually do not wear out until 
long after the expected life of the product in which 
they are installed (Hsu et al., 2011). In addition, it is 
also considered an excellent model for the relatively 
stable period of low failure risk that characterizes the 
middle portion of the bathtub curve. This phase 
corresponds with the useful life of the product and is 
known as the intrinsic failure portion of the curve 
(Schmitz et al., 1979). Nowadays, many devices 
manufactured with advanced technologies possess 
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high quality and long duration of lifetime T .It is time 
consuming and cost-intensive for a life test to collect 
complete lifetimes of items. This reason impels 
practitioners to construct acceptance sampling plans 
for life test with failure censoring scheme and to make 
a proper decision of batch sentence as soon as 
cumulative life information is sufficient (Yeh, 1994). 
The right type-II censoring (failure-censoring scheme) 
is considered in this research, which refers to the 
situation where only the s  smallest lifetimes 

   1 ... st t   in a random sample of n  are 

observed; here s  specified integer between 1 and 
n .This censoring scheme arises when n  individuals 
start on a study at the same time, with the study 
terminating once s lifetimes (failures) have been 
observed (Lawless, 2003). 
Lifetime capability index LC , one type of process 
capability indices, was developed by Kane (1986) and 
Tong, et al. (2002) measures the performance of a 
process with nonnegative lifetime characteristic T  
that has lower specification limit L  being set. Much 
literature has studied on the parameter estimation and 
hypothesis testing approaches of the unknown LC  
index based on the confidence interval (Hong et al, 
2008; Lee, 2010; Wu et al., 2007); however, the 
examination is limited to a unilateral viewpoint of risk 
either from the producer or from the buyer. To 
authors’ knowledge, the LC -qualified economic 
sampling plans that simultaneously control the 
producer and buyer risks have been scarcely 
investigated. 
A recent publication from Aslam et al. (2016) 
developed LC -similar sampling plans for the 
exponential population by using an approximation 
approach to remedy the data. Its idea borrows from 
Johnson and Kotz’s (1970) and Nelson’s (1994) 
works, where the exponential lifetime data is first 
transformed to be a Weibull distribution by using a 
power function, and then the best power form is 
selected so that the Weibull distribution can 
approximate the normal curve. This similar technique 
has also been recently applied to the control charts for 
monitoring an exponential quality characteristic 
(Santiango and Smith, 2013 and Aslam et al., 2014). 
However, key limitations of this approximation 
approach are that it does not address the theoretical 
and practical interest problems, such as the estimator 
properties, exact sampling distribution of the 
estimator, and the lifetime date with censoring 
information. In this paper, based on the lifetime 
capability index, we optimize acceptance sampling 
schemes for the exponential population with/without 
censoring by employing statistical estimation and 
theoretic decision methodologies that minimize the 
number of failures needed on the inspection. The 
performance of established sampling plans is 

compared with the recent proposed approximation 
approach (Aslam et al., 2016) under the full ordered 
observed exponential data. 
The remainder of the paper is organized as follows. 
Section 2 briefly introduces lifetime capability index 

LC  and emphasizes its advantages of usage. Section 3 

estimates LC  for exponential products with right 

type-II censoring. Section 4 incorporates LC into 
sampling schemes for submitted lots with failure 
censoring. The plan parameters are determined by a 
constrained nonlinear optimization. Section 5 
compares our proposed exact sampling plans with the 
recent published approximation approach under the 
full ordered observed exponential data. Conclusions 
are presented in Section 6. 
I. LIFETIME CAPABILITY INDEX FOR EXPONENTIAL 
PRODUCTS 
Lifetime capability index LC  was developed by Kane 
(1986), Tong, et al. (2002), and Lee (2010) used a 
dimensionless quantity to measure performance of a 
process with nonnegative lifetime characteristic T  
that only allows lower specification limit L  which is 
defined as  

,T
L

T

LC 



                                (1) 

