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Abstract - When designing an assembly line, one of the most important and challenging problems is the line balancing 
problem. While considering the limitations of machinery in parallel mixed model line layouts, and probabilistic uncertainty 
of task durations, this study seeks to reduce the number of stations required in assembly lines. Being an NP-hard problem, 
the mathematical model cannot be solved to optimality for the real-world problems. A heuristic algorithm is used to solve the 
problem that takes advantage of the similarity of the assembly line balancing problem with the resource constraint project 
scheduling problem. The Particle Swarm Optimization algorithm is used to explore the feasible region. Monte-Carlo 
simulation method is applied to consider the uncertainties and their effect on the optimum number of stations. The proposed 
model and the solution method are evaluated by well-known data set available in the literature. Obtained results show the 
merits of the proposed model and the solution method. 
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I. INTRODUCTION 
 
Due to the high costs of operation, balancing 
assembly lines of products is one of the most 
important issues considered by industrial research 
community. Balancing includes the allocation of 
specific tasks to the workstations within a given time 
in such a way that improves the line performance [5, 
6]. Assembly Line Balancing Problems (ALBP) can 
be classified into three groups [8]: single-model 
ALBP, that only one product is manufactured; mixed-
model ALBP (MMALBP), varying models of one 
product assembled on the same line; and multi-model 
ALBP, different products manufactured in batches.  
Simple assembly line balancing problem (SALBP) 
makes some assumptions to reduce the complexity of 
this problem.  The different models of SALBP are 
obtained by changing the decision variables as shown 
in Table 1.  
 

Number of 
station 

Cycle time 
parameter variable 

parameter SALBP-F SALBP-1 
variable SALBP-2 SALBP-E 
Table 1 models of  simple assembly line balancing problem 

(SALBP) 
 
To convert the SALBP-1 to RCPSP it needs to 
consider tasks which required for assembling each 
product as activities that should be done in a project, 
the tasks time as activity resource requirements, the 
work stations as days of project and the cycle time as 
maximum available units of resource which is the 
time. In this study using the RCPSP techniques for 
solving the General Assembly Line Balancing 
Problem type 1 (GALBP-1) is considered. By 

relaxing some of the assumptions and adding realistic 
constraints like considering parallel and mixed model 
assembly line, the SALBP is converted to the 
GALBP 
Most of the production systems employ mixed model 
assembly lines so that they can produce low volume 
or small batches and respond quickly to varying 
customer demands without maintaining a large 
inventory [11]. Flexibility of a production system; 
reduction of idle times and reduction of the labor 
costs and space requirements are some of the 
advantages of parallel assembly lines balancing 
problem (PALBP) [6]. Also, in parallel lines it is 
possible to reduce the number of workstations by 
combining the neighboring stations on adjacent lines 
[13].  
This study deals with the uncertainty related to the 
task durations and proposes a new stochastic model 
for the parallel MMALB problem with the approach 
of the RCPSP is provided in the algorithm. Because 
the bin-packing problem is NP-hard and GALBP-1 is 
special case of binpacking so this problem is NP-hard 
too [14]. Therefore, a Particle Swarm Optimization 
(PSO) algorithm is used to solve the problem. 
The remainder of this paper is structured as follows: a 
review of literature is presented in Section 2. The 
problem description and the mathematical 
formulation are given in Section 3. The solution 
procedures are described in Section 4. Numerical 
examples are provided in Section 5. Conclusions of 
this research are provided in Section 6.  
 