Where T and T are the mean and standard 
deviation of lifetimes, respectively. 
It can be noted that the time scale is not always real or 
chronological time, especially where machine or 
equipment are concerned. For example, miles driven 
might be used as a time scale with motor vehicle, and 
number of pages of output for a computer printer or 
photocopier. 
  Suppose that lifetimes of occurrences (times between 
failures) T  can be modeled as an exponential 
distribution, 

 | ,tf t e    0t                 (2) 

Where 0   and 1 /  is also the mean and standard 
deviation time to failure; that is, 1/T T    . 
Hence, 

1LC L  .                                       (3)  

A. The link between LC  and the lifetime conforming 
rate 
To realize whether the lifetimes of products T are 
consistently produced from manufacturers as well as 
delivered within their required specifications L  
preset by customers, we define lifetime-conforming 
rate, denoted as r, and lifetime-nonconforming rate, 
denoted as p . 

1( ) ,LCt L

L
r P T L dt e e 

        

        1,LC                                (4) 
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   and 
1(T ) L

L Ct Lp P L dt e e   


      

    11 LCe    .                                                  (5) 
It can be observed that a strictly increasing relation 
stays between r  and LC  Because of this one-to-one 

LC  to represent r ; for instance, LC  0.99aning the 
r would be at least 99.005%, or representing the 
lifetime-nonconforming rate as less than 0.995% (or in 
terms of 9950 parts per million (ppm)). Ostensibly, the 

LC values render useful lifetime performance 
information when practitioners test the underlying 
exponential products. 
 
II. ESTIMATION OF LC  FOR EXPONENTIAL 

PRODUCTS WITH RIGHT TYPE-II 
CENSORING 
 
Practically,   as well as LC  are unknown in Eq. (3) 
so that they are needed to be estimated based on 
collected sample data. For impartially evaluating the 
products lifetime performance LC  , one is required to 

provide an estimator for   with satisfied statistical 
properties.  
As for lifetime data collection, the chronological time 
needed to observe the lifetimes of all individuals in a 
study may be large enough that practical constraints of 
resources prevent full observation; therefore, censored 
samples are frequently conducted in practice. Here, we 
consider the case of right-censored data with failure 
censoring (right type-II censoring). That means we 
continue collecting data until the failure of the first s  
individuals observed in a random sample of size n  are 
drawn from the population, where s  is some chosen 
integer with s n  , and the length of time for the 
remaining n s  individual is unobserved. 
 
A. UMVUE of LC  
Suppose that there are n components randomly 
selected from a population that follow an exponential 
distribution with probability density function (pdf) 
shown in Eq. (2). Let (1) (2) (n), , ...,T T T  denote their 
lifetimes when put on test. Consider a right type-II 
censored sampling scheme that consists of the s  
smallest lifetimes (1) (2) (s), , ...,T T T . From the general 
result of order statistics (Balakrishnan and Cohen, 
1991), the joint pdf of (1) (2) (s), , ...,T T T  is 

(1) (s) ( )
1

!( ,..., ) ( )
( )!

s

i
i

nf t t f t
n s 

 
    

   

  ( )(1 ( ))n s
sF t   Where ( )( ) 1 t

sF t e    
Hence, the loglikelihood function can be written as 

( ) ( )
1

( ) log ( )
s

i s
i

l s t n s t  


 
     

  

and the maximum likelihood estimate (MLE) for λ can 
be written as 

( ) ( )1
( )s

i si

s
t n s t




 
 

 

Based on the invariance property, the MLE of LC  can 
be expressed as  

( ) ( )1

1 1
( )

L s
i si

sLC L
t n s t




    
 

(6) 

Let ( ) ( )1
( )s

i si
W t n s t


    . Since s is fixed, 

the statistics W  is sufficient for  , 2
22 ~ sW x , 

chi-squared distribution with 2s  degrees of freedom 

(Lawless, 2003). Furthermore, the expectation of  LC  
is 

E ( )LC   E (1 ) 1 2sL s L
W

   E 2 1
2[( ) ]sx    

                  1
1

s L
s


 


                                      (7) 

By using the theory of point estimation (Lehmann, 
1983), we can show that the estimator W is a 
complete and sufficient statistic for λ. However, in 

comparison of Eqs. (3) to (7), we know E ( )L LC C  . 