II. LITERATURE REVIEW 

 
Assembly line systems are used in different industries 
to produce different products. [15] published the first 
study on the ALBP. Several methods have been 
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proposed for balancing the assembly lines. Heuristic 
methods are computationally more practical and 
many researchers prefer to work with them [16]. 
Bautista & pereira [17]with the help of simulated 
annealing algorithm, presented a new mathematical 
model for two-sided MMALBP, where the primary 
goal is minimizing the number of pairs of 
workstations for the secondary objective is 
minimizing the cycle time. [18] was the first author 
who proposed a simple heuristic method for 
designing parallel single-product assembly lines for 
products with high production rate. This algorithm 
seeks to determine the number of stations with 
minimum labor costs. [13] proposed several 
innovative methods and a new mathematical model 
for balancing parallel assembly lines. They 
considered the number of lines as a parameter and 
seek to simultaneously balance the lines and to 
minimize the number of workstation. [19] presented a 
model for designing parallel assembly lines with split 
workplaces. They considered a production system 
that includes a number of parallel assembly lines 
producing a specific product with the same cycle time 
on each line. [20] believe that considering two-sided 
assembly lines is proper for mass production and also 
considering parallel lines simultaneously improved 
the efficiency. They focused on minimizing the idle 
time between stations on two or more two-sided 
assembly lines and proposed a tabu search meta-

heuristic algorithm to solve the problem. [21] 
presented one of the first attempts in modeling and 
solving the PALBP that uses swarm intelligence 
based metaheuristics. PSO algorithm has been 
broadly applied to the problems related to the 
manufacturing industry. Gen et al. (1996) were the 
first authors who introduce fuzzy SALB (f-SALB), 
where task durations were fuzzy, and proposed a 
genetic algorithm [14] as the solution method. [22] 
deployed a fuzzy binary linear programming to solve 
the mixed model assembly line problem considering 
fuzzy process times. [1] proposed a goal 
programming model for balancing a parallel assembly 
lines with crisp and fuzzy objectives. They 
considered three objectives: minimizing the number 
of stations, minimizing cycle time, and minimizing 
the number of tasks assigned to each workstation. 
 
To the best of authors’ knowledge, despite the 
importance of considering uncertainties in the 
PALBP there is no previous study considering 
uncertainty in parallel mixed model assembly line 
balancing problem which is the case considered in 
this study. Also, the researchers which applied 
stochastic and robust approach to deal with 
uncertainty in the modeling process and considering 
maximum profit, minimum cycle time and minimum 
workstations as objective functions are shown in 
Table 2.  

 

pu
bl

ic
at

io
n Line-shape 

Number of 

products 
objective 

uncertainty 
Solution 

approach Straight 

line 

U-

shaped 
Parallel 

Single 

model 

Mixed-

model 

Minimum 

stations 

Minimum 

cycle time 

Maximum 

Productivity 

[1]   ✓ ✓    ✓ Fuzzy(time) GA 

[2] ✓   ✓   ✓  Scenario 

based(time) 

Dynamic 

programming  

[3] ✓    ✓ ✓ ✓  Stochastic(demand) GA 

[4] ✓   ✓   ✓  robust (times) decomposition 

[7] ✓   ✓    ✓ Fuzzy (time and 

cycle time) 

GA 

[9] ✓   ✓  ✓   Robust Constructive 

heuristic 

[10] ✓ ✓  ✓  ✓ ✓ ✓ Fuzzy (times) GA 

[12] ✓   ✓  ✓ ✓  Robust(demand) NSGAII 

This 

study 
  ✓  ✓ ✓   Stochastic(time) PSO 

Table 2 Literature Review of Studies on Balancing Assembly Line Problem which Consider Uncertainty 
 
III. PROBLEM DESCRIPTION AND FORMULATION 
 
In this paper, we propose a multi-objective model for PMMALB problem in uncertain environment, where task 
durations are stochastic parameters, using RCPSP Techniques. In order to describe the problem when considering 
the minimization number of stations as objective, the basic assumptions must be introduced. 
A. Assumption  
 The product models are homogeneous and all parts are prepared for being used in the assembly lines. 
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 Precedence relation graphs for different models are known and the combined precedence relation graph [23] 
is used separately for each of the lines. 

 Task durations are stochastic with known probability distribution.  
 In this study two parallel lines and three models are considered and common stations between parallel lines 

are placed in line three which is common line. 
 