It implies that the MLE LC is not an unbiased 

estimator of LC . Although in theory we have 

,s   E ( )LC ,LC meaning LC   is a consistent 
and asymptotically unbiased estimator, this property is 
unrealistic in the reliability test field. 

Thus, we modify LC  to be LC , 

          ( 1) L1 1 ,L
sC L

W
 

              (8) 

where   and LC are unbiased estimators of   and 

LC , respectively. Referring to the theory in (Hogg et 

al., 2005), we can simply show that the estimator LC  
L is a uniformly minimum variance unbiased 
estimator (UMVUE) of LC . 
Finally, with the sampling distribution obtained from 
Eq. (8) and the result of 2

22 ~ sW x , we can further 

investigate the problem of 0 : LH C c  (the process 
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is acceptable) and 0 : LH C c (the process is 
rejectable), where c is the required value of lifetime 
performance. 
III. LC  VERIFIED TEST SAMPLING PLANS 
 
This section establishes test sampling plans on the 
basis of life performance index LC for exponential 
products under right type-II censoring 
B. The probability of accepting the lifetime 
performance 
Because data from an assumed sampling distribution 
provide the basis for deciding whether the population 
of products being tested at random meets the specified 
requirement, 0 : L AQLH C c  (the lifetime 

performance is acceptable) and 0 : L RQLH C c  (the 

lifetime performance is rejectable), where AQLc  and 

RQLc  individually represent acceptable and rejectable 

quality level based on the LC  index. There are two 

kinds of the probabilistic risks,   and   , that we 
incur in conducting the test. The former called 
producer’s risk is a population with reliable products 
(one that does meet the requirement) in fact, failing the 
test, whereas the latter called customer’s risk is an 
unreliable population that passes it. 
Therefore, given the LC  index under the condition of 
s n  , the probability of accepting the population 

ap  is a function of ( , c )as  , where ca  is a critical 

value of the required lifetime performance LC ; it can 
be mathematically expressed as  

( , | C )a a Lp s c   

( ) ( )1

2
2

( | )

( 1)1 |
( )

2*( 1)(1 C )2
1

2*( 1)(1 )
1

L a L

a Ls
i Si

L

a

L
s

a

P C c C

s LP c C
t n s t

sP W
c

s CP x
c





 

    
   
  

   
  

   


 

                                                                      (9) 
Referred to the relationship between LC  and p  

shown in Eq. (5), we have 1 ln(1 ).LC p    

Hence, ap  can also be expressed on the based of the 
specified lifetime-nonconforming rate, which is 
conventional usage in the quality field: 

 
2
2

, | 1 ln(1 )

2*( 1)*ln(1 )
1

a a L

s
a

p s c C p

s pP x
c

  

   
   

  

                                                                    (10) 
C. Determination of criteria ( , c )as  
In addition, a well-designed acceptance sampling plan 
must satisfy the following two-point conditions, 

 ,1AQLp   and  ,RQLp  , which usually are 

visualized on the operating characteristic curves to 
depict the discriminatory power when the sampling 
plan is contemplated: 
•the population is approved at the quality level AQLp  

with at least 100 (1 )  % probability, and 
•the population is approved at the quality level RQLp  

with probability not exceeding 100  %. 
Therefore, the problem of optimal criteria becomes the 
following constrained optimization problem. 
Finally, we establish an optimal decision on the basis 
of economic consideration that minimizes the required 
number of failures s  in a random sample of size 
n ,which secures the lifetimes performance LC  

meeting specified requirements  ,AQL RQLp p  at 

lower levels of risk  ,   Therefore, the plan 

criteria ( , c )as can be obtained by solving the 
following nonlinear optimization problem. 
Minimize 
( , | , , , )a AQL RQLs c p p         ⌈ s ⌉ 
subject to 

( , | 1 ln(1 ), )a a L AQLp s c C p     

2
2

2*( 1)*ln(1 )
1

1

AQL
s

a

s p
P x

c


   
   
 

  

( , | 1 ln(1 ), )a a L RQLp s c C p            (11) 

2
2

2*( 1)*ln(1 )
1

RQL
s

a

s p
P x

c


   
   


 

where ⌈ s ⌉ is the smallest integer greater than 
or equal to s . 
 