B. Mathematical model 

Sets and indices: Definition 

k ∈ 푠tations = 1. … . maxk  maxk  is maximum number of stations 

i ∈ mI = 1. … . mN  Assembly tasks  
h ∈ lines = {1. … . |H|} Assembly line 
m ∈ M. m = {1. … . |m|} Products (models) 
푐  Cycle time of model m 
푐 = max{퐶 .퐶 . … .퐶 } Cycle time 
푡  Stochastic time for task i of model m 
푝  Set of precedence relation task in line h 
퐴  Total number of tasks that can be assigned to the station k on the line h. 
푁푆  The number of station on line h 
푃  The predecessors of task i in model m 
퐹  The successors of task i in model m 
퐸  First station that task i in line h could be assigned to  
퐿  Last station that task i in line h could be assigned to  
⌈푥⌉  The smallest integer number larger than or equal to x. 
⌈푥⌉  The largest integer number less than or equal to x 
푆푇 =∑ ∑ 푥 × 푡   ∀ℎ.∀푘 ∈ {1 … … .푁푆 } 

Station time which is total duration of tasks assigned to station k on line h  

Decision  variables :  
푥  1 if task i of model m is assigned on line h and station k; otherwise 0 
푈  1 if station k on line h is utilized for assembling; otherwise 0 
푧  1 if station k is utilized otherwise 0 

 Minimize∑ 푧   (1) 
 Subject to:   

  ∑ 푥 = 1    ∀ℎ ∈ 퐻 , 푖 ∈ 퐼   (2) 
  ∑ ∑ 푥 푡 ≤ 푐 푧   ∀ℎ ∈ 퐻 , k∈ 퐾 (3) 
∑ ∑ (푘 − 푘 + 1)(푥 − 푥 ) ≥ 0, 
∀푚 ∈ 푀, (푟,푔) ∈ 푃 | 푟 < 푔 

(4) 

∑ ∑ 푥 −  퐴 × 푈 ≤ 0, (5) 
∀ℎ ∈ 퐻 ,푘 ∈ 퐾 
푈 +푈( ) = 1, 
∀ℎ = {1, … ,퐻 − 2}, 푎 = {2, … ,퐻 − ℎ},푘 ∈ 퐾 

(6) 

푥 ,푈  ∈ {0,1} , ∀푖 ∈ 퐼 , h∈ 퐻, k∈ 퐾 
(7) 

 
Relation (1) is the objective functions that minimize the number of workstations. Constraints (2) dictate that each 
task of each model is assigned to only one workstation in each line. Inequalities (3) are cycle time constraints 
which state that the sum of operation times in each workstation on each line or in common line should not exceed 
the cycle time by controlling the time of tasks which assigned to selected station. The absence of these limitations 
may create bottlenecks. Constraints (4) ensure that task i is not assigned earlier than its predecessors. Constraints 
(5) dictate that the number of tasks that are assigned to workstation k cannot exceed the maximum number of 
tasks that could be assigned to a station. Constraints (6) ensure thatwhen the common line is utilized another line 
is not utilized and vice versa and the operator on workstation k and line h can only perform the tasks from only 
one adjusted in line h (line h + 1 or h - 1). Constraint (7) define the binary variables. 
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IV. METHODOLOGY 
 
In this study, PSO is applied to detect the near-
optimal solution in the MMALB problem that is 
population based stochastic optimization algorithm. 
Due to the stochastic parameters, the outputs are 
stochastic; therefore, considering mean and variance 
of the output fitness function value is required. In this 
study, a scenario-based optimization approach is used 
to evaluate different scenarios during each iteration of 
PSO by integrating PSO algorithm with Monte-Carlo 
simulation to estimate the mean and variance of 
samples. 
 