Operating procedures of LC  sampling plans for 
exponential products with censored data 
For the proposed sampling plan to be practical and 
convenient to implement, a step-by-step operating 
procedure is provided: 
Step 1: Decide the required quality standard and the  
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 allowed risk tolerance  ,AQLp   and  ,RQLp   

for the life time characteristic T  with lower 
specification limit L . 
Step 2: Check Table to find the required number of 
failures s  for terminating the lifetime testing and the 
critical value ca  for the submitted population 
acceptance or rejection. 

Step 3: Randomly select n  samples from the 
population for the lifetime testing at the 
same time. Then, continue collecting data 
until the failure of the first s  individuals is 
observed, (1) (2) (s), ,...,t t t . 

Step 4:According to Eq. (8), calculate the LC  
value.  

Step 5:Make a decision. L aC c  accepts the 

population, while L aC c  rejects the 
population. 

 
IV. COMPARISON STUDIES BASED ON FULL 
ORDERED OBSERVED EXPONENTIAL DATA 
 
In this paper, we use the exact distribution of the 
UMVUE as well as an exact probability of acceptance 
to tackle the lifetime-capability sampling plans for the 
exponential population with failure-censoring 
schemes. Literally, this proposed methodology can 
also be applied to the case of full order observed data. 
Motivated by the traditional statistical analysis tools 
that are needed for normally distributed data, Aslam et 
al. (2016) developed a sampling plan for the 
exponential population by using an approximation 
approach to remedy the data.  
 
CONCLUSIONS 
 
In reliability testing, determining the right sample size 
is often times critical since the cost of tests is usually 
high and obtaining prototypes is often not easy. If the 
sample size used is too small, not much information 
can be obtained from the test, limiting one’s ability to 
draw meaningful conclusions; on the other hand, if it is 
too large, information obtained through the tests may 
be beyond what’s needed, thus incurring unnecessary 
costs. Unfortunately, the majority of the time, the 
reliability engineer does not have the luxury to request 
how may samples are needed but has to create a test 
plan based on the budget or resource constraints that 
are in place for the project. More often than not, when 
a reliability test design is solely based on resource 
constraints, the results are not very useful, often 
yielding a reliability estimate with a very large 
uncertainty. Therefore, test designs always involve a 
trade-off between resource expenditure and 
confidence in the results. One needs to have a good 
understanding of what amount of risk is acceptable 

when calculating a reliability estimate in order to 
determine the necessary sample size. 
A lifetime performance index was proposed and used 
as a means of measuring product lifetime performance. 
The lifetime of products is a larger-the-better type 
quality characteristic and is generally required to 
exceed the lower specification limit. Acceptance 
sampling plans provide the producer and the customer 
with a general decision rule for lot sentencing (test 
acceptance) that meets both of their quality and risk 
requirements. This paper attempts to introduce a 
variables sampling plan for product acceptance 
determination based on the lifetime performance index. 
The probability of acceptance, i.e., the operating 
characteristic function of the proposed sampling plan, 
is derived based on the exact sampling distribution of 
the estimator of the lifetime performance index. The 
required sample size and the corresponding critical 
value are determined by solving two non-linear 
equations simultaneously and tabulated for various 
combinations of accept able and rejectable quality 
levels, producer’ and consumer’s risks. Thus, 
practitioners can easily understand the number of 
product items required for inspection and the 
corresponding critical value for making decisions on 
product acceptance determination. 
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