A. Steps of balancing algorithm 
Step 1: Provide initial data and select model 
Step 2: Calculate the initial number of workstations: 
according to equation (8).  
NS =  ⌈∑ t c⁄ ⌉                             (8) 
Step 3: select tasks: Select the task that all its 
predecessors are completed. 
Step 4: Task assignment: by considering the equation 
(9) try to assign tasks to qualified workstation: 
Station number of task i ≥max{station number 
of predecessors of task i} (9) 

 
Step 5: Select station and calculate  ST  and  ST ′ : 
Calculate the total time of allocated tasks to candidate 
workstation ( ST ), and total time of tasks assigned 
to the candidate workstation plus the new elected task 
time ( ST ′ ) according to relations (10) and (11).  
 ST =∑ ∑ x × t     ∀h.∀k ∈
{1 … … . NS } 

(10) 

 ST ′ = ST + t                            (11) 
 
Step 6: Assign task to station: If  ST ′ ≤ C  then 
replaced the old ST  with the new ST ′  and 
x will be 1. Otherwise, open a next workstation. 
At the end of this step, the value of number of 
precedence tasks (NP) should be update.  
Step 7: Checking the number of precedence: If the 
NP is zero means that all of the tasks of this model 
have already been allocated and if there is exist any 
other models, we consider the next model. Otherwise, 
if the set of NP is not zero, list all the tasks that 
should be completed and chooses one of them that 
have zero NP and back to step 5.  
Step 8: calculate the improvement: The outputs of 
this algorithm are the value of x  and the number 
of workstations. 
 
B. Stochastic Particle swarm optimization 
PSO is an evolutionary optimization algorithm that 
was introduced by Eberhart and Kennedy [24]. PSO 
is robust and needs fewer parameter settings and less 
computational memory (Guner & Sevkli, 2008). In 
PSO algorithms, each particle has its own position 
(current solution), velocity (trajectory which indicates 

both magnitude and direction of flight towards the 
optimal solution) and fitness value (measure of 
performance computed based on a given fitness 
function and problem specific). Equations (12) and 
(13) generate initial position and velocity of the 
particles in the initial population. 
 
x(i) = x + Random (x − x ) (12) 

VEL(i) = VEL + Random (VEL
− VEL ) 

(13) 

 
The particle flies through the multidimensional 
problem space with a velocity regularly adjusted 
using navigational guidance from its best flying 
history experience (local best) and the population’s 
best flying experience (global best). The former is the 
so-called cognition part of the particle, whereas the 
latter is the so-called social part (Shi & Eberhart, 
1998). The new velocity and position of each 
particles compute by employing equation 15 and 16. 
 
VEL(i + 1) = W × VEL(i) + c r

× P (i) − x (i)  
+c r × (P (h)− x(i)) 

(14) 

x(i + 1)= x(i)+VEL(i+1) (15) 

 
Where W is called inertia weight which controls the 
impact of past velocity of each particle on the current 
velocity. c and c  are called cognitive and social 
positive parameters, respectively. r  and r  are two 
random real numbers drawn from a uniform 
distribution function, U[0, 1], generated 
independently at each iteration. P (i) is the best 
memory of particle i and P (h) is the value of 
leader member in hyper cubes, h, which has more 
particles than others hyper cubes. The basic PSO 
structure is as follows:  
Step 1. Generate the position and the velocity of the 
particles in the initial population according to 
Relations (12) and (13).  
Step 2. Apply Monte-Carlo simulation and generate a 
certain number of scenarios 
Step 3. Update the position and the velocity of each 
particle using Relations (14) and (15).  
Step  4.   Map the position of particles to the solution 
space and compute the corresponding fitness values 
according to the fitness function. 
Step  5.   Update X푃 , 푖, ℎ and X푃 , ℎ .  
Step 6.  If the stopping criteria (for example a given 
maximum number of iterations) is not met, go to 
Step2; otherwise stop the algorithm and report 
X푃 ,ℎ. 
 
Initially, the program generates initial solutions, and 
then the assignment of tasks in workstations is 
improved by the PSO algorithm. In this algorithm 
three operators are used to generate new solution. 
Swap, Reversion and Insertion operator. 
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C. Monte-Carlo simulation 
Assembly task durations (푡 , 푖 ∈ 퐼) are assumed to be 
stochastic variables with known probability 
distributions. They are represented by a random 
vector ξ = (t̃ , t̃ , … , t̃ ) over a set Ξ of a given 
probability space ( , , )F P . Given a sample, the 
expected value μ = E[Q(x, ξ)] and the variance are 
approximated by the sample average and sample 
variance, respectively, as shown in the Equations (16-
17). 

 μ = ∑ Q(x, ξ )                          (16) 

σ = ∑ (Q(x, ξ )− E[Q(x, ξ)] )             (17) 

 
Using the Central Limit Theorem (CLT) as N →
∞ we can assume it is normal distribution and use the  
equation 18. 

,

⁄
→ N ∼ (0,1)                            (18) 

 
V. EXPERIMENTAL RESULTS 
 
In this section, we compare the proposed PSO algorithm with the solutions obtained from GAMS solver. The 
comparison is based on the well-known test set in the literature (Http://Www.Assembly-Line-Balancing.De). 
The input data set, includes data on for task durations, precedence diagram, cycle time, and capacity of each 
station. These initial data for dataset used in this study, collected by [13]. After determining the combination of 
models on each line and their priority graph, the outputs of this algorithm are the minimum number of 
workstations, and the balanced layout of tasks on each workstations shown. MATLAB R2016a on Intel CORE 
i5 2.40 GHz personal computer with 4 GB RAM is used for implementing the algorithms. 
A. Parameter tuning 
The Taguchi design of experiment method is applied on MINITAB 17 to tune the parameters of the PSO 
algorithm and based on the minimum cost and the results for the proposed  PSO algorithm is shown in Table 3. 
B. Test problems 
Data sets from Jackson [13]are used to test the performance of the proposed algorithm. In this study, based on 
the data sets, we consider 3 model and 2 parallel line which provide 3 state for combination of models on each 
line. Two products are assembling in one line and the other product is assembled on the parallel line. To display 
which combination is used on the lines, combination (1, 2) is shown by 4. In addition, for displaying the usage 
of common stations, an imaginary line located between the parallel lines is considered as line 3. all of the 
combinations are considered and the one which has optimistic solution for objective function is the optimum 
combination. Traditionally, a set of 500 samples are generated for each problem instance to estimate the fitness 
values in this study and the task durations are assumed to follow a uniform distribution function. Add a certain 
percentages, +−50%  to the deterministic time values of the Jackson dataset to obtain upper and lower bounds for 
task times. In 500 samples of Monte-Carlo simulation the task durations varied randomly between their upper 
and lower bounds. In the Jackson datasets, three models with 11, 10 and 9 assembly tasks are given. In Table 4 
the number of stations and cycle times in the case of independent lines are given [13]. The precedence diagrams 
are shown in Figure 1 and the deterministic task times are given in Table 5. Also, the number of tasks that could 
be completed in station k on line h are listed in Table 6.  
 

Table 2 The tuned value of parameters of the PSO algorithm. 
 

Table 3 Cycle time and number of station for Jackson dataset[13] 
 

 
Table 4 Task durations for each model in the Jackson dataset. 

 

 
Table 5 The number of task that could be done in station k on line h in the Jackson dataset. 
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One of the solutions in the initial population generated by the proposed heuristic algorithm in deterministic 
environment is shown in Table 7. As it is shown in table 4 the sum of workstations are 27. It is clear that in the 
initial stage of the answer when the times are deterministic, the number of workstations, for the three models is 
reduce
d from 27 to 8. For example, when X (8, 4, 3, 4) is one, this variable indicate that task 8 of model 4 that is 
combination of model (1, 2) is done in station 4 of line 3 (common line).  

 
Figure 1 Precedence diagram of three models in the Jackson data set. 

 

 
Figure 2 Final balanced layout for Jackson data set with deterministic task times 

 
Task of all models and task 5 of model (1,2) are done in common line. According to Table 8 The balanced 
layout for Jackson data set in deterministic environment is shown in Figure 2. For example [1,1,5] in first station 
illlustrate that the first. When considering the uncertainty in task durations, the results could be different from 
those obtained from the deterministic model. Tables 8 and 9 show the input data. The results shown in Table 10 
are the mean and standard deviations (Std) of samples in Monte-Carlo simulation. Based on the simulation 
results, the number of stations which is shown in Figur 2 are 8 in deterministic environment and increase to 11 
in uncertain environment. So, the uncertainty in task durations leads to an increase up to 37.5% in the optimum 
number of stations. 

H :μ = μ
H : μ ≠ μ  

(μ = 10 , μ = 8) and (σ = 0.0447 , σ = 0) 
Therefore, by comparing these values of mean and variance in uncertain and deterministic environment and 

by considering equation 18 it can be seen when confidence level (훼)  is 0.05 the type II error (훽) for this data set 
is near 0 percent and 퐻  is not acceptable. So uncertainty in task times with the range of +−50% certainly change 
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the solution and it is essential to be considered for this data set. The comparison of results of these datasets are 
given on Table 11. 
 
Mod

el 
(1,2) 

X(1,4,3,
1) 

X(2,4,1,
2) 

X(3,4,1,
2) 

X(6,4,1,
2) 

X(4,4,1,
3) 

X(5,4,1,
3) 

X(7,4,1,
3) 

X(8,4,3,
4) 

X(9,4,3,
5) 

X(10,4,3,
6) 

X(11,4,3,
6) 

Mod
el 3 

X(1,3,3,
1) 

X(5,3,3,
1) 

X(2,3,2,
2) 

X(3,3,2,
2) 

X(6,3,2,
2) 

X(4,3,2,
3) 

X(7,3,2,
3) 

X(8,3,3,
4) 

X(9,3,3,
5)   

Table 7 Balanced layout for an instance of the Jackson dataset with deterministic task times 
 

Task model 
4 (1,2) 1 2 3 4 5 6 7 8 9 10 11 

Max t 9 3 7.5 10.5 1.5 3 4.5 9 7.5 7.5 6 
Min t 3 1 2.5 3.5 0.5 1 1.5 3 2.5 2.5 2 

Table 6 Lower bounds and upper bounds for task durations of model 4 which is optimum combination (model 1 and model 2). 
 

Task model 
3 1 2 3 4 5 6 7 8 9 10 11 

Max t 9 3 7.5 10.5 1.5 3 4.5 9 7.5 0 0 
Min t 3 1 2.5 3.5 0.5 1 1.5 3 2.5 0 0 

Table 7 Lower bounds and upper bounds for task durations of model 3. 
 
Mean of number of stations 10.002 
Std of number of stations 0.0447 
Minimum number of stations 10 
Maximum number of stations 11 

Table 8 The results of Monte-Carlo simulation 
 

increasing the 
number of stations 
in uncertain 
environment 

Improvement in 
number of stations in 
deterministic 
environment  

Num.of stations  in 
parallel lines in 
deterministic 
(GAMS) 

Num.of stations in  
independent 
assembly line 

 

37.5 % 70.37% 8 27 Jackson 
Table 9. Summary of the obtained results. 

 
CONCLUSION 
 
The root of many problems in the assembly lines is 
lack of balance. Therefore, assembly line balancing is 
an essential step in design of production systems. 
Lack of balance in the assembly lines causes to the 
loss of useful capacity and impose heavy costs to the 
system. Due to increased global competition and the 
rapid advancement of technology, this issue becomes 
more important.  
In this study by considering the advantages of parallel 
assembly lines in responding to the customers’ 
demands, the parallel mixed model assembly lines are 
considered which increase the efficiency of the 
system. Uncertainty in the task times is considered 
where the duration of tasks is assumed to follow 
uniform distribution function. By using Monte-Carlo 
simulation different samples of each problem instance 
are generated. The obtained results of applying the 
proposed PSO algorithm indicate that although the 
uncertainty increases the optimum number of stations 
in each instance, the model is able to reduce the 
number of required stations on lines effectively. The 
results of applying the proposed algorithm indicate 

the model efficiency and improvement of objective. 
Moreover, in accordance with the output of model 
and the table 11 in the Jackson, 70.37% improvement 
compared the initial number of stations was achieved. 
For future research, using this constraint 
simultaneously in parallel U-shaped assembly line or 
other figuration of lines also considering uncertainty 
in demands and cycle time or considering the fuzzy 
task time could be effective. 
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